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Graph Filters and coVariance Filters

• coVariance filter

Graph signal

Learning with a Graph Convolutional Filter

I Input / output signals x / y are graph signals supported on a common graph with shift operator S

I Function class ) graph filters of order K supported on S ) �(x) =
K�1X

k=0

hkS
kx = �(x;S,h)

x
z =

K�1X

k=0

hk S
k x

z = H(S)x;

I Learn ERM solution restricted to graph filter class ) h⇤ = argmin
h

X

(x,y)2T

`
⇣
y, �( x;S, h )

⌘

) Optimization is over filter coe�cients h with the graph shift operator S given

4
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Graph filter of order K supported on undirected graph S= RFRT
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hk: filter taps

[a] Ortega, Antonio, et al. "Graph signal processing: Overview, challenges, and applications." Proceedings 
of the IEEE 106.5 (2018): 808-828.
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hk: filter taps

filter frequency response
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Spectral representation of graph filter H(S)
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[a] Ortega, Antonio, et al. "Graph signal processing: Overview, challenges, and applications." Proceedings 
of the IEEE 106.5 (2018): 808-828.
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coVariance filter of order K supported on
sample covariance matrix Cn= UWUT
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For an m-dimensional dataset of n samples, xn 2 Rm⇥n,
sample covariance matrix Cn=

1
n (xn � x̄n)(xn � x̄n)T
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• Graph filter[a]

filter frequency response

[a] Ortega, Antonio, et al. "Graph signal processing: Overview, challenges, and applications." Proceedings 
of the IEEE 106.5 (2018): 808-828.
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[a] Ortega, Antonio, et al. "Graph signal processing: Overview, challenges, and applications." Proceedings 
of the IEEE 106.5 (2018): 808-828.
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coVariance filter of order K supported on
sample covariance matrix Cn= UWUT

PCA!!

Advantages over PCA:
- Stability to perturbations
- Transferability
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[a] Ortega, Antonio, et al. "Graph signal processing: Overview, challenges, and applications." Proceedings 
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Graph Neural Networks and coVariance Neural Networks

• Graph Neural Networks[b]

Learning with a Graph Perceptron

I Graph filters have limited expressive power because they can only learn linear maps

I A first approach to nonlinear maps is the graph perceptron ) �(x) = �
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I Optimal regressor restricted to perceptron class ) h⇤ = argmin
h

X

(x,y)2T

`
⇣
y, �( x;S, h )

⌘

) Perceptron allows learning of nonlinear maps ) More expressive. Larger Representable Class
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�(·): pointwise non-linearity function (e.g. ReLU, tanh)

[b] Ruiz, Luana, Fernando Gama, and Alejandro Ribeiro. "Graph neural networks: architectures, 
stability, and transferability." Proceedings of the IEEE 109.5 (2021): 660-682.



Graph Neural Networks and coVariance Neural Networks

The Components ot a Graph Neural Network

I A GNN with L layers follows L recursions of the form

x` = �
h
z`

i
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"
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k=0

h`k S
k x`�1

#

I Filters are parametrized by...

) Coe�cients h`k and graph shift operators S

Layer 1
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x0 = x
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h1k Sk x x1 = �
h
z1

iz1

z2 =

K�1X

k=0

h2k Sk x1 x2 = �
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x3 = �(x; S,H)
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�(·): pointwise non-linearity function (e.g. ReLU, tanh)

[b] Ruiz, Luana, Fernando Gama, and Alejandro Ribeiro. "Graph neural networks: architectures, 
stability, and transferability." Proceedings of the IEEE 109.5 (2021): 660-682.
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Stability and transferability extend to VNNs 

• Graph Neural Networks[b]
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�(·): pointwise non-linearity function (e.g. ReLU, tanh)

[b] Ruiz, Luana, Fernando Gama, and Alejandro Ribeiro. "Graph neural networks: architectures, 
stability, and transferability." Proceedings of the IEEE 109.5 (2021): 660-682.



Perturbation Theory of Covariance Matrix
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Cn=
1
n (xn � x̄n)(xn � x̄n)T
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C= E[(x� E[x])(x� E[x])T]
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Eigenvalues: w1, . . . , wm

Eigenvectors: u1, . . . ,um
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• Sample covariance matrix Cn is estimate of ensemble covariance matric C
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Eigenvalues: �1, . . . ,�m

Eigenvectors: p1, . . . ,pm
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• Perturbations in eigenvalues and eigenvectors scale with sample size, n[c]

Eigenvectors with close eigenvalues are more likely to be confused 
with each other for small changes (addition or removal of samples)
in the dataset

[c] Loukas, Andreas. "How close are the eigenvectors of the sample and actual covariance matrices?." International Conference on Machine Learning. PMLR, 2017.

<latexit sha1_base64="8LjeiRYTvb/HMoOelawbM7Q47So="></latexit>
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Perturbation Theory of Covariance Matrix

<latexit sha1_base64="UJKLCLLJ58IByk7pkWuPErtHMp4="></latexit>

Cn=
1
n (xn � x̄n)(xn � x̄n)T

<latexit sha1_base64="I9P3nn30XF8s3H2/xU8sQpnynsc="></latexit>

C= E[(x� E[x])(x� E[x])T]
<latexit sha1_base64="vo059UjJrYHJK3R0VvEOd9OHBkM="></latexit>

Eigenvalues: w1, . . . , wm

Eigenvectors: u1, . . . ,um

<latexit sha1_base64="ogv26+M1Vhbuh9aqHpVVZXtbcps="></latexit>

• Sample covariance matrix Cn is estimate of ensemble covariance matric C

<latexit sha1_base64="sMbev4iHVlRDJD8BA+AwWeao7vw="></latexit>

Eigenvalues: �1, . . . ,�m

Eigenvectors: p1, . . . ,pm

<latexit sha1_base64="uoIIoIhEQJKoadnbZORepSURq9o="></latexit>

• Perturbations in eigenvalues and eigenvectors scale with sample size, n[c]

Eigenvectors with close eigenvalues are more likely to be confused 
with each other for small changes (addition or removal of samples)
in the dataset

[c] Loukas, Andreas. "How close are the eigenvectors of the sample and actual covariance matrices?." International Conference on Machine Learning. PMLR, 2017.

<latexit sha1_base64="8LjeiRYTvb/HMoOelawbM7Q47So="></latexit>

1. P
⇣

|wi��i|
�i

 t
⌘
� 1� 1

n

⇣
ki
�it

⌘2

2. P
⇣
|ui

Hpj|  t
⌘
� 1� 1

n

⇣
2kj

t|�i��j |

⌘2



Stability of coVariance filters and VNN 

Theorem 1 (Stability of coVariance filters)
<latexit sha1_base64="VvR1DqMus9P/hOyVS5/j2EIezmI="></latexit>

Consider a random vector X 2 Rm⇥1 , such that, its corresponding covariance
matrix is given by C = E[(X�E[X])(X�E[X])T]. For a sample covariance matrix
Cn formed using n i.i.d instances of X and a random instance x of X, such that,
kxk  1 under appropriate assumptions, the following holds with probability at least
1� n�2"

� 2m/n for any " 2 (0, 1/2]:

kH(Cn)�H(C)k =
M

n
1
2�"

· O
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.



Theorem 1 (Stability of coVariance filters)

<latexit sha1_base64="iu/PRMisS8wZOOXwMnw9JGU13bQ="></latexit>

Consider a sample covariance matrix Cn and the ensemble covariance matrix C.
Given a bank of coVariance filters {H`

fg}, such that |h`
fg(�)|  1 and a pointwise

non-linearity �(·), such that, |�(a)� �(b)|  |a� b|, if the covariance filters satisfy

kH
`
fg(Cn)�H

`
fg(C)k  ↵n ,

for some ↵n > 0, then, we have

k�(x;Cn,H)� �(x;C),H)k  LFL�1↵n .

<latexit sha1_base64="VvR1DqMus9P/hOyVS5/j2EIezmI="></latexit>

Consider a random vector X 2 Rm⇥1 , such that, its corresponding covariance
matrix is given by C = E[(X�E[X])(X�E[X])T]. For a sample covariance matrix
Cn formed using n i.i.d instances of X and a random instance x of X, such that,
kxk  1 under appropriate assumptions, the following holds with probability at least
1� n�2"

� 2m/n for any " 2 (0, 1/2]:

kH(Cn)�H(C)k =
M

n
1
2�"

· O

✓
p
m+

kCk
p
logmn

kminn2"

◆
.

Theorem 2 (Stability of coVariance neural networks)

Stability of coVariance filters and VNN 



• Regression with PCA

PCA 
Transform Regression 

model

<latexit sha1_base64="0wauERqHronKJ6UHX+I+HBkZUwM=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0mKqMeiF29WsB/QhLLZbtqlm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokxwDZ737ZTW1jc2t8rb7s7u3v5B5fCorVOjKGvRVKSqGxHNBJesBRwE62aKkSQSrBONb2d+54kpzVP5CJOMhQkZSh5zSsBKQaBj7Lr3BjID/UrVq3lz4FXiF6SKCjT7la9gkFKTMAlUEK17vpdBmBMFnAo2dQOjWUbomAxZz1JJEqbDfH7zFJ9ZZYDjVNmSgOfq74mcJFpPksh2JgRGetmbif95PQPxdZhzaT9iki4WxUZgSPEsADzgilEQE0sIVdzeiumIKELBxuTaEPzll1dJu17zL2sXD/Vq46aIo4xO0Ck6Rz66Qg10h5qohSjK0DN6RW+OcV6cd+dj0Vpyiplj9AfO5w/jzJDz</latexit>

Output

• Regression with VNN

Stability of VNN: An Example

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x
<latexit sha1_base64="2QjyHwDgntk0BSm5l5iOZAk+dhs=">AAACCnicbZC7TsMwFIadcivhFmBkMbRITFVSIWBBqmBhLBJpKzVR5bhOa9W5yHYQUZSZhVdhYQAhVp6AjbfBTTNAy5Esf/r/c2Sf34sZFdI0v7XK0vLK6lp1Xd/Y3NreMXb3OiJKOCY2jljEex4ShNGQ2JJKRnoxJyjwGOl6k+up370nXNAovJNpTNwAjULqU4ykkgbGoSN8qOv1zPF8mObwEhZk57P7Ia8PjJrZMIuCi2CVUANltQfGlzOMcBKQUGKGhOhbZizdDHFJMSO57iSCxAhP0Ij0FYYoIMLNilVyeKyUIfQjrk4oYaH+nshQIEQaeKozQHIs5r2p+J/XT6R/4WY0jBNJQjx7yE8YlBGc5gKHlBMsWaoAYU7VXyEeI46wVOnpKgRrfuVF6DQb1lnj9LZZa12VcVTBATgCJ8AC56AFbkAb2ACDR/AMXsGb9qS9aO/ax6y1opUz++BPaZ8/gNuYRA==</latexit>

y = Ux

<latexit sha1_base64="p9RQXCwHDSPqxRCsmGvq84cgPes="></latexit>

U: Principal components from Cn

(Cn: sample covariance matrix from n samples)



• Regression with PCA

PCA 
Transform Regression 

model

<latexit sha1_base64="0wauERqHronKJ6UHX+I+HBkZUwM=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0mKqMeiF29WsB/QhLLZbtqlm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokxwDZ737ZTW1jc2t8rb7s7u3v5B5fCorVOjKGvRVKSqGxHNBJesBRwE62aKkSQSrBONb2d+54kpzVP5CJOMhQkZSh5zSsBKQaBj7Lr3BjID/UrVq3lz4FXiF6SKCjT7la9gkFKTMAlUEK17vpdBmBMFnAo2dQOjWUbomAxZz1JJEqbDfH7zFJ9ZZYDjVNmSgOfq74mcJFpPksh2JgRGetmbif95PQPxdZhzaT9iki4WxUZgSPEsADzgilEQE0sIVdzeiumIKELBxuTaEPzll1dJu17zL2sXD/Vq46aIo4xO0Ck6Rz66Qg10h5qohSjK0DN6RW+OcV6cd+dj0Vpyiplj9AfO5w/jzJDz</latexit>

Output

• Regression with VNN

Stability of VNN: An Example

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x
<latexit sha1_base64="2QjyHwDgntk0BSm5l5iOZAk+dhs=">AAACCnicbZC7TsMwFIadcivhFmBkMbRITFVSIWBBqmBhLBJpKzVR5bhOa9W5yHYQUZSZhVdhYQAhVp6AjbfBTTNAy5Esf/r/c2Sf34sZFdI0v7XK0vLK6lp1Xd/Y3NreMXb3OiJKOCY2jljEex4ShNGQ2JJKRnoxJyjwGOl6k+up370nXNAovJNpTNwAjULqU4ykkgbGoSN8qOv1zPF8mObwEhZk57P7Ia8PjJrZMIuCi2CVUANltQfGlzOMcBKQUGKGhOhbZizdDHFJMSO57iSCxAhP0Ij0FYYoIMLNilVyeKyUIfQjrk4oYaH+nshQIEQaeKozQHIs5r2p+J/XT6R/4WY0jBNJQjx7yE8YlBGc5gKHlBMsWaoAYU7VXyEeI46wVOnpKgRrfuVF6DQb1lnj9LZZa12VcVTBATgCJ8AC56AFbkAb2ACDR/AMXsGb9qS9aO/ax6y1opUz++BPaZ8/gNuYRA==</latexit>

y = Ux

<latexit sha1_base64="p9RQXCwHDSPqxRCsmGvq84cgPes="></latexit>

U: Principal components from Cn

(Cn: sample covariance matrix from n samples)

VNN
Architecture

<latexit sha1_base64="Q3q1I/Q68BdUFugUGWoQXEwRgQw=">AAAB+nicbVBNT8JAEJ3iF9avokcvG8HEE2mJUY9ELh4xETChhGyXLWzYbpvdrYZUfooXDxrj1V/izX/jAj0o+JJJXt6bycy8IOFMadf9tgpr6xubW8Vte2d3b//AKR22VZxKQlsk5rG8D7CinAna0kxzep9IiqOA004wbsz8zgOVisXiTk8S2ovwULCQEayN1HdKvgqRbVcyPwhRY9oXlb5TdqvuHGiVeDkpQ45m3/nyBzFJIyo04ViprucmupdhqRnhdGr7qaIJJmM8pF1DBY6o6mXz06fo1CgDFMbSlNBorv6eyHCk1CQKTGeE9UgtezPxP6+b6vCqlzGRpJoKslgUphzpGM1yQAMmKdF8YggmkplbERlhiYk2adkmBG/55VXSrlW9i+r5ba1cv87jKMIxnMAZeHAJdbiBJrSAwCM8wyu8WU/Wi/VufSxaC1Y+cwR/YH3+ALBnklk=</latexit>

Cn

<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x
<latexit sha1_base64="j+tQSqtBzrP90+IHnuBR1mja8Dw=">AAACGnicbZDLSsNAFIYn9VbjrerSzWArVJCSFFHBTbGb7qxgL9CEMJlO2qGTSZiZiCXkOdz4Km5cKOJO3Pg2Ti8Lrf4w8PGfczhzfj9mVCrL+jJyS8srq2v5dXNjc2t7p7C715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP6pP6p07IiSN+K0ax8QN0YDTgGKktOUVbEcG0DSvExUnCpac5pCWU8cP4H12CadQzzx+ohEjBhvZcckrFK2KNRX8C/YcimCuplf4cPoRTkLCFWZIyp5txcpNkVAUM5KZTiJJjPAIDUhPI0chkW46PS2DR9rpwyAS+nEFp+7PiRSFUo5DX3eGSA3lYm1i/lfrJSq4cFPK9dmE49miIGFQRXCSE+xTQbBiYw0IC6r/CvEQCYSVTtPUIdiLJ/+FdrVin1VOb6rF2tU8jjw4AIegDGxwDmqgAZqgBTB4AE/gBbwaj8az8Wa8z1pzxnxmH/yS8fkNA1ueXw==</latexit>

Output �(x;Cn,H)



• Regression with PCA

PCA 
Transform Regression 

model

<latexit sha1_base64="0wauERqHronKJ6UHX+I+HBkZUwM=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0mKqMeiF29WsB/QhLLZbtqlm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokxwDZ737ZTW1jc2t8rb7s7u3v5B5fCorVOjKGvRVKSqGxHNBJesBRwE62aKkSQSrBONb2d+54kpzVP5CJOMhQkZSh5zSsBKQaBj7Lr3BjID/UrVq3lz4FXiF6SKCjT7la9gkFKTMAlUEK17vpdBmBMFnAo2dQOjWUbomAxZz1JJEqbDfH7zFJ9ZZYDjVNmSgOfq74mcJFpPksh2JgRGetmbif95PQPxdZhzaT9iki4WxUZgSPEsADzgilEQE0sIVdzeiumIKELBxuTaEPzll1dJu17zL2sXD/Vq46aIo4xO0Ck6Rz66Qg10h5qohSjK0DN6RW+OcV6cd+dj0Vpyiplj9AfO5w/jzJDz</latexit>

Output

Add k samples to dataset

PCA 
Transform Regression 

model

<latexit sha1_base64="0wauERqHronKJ6UHX+I+HBkZUwM=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0mKqMeiF29WsB/QhLLZbtqlm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokxwDZ737ZTW1jc2t8rb7s7u3v5B5fCorVOjKGvRVKSqGxHNBJesBRwE62aKkSQSrBONb2d+54kpzVP5CJOMhQkZSh5zSsBKQaBj7Lr3BjID/UrVq3lz4FXiF6SKCjT7la9gkFKTMAlUEK17vpdBmBMFnAo2dQOjWUbomAxZz1JJEqbDfH7zFJ9ZZYDjVNmSgOfq74mcJFpPksh2JgRGetmbif95PQPxdZhzaT9iki4WxUZgSPEsADzgilEQE0sIVdzeiumIKELBxuTaEPzll1dJu17zL2sXD/Vq46aIo4xO0Ck6Rz66Qg10h5qohSjK0DN6RW+OcV6cd+dj0Vpyiplj9AfO5w/jzJDz</latexit>

Output

<latexit sha1_base64="6Jm3Zv3u3Jk6gZoZ8bpKmYG4dNQ=">AAACI3icbVBLSwMxGMz6rOtr1aOXYCsIQtktotJTsRePFewD2lKyabYNzWNJskJZ9r948a948aAULx78L6aPg7YOBIaZ+ZJ8E8aMauP7X87a+sbm1nZux93d2z849I6OG1omCpM6lkyqVog0YVSQuqGGkVasCOIhI81wVJ36zSeiNJXi0Yxj0uVoIGhEMTJW6nnljo6g6xbSThjBRlYow5qiAtMYMYglj6UgwmgYKcnhPFTNeqm4HGWFnpf3i/4McJUEC5IHC9R63qTTlzjh9kbMkNbtwI9NN0XKUMxI5nYSTWKER2hA2pYKxInuprMdM3hulT6MpLJHGDhTf0+kiGs95qFNcmSGetmbiv957cREt92UijgxROD5Q1HCoJFwWhjsU0WwYWNLEFbU/hXiIVIIG1ura0sIlldeJY1SMbguXj2U8pW7RR05cArOwAUIwA2ogHtQA3WAwTN4Be/gw3lx3pyJ8zmPrjmLmRPwB873D/iporE=</latexit>

V: Principal components from Cn+k

• Regression with VNN

Stability of VNN: An Example

<latexit sha1_base64="OJEKWpFLZf1SLy6zW2Zdz8IvZ7M="></latexit>

Outputs are prone to instability: kCn+k �Cnk ⌧ kV �Uk

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x

<latexit sha1_base64="2QjyHwDgntk0BSm5l5iOZAk+dhs=">AAACCnicbZC7TsMwFIadcivhFmBkMbRITFVSIWBBqmBhLBJpKzVR5bhOa9W5yHYQUZSZhVdhYQAhVp6AjbfBTTNAy5Esf/r/c2Sf34sZFdI0v7XK0vLK6lp1Xd/Y3NreMXb3OiJKOCY2jljEex4ShNGQ2JJKRnoxJyjwGOl6k+up370nXNAovJNpTNwAjULqU4ykkgbGoSN8qOv1zPF8mObwEhZk57P7Ia8PjJrZMIuCi2CVUANltQfGlzOMcBKQUGKGhOhbZizdDHFJMSO57iSCxAhP0Ij0FYYoIMLNilVyeKyUIfQjrk4oYaH+nshQIEQaeKozQHIs5r2p+J/XT6R/4WY0jBNJQjx7yE8YlBGc5gKHlBMsWaoAYU7VXyEeI46wVOnpKgRrfuVF6DQb1lnj9LZZa12VcVTBATgCJ8AC56AFbkAb2ACDR/AMXsGb9qS9aO/ax6y1opUz++BPaZ8/gNuYRA==</latexit>

y = Ux

<latexit sha1_base64="p9RQXCwHDSPqxRCsmGvq84cgPes="></latexit>

U: Principal components from Cn

(Cn: sample covariance matrix from n samples)

<latexit sha1_base64="dlZVkahH7nIRC64BRzfenYyJCQ0=">AAACCnicbZC7TsMwFIadcivhFmBkMbRITFVSIWBBqmBhLBK9SE1UOa7TWnWcyHYQUZSZhVdhYQAhVp6AjbfBbTNAy5Esf/r/c2Sf348Zlcq2v43S0vLK6lp53dzY3NresXb32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx9cTv3NPhKQRv1NpTLwQDTkNKEZKS33r0JUBNM1q5voBTHN4CafUzmf3Q17tWxW7Zk8LLoJTQAUU1exbX+4gwklIuMIMSdlz7Fh5GRKKYkZy000kiREeoyHpaeQoJNLLpqvk8FgrAxhEQh+u4FT9PZGhUMo09HVniNRIznsT8T+vl6jgwssojxNFOJ49FCQMqghOcoEDKghWLNWAsKD6rxCPkEBY6fRMHYIzv/IitOs156x2eluvNK6KOMrgAByBE+CAc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx6y1ZBQz++BPGZ8/gmmYRQ==</latexit>

y = Vx

VNN
Architecture

<latexit sha1_base64="Q3q1I/Q68BdUFugUGWoQXEwRgQw=">AAAB+nicbVBNT8JAEJ3iF9avokcvG8HEE2mJUY9ELh4xETChhGyXLWzYbpvdrYZUfooXDxrj1V/izX/jAj0o+JJJXt6bycy8IOFMadf9tgpr6xubW8Vte2d3b//AKR22VZxKQlsk5rG8D7CinAna0kxzep9IiqOA004wbsz8zgOVisXiTk8S2ovwULCQEayN1HdKvgqRbVcyPwhRY9oXlb5TdqvuHGiVeDkpQ45m3/nyBzFJIyo04ViprucmupdhqRnhdGr7qaIJJmM8pF1DBY6o6mXz06fo1CgDFMbSlNBorv6eyHCk1CQKTGeE9UgtezPxP6+b6vCqlzGRpJoKslgUphzpGM1yQAMmKdF8YggmkplbERlhiYk2adkmBG/55VXSrlW9i+r5ba1cv87jKMIxnMAZeHAJdbiBJrSAwCM8wyu8WU/Wi/VufSxaC1Y+cwR/YH3+ALBnklk=</latexit>

Cn

<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x
<latexit sha1_base64="j+tQSqtBzrP90+IHnuBR1mja8Dw=">AAACGnicbZDLSsNAFIYn9VbjrerSzWArVJCSFFHBTbGb7qxgL9CEMJlO2qGTSZiZiCXkOdz4Km5cKOJO3Pg2Ti8Lrf4w8PGfczhzfj9mVCrL+jJyS8srq2v5dXNjc2t7p7C715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP6pP6p07IiSN+K0ax8QN0YDTgGKktOUVbEcG0DSvExUnCpac5pCWU8cP4H12CadQzzx+ohEjBhvZcckrFK2KNRX8C/YcimCuplf4cPoRTkLCFWZIyp5txcpNkVAUM5KZTiJJjPAIDUhPI0chkW46PS2DR9rpwyAS+nEFp+7PiRSFUo5DX3eGSA3lYm1i/lfrJSq4cFPK9dmE49miIGFQRXCSE+xTQbBiYw0IC6r/CvEQCYSVTtPUIdiLJ/+FdrVin1VOb6rF2tU8jjw4AIegDGxwDmqgAZqgBTB4AE/gBbwaj8az8Wa8z1pzxnxmH/yS8fkNA1ueXw==</latexit>

Output �(x;Cn,H)



• Regression with PCA

PCA 
Transform Regression 

model

<latexit sha1_base64="0wauERqHronKJ6UHX+I+HBkZUwM=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0mKqMeiF29WsB/QhLLZbtqlm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokxwDZ737ZTW1jc2t8rb7s7u3v5B5fCorVOjKGvRVKSqGxHNBJesBRwE62aKkSQSrBONb2d+54kpzVP5CJOMhQkZSh5zSsBKQaBj7Lr3BjID/UrVq3lz4FXiF6SKCjT7la9gkFKTMAlUEK17vpdBmBMFnAo2dQOjWUbomAxZz1JJEqbDfH7zFJ9ZZYDjVNmSgOfq74mcJFpPksh2JgRGetmbif95PQPxdZhzaT9iki4WxUZgSPEsADzgilEQE0sIVdzeiumIKELBxuTaEPzll1dJu17zL2sXD/Vq46aIo4xO0Ck6Rz66Qg10h5qohSjK0DN6RW+OcV6cd+dj0Vpyiplj9AfO5w/jzJDz</latexit>

Output

VNN
Architecture

<latexit sha1_base64="Q3q1I/Q68BdUFugUGWoQXEwRgQw=">AAAB+nicbVBNT8JAEJ3iF9avokcvG8HEE2mJUY9ELh4xETChhGyXLWzYbpvdrYZUfooXDxrj1V/izX/jAj0o+JJJXt6bycy8IOFMadf9tgpr6xubW8Vte2d3b//AKR22VZxKQlsk5rG8D7CinAna0kxzep9IiqOA004wbsz8zgOVisXiTk8S2ovwULCQEayN1HdKvgqRbVcyPwhRY9oXlb5TdqvuHGiVeDkpQ45m3/nyBzFJIyo04ViprucmupdhqRnhdGr7qaIJJmM8pF1DBY6o6mXz06fo1CgDFMbSlNBorv6eyHCk1CQKTGeE9UgtezPxP6+b6vCqlzGRpJoKslgUphzpGM1yQAMmKdF8YggmkplbERlhiYk2adkmBG/55VXSrlW9i+r5ba1cv87jKMIxnMAZeHAJdbiBJrSAwCM8wyu8WU/Wi/VufSxaC1Y+cwR/YH3+ALBnklk=</latexit>

Cn

Add k samples to dataset

PCA 
Transform Regression 

model

<latexit sha1_base64="0wauERqHronKJ6UHX+I+HBkZUwM=">AAAB83icbVBNS8NAEN3Urxq/qh69LBbBU0mKqMeiF29WsB/QhLLZbtqlm03YnRVK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzokxwDZ737ZTW1jc2t8rb7s7u3v5B5fCorVOjKGvRVKSqGxHNBJesBRwE62aKkSQSrBONb2d+54kpzVP5CJOMhQkZSh5zSsBKQaBj7Lr3BjID/UrVq3lz4FXiF6SKCjT7la9gkFKTMAlUEK17vpdBmBMFnAo2dQOjWUbomAxZz1JJEqbDfH7zFJ9ZZYDjVNmSgOfq74mcJFpPksh2JgRGetmbif95PQPxdZhzaT9iki4WxUZgSPEsADzgilEQE0sIVdzeiumIKELBxuTaEPzll1dJu17zL2sXD/Vq46aIo4xO0Ck6Rz66Qg10h5qohSjK0DN6RW+OcV6cd+dj0Vpyiplj9AfO5w/jzJDz</latexit>

Output

<latexit sha1_base64="6Jm3Zv3u3Jk6gZoZ8bpKmYG4dNQ=">AAACI3icbVBLSwMxGMz6rOtr1aOXYCsIQtktotJTsRePFewD2lKyabYNzWNJskJZ9r948a948aAULx78L6aPg7YOBIaZ+ZJ8E8aMauP7X87a+sbm1nZux93d2z849I6OG1omCpM6lkyqVog0YVSQuqGGkVasCOIhI81wVJ36zSeiNJXi0Yxj0uVoIGhEMTJW6nnljo6g6xbSThjBRlYow5qiAtMYMYglj6UgwmgYKcnhPFTNeqm4HGWFnpf3i/4McJUEC5IHC9R63qTTlzjh9kbMkNbtwI9NN0XKUMxI5nYSTWKER2hA2pYKxInuprMdM3hulT6MpLJHGDhTf0+kiGs95qFNcmSGetmbiv957cREt92UijgxROD5Q1HCoJFwWhjsU0WwYWNLEFbU/hXiIVIIG1ura0sIlldeJY1SMbguXj2U8pW7RR05cArOwAUIwA2ogHtQA3WAwTN4Be/gw3lx3pyJ8zmPrjmLmRPwB873D/iporE=</latexit>

V: Principal components from Cn+k

VNN
Architecture

<latexit sha1_base64="gAEuokgDTwxijFcNjPlbiOrXf0Q=">AAAB/nicbVBNS8NAEJ34WeNXVDx5WWwFQShJEfVY7MVjBfsBTSmb7aZdutmE3Y1QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5gUJZ0q77re1srq2vrFZ2LK3d3b39p2Dw6aKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2glFt6rceqVQsFg96nNBuhAeChYxgbaSec+yrENl2KfODENUmvUxcjCalnlN0y+4MaJl4OSlCjnrP+fL7MUkjKjThWKmO5ya6m2GpGeF0YvupogkmIzygHUMFjqjqZrPzJ+jMKH0UxtKU0Gim/p7IcKTUOApMZ4T1UC16U/E/r5Pq8KabMZGkmgoyXxSmHOkYTbNAfSYp0XxsCCaSmVsRGWKJiTaJ2SYEb/HlZdKslL2r8uV9pVi9zeMowAmcwjl4cA1VuIM6NIBABs/wCm/Wk/VivVsf89YVK585gj+wPn8At5WUDw==</latexit>

Cn+k

• Regression with VNN

Stability of VNN: An Example

<latexit sha1_base64="OJEKWpFLZf1SLy6zW2Zdz8IvZ7M="></latexit>

Outputs are prone to instability: kCn+k �Cnk ⌧ kV �Uk

<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H

<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x

<latexit sha1_base64="2QjyHwDgntk0BSm5l5iOZAk+dhs=">AAACCnicbZC7TsMwFIadcivhFmBkMbRITFVSIWBBqmBhLBJpKzVR5bhOa9W5yHYQUZSZhVdhYQAhVp6AjbfBTTNAy5Esf/r/c2Sf34sZFdI0v7XK0vLK6lp1Xd/Y3NreMXb3OiJKOCY2jljEex4ShNGQ2JJKRnoxJyjwGOl6k+up370nXNAovJNpTNwAjULqU4ykkgbGoSN8qOv1zPF8mObwEhZk57P7Ia8PjJrZMIuCi2CVUANltQfGlzOMcBKQUGKGhOhbZizdDHFJMSO57iSCxAhP0Ij0FYYoIMLNilVyeKyUIfQjrk4oYaH+nshQIEQaeKozQHIs5r2p+J/XT6R/4WY0jBNJQjx7yE8YlBGc5gKHlBMsWaoAYU7VXyEeI46wVOnpKgRrfuVF6DQb1lnj9LZZa12VcVTBATgCJ8AC56AFbkAb2ACDR/AMXsGb9qS9aO/ax6y1opUz++BPaZ8/gNuYRA==</latexit>

y = Ux

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x
<latexit sha1_base64="j+tQSqtBzrP90+IHnuBR1mja8Dw=">AAACGnicbZDLSsNAFIYn9VbjrerSzWArVJCSFFHBTbGb7qxgL9CEMJlO2qGTSZiZiCXkOdz4Km5cKOJO3Pg2Ti8Lrf4w8PGfczhzfj9mVCrL+jJyS8srq2v5dXNjc2t7p7C715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP6pP6p07IiSN+K0ax8QN0YDTgGKktOUVbEcG0DSvExUnCpac5pCWU8cP4H12CadQzzx+ohEjBhvZcckrFK2KNRX8C/YcimCuplf4cPoRTkLCFWZIyp5txcpNkVAUM5KZTiJJjPAIDUhPI0chkW46PS2DR9rpwyAS+nEFp+7PiRSFUo5DX3eGSA3lYm1i/lfrJSq4cFPK9dmE49miIGFQRXCSE+xTQbBiYw0IC6r/CvEQCYSVTtPUIdiLJ/+FdrVin1VOb6rF2tU8jjw4AIegDGxwDmqgAZqgBTB4AE/gBbwaj8az8Wa8z1pzxnxmH/yS8fkNA1ueXw==</latexit>

Output �(x;Cn,H)

<latexit sha1_base64="Euj2xLYugoV5vfQt+ByvAIcm3CQ="></latexit>

Output �(x;Cn+k,H)

<latexit sha1_base64="p9RQXCwHDSPqxRCsmGvq84cgPes="></latexit>

U: Principal components from Cn

(Cn: sample covariance matrix from n samples)

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x

<latexit sha1_base64="n3+XQWpQVfz4MlA8S/ffhlIAXzQ="></latexit>

Provably stable: k�(x;Cn;H)� �(x;Cn+k;H)k = O
⇣

1p
n
+ 1p

n+k

⌘

<latexit sha1_base64="dlZVkahH7nIRC64BRzfenYyJCQ0=">AAACCnicbZC7TsMwFIadcivhFmBkMbRITFVSIWBBqmBhLBK9SE1UOa7TWnWcyHYQUZSZhVdhYQAhVp6AjbfBbTNAy5Esf/r/c2Sf348Zlcq2v43S0vLK6lp53dzY3NresXb32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx9cTv3NPhKQRv1NpTLwQDTkNKEZKS33r0JUBNM1q5voBTHN4CafUzmf3Q17tWxW7Zk8LLoJTQAUU1exbX+4gwklIuMIMSdlz7Fh5GRKKYkZy000kiREeoyHpaeQoJNLLpqvk8FgrAxhEQh+u4FT9PZGhUMo09HVniNRIznsT8T+vl6jgwssojxNFOJ49FCQMqghOcoEDKghWLNWAsKD6rxCPkEBY6fRMHYIzv/IitOs156x2eluvNK6KOMrgAByBE+CAc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx6y1ZBQz++BPGZ8/gmmYRQ==</latexit>

y = Vx



Stability of VNN: Experiments

Objective: Regression of cortical thickness against chronological age (307/34 training/test split) 

• Comparison against PCA-regression cortical thickness dataset (m = 104) from (n = 341) human subjects 

Metrics: MAE (mean absolute error), correlation between predicted age and true age



<latexit sha1_base64="Nrm/INbjutFXWkQfeWxU1JvlTt4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AivmNUQ==</latexit>

(a)

<latexit sha1_base64="04jmFCh2+dGXSQdgpCBbohShRNo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AjH6NUg==</latexit>

(b)

<latexit sha1_base64="RD88VG1BkWJCL6LJSVMcSHtu1lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjgONUw==</latexit>

(c)

<latexit sha1_base64="I9M6MGu2rfTQStdyGIK9wwS1tiM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDj4iNVA==</latexit>

(d)

<latexit sha1_base64="QkPLdkSagwErQO6xjpiHNsiY1DA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzKe94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFMrgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+RDY1V</latexit>

(e)

<latexit sha1_base64="Wh8GlY0UviyHm5fO3I+sHKrTPWM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZTD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AkpKNVg==</latexit>

(f)

<latexit sha1_base64="gYy6aVbwTOlUEdwpVsWp5Y+yZBU=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkR9Vj04rGC/YA2ls120i7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWukh65qQIhikBnDSK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZldP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzqNgPaFBo5ybAnjWthbKR8yzTjaoIo2BG/x5WXSrFa8i8r5XbVcu87jKJBjckLOiEcuSY3ckjppEE40eSav5M15cl6cd+dj3rri5DNH5A+czx+B3ZKG</latexit>

test set
<latexit sha1_base64="cmxFxVKsSIu4KTEAb22WuvIkyKM=">AAAB+3icbVDLSgNBEJz1GeMrxqOXwSB4CrtB1GPQi8cI5gHJEmYnvcmQ2dllplcMy/6KFw+KePVHvPk3Th4HTSxoKKq66e4KEikMuu63s7a+sbm1Xdgp7u7tHxyWjsotE6eaQ5PHMtadgBmQQkETBUroJBpYFEhoB+Pbqd9+BG1ErB5wkoAfsaESoeAMrdQvlbOeCSlqJpRQQ2oA836p4lbdGegq8RakQhZo9EtfvUHM0wgUcsmM6Xpugn7GNAouIS/2UgMJ42M2hK6likVg/Gx2e07PrDKgYaxtKaQz9fdExiJjJlFgOyOGI7PsTcX/vG6K4bWfCZWkCIrPF4WppBjTaRB0IDRwlBNLGNfC3kr5iGnG0cZVtCF4yy+vklat6l1WL+5rlfrNIo4COSGn5Jx45IrUyR1pkCbh5Ik8k1fy5uTOi/PufMxb15zFzDH5A+fzBxc9lHs=</latexit>

training set

Stability of VNN: Experiments

Objective: Regression of cortical thickness against chronological age (307/34 training/test split) 

VNN: coVariance Neural Network    PCA-LR: PCA-regression with linear kernel      PCA-rbf: PCA regression with radial basis function kernel

• Comparison against PCA-regression cortical thickness dataset (m = 104) from (n = 341) human subjects 

MAE MAE correlation

Metrics: MAE (mean absolute error), correlation between predicted age and true age



<latexit sha1_base64="Nrm/INbjutFXWkQfeWxU1JvlTt4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AivmNUQ==</latexit>

(a)

<latexit sha1_base64="04jmFCh2+dGXSQdgpCBbohShRNo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AjH6NUg==</latexit>

(b)

<latexit sha1_base64="RD88VG1BkWJCL6LJSVMcSHtu1lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjgONUw==</latexit>

(c)

<latexit sha1_base64="I9M6MGu2rfTQStdyGIK9wwS1tiM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDj4iNVA==</latexit>

(d)

<latexit sha1_base64="QkPLdkSagwErQO6xjpiHNsiY1DA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzKe94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFMrgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+RDY1V</latexit>

(e)

<latexit sha1_base64="Wh8GlY0UviyHm5fO3I+sHKrTPWM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZTD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AkpKNVg==</latexit>

(f)

<latexit sha1_base64="gYy6aVbwTOlUEdwpVsWp5Y+yZBU=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkR9Vj04rGC/YA2ls120i7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWukh65qQIhikBnDSK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZldP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzqNgPaFBo5ybAnjWthbKR8yzTjaoIo2BG/x5WXSrFa8i8r5XbVcu87jKJBjckLOiEcuSY3ckjppEE40eSav5M15cl6cd+dj3rri5DNH5A+czx+B3ZKG</latexit>

test set
<latexit sha1_base64="cmxFxVKsSIu4KTEAb22WuvIkyKM=">AAAB+3icbVDLSgNBEJz1GeMrxqOXwSB4CrtB1GPQi8cI5gHJEmYnvcmQ2dllplcMy/6KFw+KePVHvPk3Th4HTSxoKKq66e4KEikMuu63s7a+sbm1Xdgp7u7tHxyWjsotE6eaQ5PHMtadgBmQQkETBUroJBpYFEhoB+Pbqd9+BG1ErB5wkoAfsaESoeAMrdQvlbOeCSlqJpRQQ2oA836p4lbdGegq8RakQhZo9EtfvUHM0wgUcsmM6Xpugn7GNAouIS/2UgMJ42M2hK6likVg/Gx2e07PrDKgYaxtKaQz9fdExiJjJlFgOyOGI7PsTcX/vG6K4bWfCZWkCIrPF4WppBjTaRB0IDRwlBNLGNfC3kr5iGnG0cZVtCF4yy+vklat6l1WL+5rlfrNIo4COSGn5Jx45IrUyR1pkCbh5Ik8k1fy5uTOi/PufMxb15zFzDH5A+fzBxc9lHs=</latexit>

training set

Stability of VNN: Experiments

Objective: Regression of cortical thickness against chronological age (307/34 training/test split) 

VNN: coVariance Neural Network    PCA-LR: PCA-regression with linear kernel      PCA-rbf: PCA regression with radial basis function kernel

• Comparison against PCA-regression cortical thickness dataset (m = 104) from (n = 341) human subjects 

MAE MAE correlation

Metrics: MAE (mean absolute error), correlation between predicted age and true age



Transferability of VNN

Learning with a Graph Perceptron

I Graph filters have limited expressive power because they can only learn linear maps

I A first approach to nonlinear maps is the graph perceptron ) �(x) = �
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• Parameters to be learnt (filter taps) are independent of covariance matrix dimension
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) Perceptron allows learning of nonlinear maps ) More expressive. Larger Representable Class
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• Parameters to be learnt (filter taps) are independent of covariance matrix dimension

• Transferability of learnt parameters to datasets/ covariance matrix of different dimension

VNN
Architecture<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x
<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H
<latexit sha1_base64="+iq9//j4l2kXlYVNENT27awzYnQ=">AAACFHicbVDLSsNAFJ34rPEVdelmsBUEoSRF1GXRjcsq9gFNLJPppB06mYSZiVhCPsKNv+LGhSJuXbjzb5y0WWjrgQuHc+7l3nv8mFGpbPvbWFhcWl5ZLa2Z6xubW9vWzm5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oMvfb90RIGvFbNY6JF6IBpwHFSGmpZx27MoCmWUldP4APmUs5dEOkhr6f3mR3adhzXEVDIqGTVXpW2a7aE8B54hSkDAo0etaX249wEhKuMENSdh07Vl6KhKKYkcx0E0lihEdoQLqacqQXeenkqQweaqUPg0jo4gpO1N8TKQqlHIe+7swPlrNeLv7ndRMVnHsp5XGiCMfTRUHCoIpgnhDsU0GwYmNNEBZU3wrxEAmElc7R1CE4sy/Pk1at6pxWT65r5fpFEUcJ7IMDcAQccAbq4Ao0QBNg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzB5OYnU4=</latexit>

x 2 Rm1⇥1

<latexit sha1_base64="jsuDsk/U+UPKbkg9xITb2vOWJgE="></latexit>

Output �(x;Cn1 ,H)

<latexit sha1_base64="jX/0EH6SNTDqJm+lb79Ivwn7eJk=">AAACE3icbVA9SwNBEN2LXzF+nVraLEZBLMJdELUU01gqmERIwrG3mdMle3vH7lwwHPkPNv4VGwtFbG3s/DduYgpNfDDweG+GmXlhKoVBz/tyCnPzC4tLxeXSyura+oa7udUwSaY51HkiE30TMgNSKKijQAk3qQYWhxKaYa828pt90EYk6hoHKXRidqtEJDhDKwXuYdtEtMSTPtOCKQ40ZqjFPd3L2wj3GEa0NgxyFfjDvcAtexVvDDpL/AkpkwkuA/ez3U14FoNCLpkxLd9LsZMzjYJLGJbamYGU8R67hZalisVgOvn4pyHdt0qXRom2pZCO1d8TOYuNGcSh7bQn35lpbyT+57UyjE47uVBphqD4z6IokxQTOgqIdoUGjnJgCeNa2Fspv2OacbQxlmwI/vTLs6RRrfjHlaOravnsfBJHkeyQXXJAfHJCzsgFuSR1wskDeSIv5NV5dJ6dN+f9p7XgTGa2yR84H9/aFJ2G</latexit>

covariance matrix Cn1



Transferability of VNN

Learning with a Graph Perceptron

I Graph filters have limited expressive power because they can only learn linear maps

I A first approach to nonlinear maps is the graph perceptron ) �(x) = �
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• Parameters to be learnt (filter taps) are independent of covariance matrix dimension

VNN
Architecture<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x

VNN
Architecture<latexit sha1_base64="QGP+ZgPaHZit1F+ajJTcGUEq/lE=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g63gqiRF1GVRFy4r2Ac0odxMJ+3QyYOZiRBD8VfcuFDErf/hzr9x2mahrQcuHM65l3vv8RPOpLLtb2NpeWV1bb20YW5ube/sWnv7LRmngtAmiXksOj5IyllEm4opTjuJoBD6nLb90fXEbz9QIVkc3assoV4Ig4gFjIDSUs86dGWATfMGFOBK7voBzsaVnlW2q/YUeJE4BSmjAo2e9eX2Y5KGNFKEg5Rdx06Ul4NQjHA6Nt1U0gTICAa0q2kEIZVePr1+jE+00sdBLHRFCk/V3xM5hFJmoa87Q1BDOe9NxP+8bqqCSy9nUZIqGpHZoiDlWMV4EgXuM0GJ4pkmQATTt2IyBAFE6cBMHYIz//IiadWqznn17K5Wrl8VcZTQETpGp8hBF6iOblEDNRFBj+gZvaI348l4Md6Nj1nrklHMHKA/MD5/ALibk3o=</latexit>

Data y
<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H
<latexit sha1_base64="+iq9//j4l2kXlYVNENT27awzYnQ=">AAACFHicbVDLSsNAFJ34rPEVdelmsBUEoSRF1GXRjcsq9gFNLJPppB06mYSZiVhCPsKNv+LGhSJuXbjzb5y0WWjrgQuHc+7l3nv8mFGpbPvbWFhcWl5ZLa2Z6xubW9vWzm5LRonApIkjFomOjyRhlJOmooqRTiwICn1G2v7oMvfb90RIGvFbNY6JF6IBpwHFSGmpZx27MoCmWUldP4APmUs5dEOkhr6f3mR3adhzXEVDIqGTVXpW2a7aE8B54hSkDAo0etaX249wEhKuMENSdh07Vl6KhKKYkcx0E0lihEdoQLqacqQXeenkqQweaqUPg0jo4gpO1N8TKQqlHIe+7swPlrNeLv7ndRMVnHsp5XGiCMfTRUHCoIpgnhDsU0GwYmNNEBZU3wrxEAmElc7R1CE4sy/Pk1at6pxWT65r5fpFEUcJ7IMDcAQccAbq4Ao0QBNg8AiewSt4M56MF+Pd+Ji2LhjFzB74A+PzB5OYnU4=</latexit>

x 2 Rm1⇥1 <latexit sha1_base64="APymnnrUC/7ApZkK88rV+5xk6zs=">AAACFnicbVDLSsNAFJ3UV42vqEs3g63gxpIUUZdFNy6r2Ac0sUymk3boZBJmJkIJ+Qo3/oobF4q4FXf+jZM2C209cOFwzr3ce48fMyqVbX8bpaXlldW18rq5sbm1vWPt7rVllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek44+vcr/zQISkEb9Tk5h4IRpyGlCMlJb61okrA2ia1dT1AzjJoEs5TN0QqZHvw9vsPg37dVfRkEjoZNW+VbFr9hRwkTgFqYACzb715Q4inISEK8yQlD3HjpWXIqEoZiQz3USSGOExGpKephzpRV46fSuDR1oZwCASuriCU/X3RIpCKSehrzvzg+W8l4v/eb1EBRdeSnmcKMLxbFGQMKgimGcEB1QQrNhEE4QF1bdCPEICYaWTNHUIzvzLi6RdrzlntdObeqVxWcRRBgfgEBwDB5yDBrgGTdACGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBWFp2k</latexit>

y 2 Rm2⇥1

<latexit sha1_base64="lD4NYkzw8i3Ka3yEY9NTu5z2pyQ=">AAACD3icbVC7TsMwFHV4lvAKMLJYtCCmKqkQMFbAwFgk+pCaKHJcp7XqOJHtVFRR/oCFX2FhACFWVjb+BrfNAC1HutLROffq3nuChFGpbPvbWFpeWV1bL22Ym1vbO7vW3n5LxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHweuK3R0RIGvN7NU6IF6E+pyHFSGnJt05cGUITxyMkKOKYwAgpQR9gJXODEN7kfsb9Wl7xrbJdtaeAi8QpSBkUaPjWl9uLcRoRrjBDUnYdO1FehoSimJHcdFNJEoSHqE+6mnIUEell039yeKyVHgxjoYsrOFV/T2QoknIcBbpTnzuQ895E/M/rpiq89DLKk1QRjmeLwpRBFcNJOLBHBcGKjTVBWFB9K8QDJBBWOkJTh+DMv7xIWrWqc149u6uV61dFHCVwCI7AKXDABaiDW9AATYDBI3gGr+DNeDJejHfjY9a6ZBQzB+APjM8fXCObmw==</latexit>

covariance matrix Dn2

<latexit sha1_base64="jX/0EH6SNTDqJm+lb79Ivwn7eJk=">AAACE3icbVA9SwNBEN2LXzF+nVraLEZBLMJdELUU01gqmERIwrG3mdMle3vH7lwwHPkPNv4VGwtFbG3s/DduYgpNfDDweG+GmXlhKoVBz/tyCnPzC4tLxeXSyura+oa7udUwSaY51HkiE30TMgNSKKijQAk3qQYWhxKaYa828pt90EYk6hoHKXRidqtEJDhDKwXuYdtEtMSTPtOCKQ40ZqjFPd3L2wj3GEa0NgxyFfjDvcAtexVvDDpL/AkpkwkuA/ez3U14FoNCLpkxLd9LsZMzjYJLGJbamYGU8R67hZalisVgOvn4pyHdt0qXRom2pZCO1d8TOYuNGcSh7bQn35lpbyT+57UyjE47uVBphqD4z6IokxQTOgqIdoUGjnJgCeNa2Fspv2OacbQxlmwI/vTLs6RRrfjHlaOravnsfBJHkeyQXXJAfHJCzsgFuSR1wskDeSIv5NV5dJ6dN+f9p7XgTGa2yR84H9/aFJ2G</latexit>

covariance matrix Cn1

<latexit sha1_base64="jsuDsk/U+UPKbkg9xITb2vOWJgE="></latexit>

Output �(x;Cn1 ,H)
<latexit sha1_base64="eOVWRp255Bz1onIU+vmz2bpCB0g="></latexit>

Output �(y;Dn2 ,H)

• Transferability of learnt parameters to datasets/ covariance matrix of different dimension

<latexit sha1_base64="y06F27H9/pfFBvZYJYS6wBx+Ig8="></latexit>

H



• Multi-resolution cortical thickness datasets for 170 human subjects
- FTDC100 (dimension = 100)
- FTDC300 (dimension = 300)
- FTDC500 (dimension = 500)
Objective: Regression of cortical thickness against chronological age 

Transferability of VNN: Experiments



- 5.38 5.47

5.33 - 5.57

5.35 5.38 -

<latexit sha1_base64="PEH4hq9Byr31bEAwTWUtGG0J6es=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Ktki6rFYEY8V+gXtUrJptg3NZtckWyhLf4cXD4p49cd489+YtnvQ1gcDj/dmmJnnx4Jrg/G3s7a+sbm1ndvJ7+7tHxwWjo6bOkoUZQ0aiUi1faKZ4JI1DDeCtWPFSOgL1vJH1ZnfGjOleSTrZhIzLyQDyQNOibGSl3Z1gO7rd1UX42mvUMQlPAdaJW5GipCh1it8dfsRTUImDRVE646LY+OlRBlOBZvmu4lmMaEjMmAdSyUJmfbS+dFTdG6VPgoiZUsaNFd/T6Qk1HoS+rYzJGaol72Z+J/XSUxw46Vcxolhki4WBYlAJkKzBFCfK0aNmFhCqOL2VkSHRBFqbE55G4K7/PIqaZZL7lXp8rFcrNxmceTgFM7gAly4hgo8QA0aQOEJnuEV3pyx8+K8Ox+L1jUnmzmBP3A+fwAXAJEC</latexit>

FTDC100

<latexit sha1_base64="PEH4hq9Byr31bEAwTWUtGG0J6es=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Ktki6rFYEY8V+gXtUrJptg3NZtckWyhLf4cXD4p49cd489+YtnvQ1gcDj/dmmJnnx4Jrg/G3s7a+sbm1ndvJ7+7tHxwWjo6bOkoUZQ0aiUi1faKZ4JI1DDeCtWPFSOgL1vJH1ZnfGjOleSTrZhIzLyQDyQNOibGSl3Z1gO7rd1UX42mvUMQlPAdaJW5GipCh1it8dfsRTUImDRVE646LY+OlRBlOBZvmu4lmMaEjMmAdSyUJmfbS+dFTdG6VPgoiZUsaNFd/T6Qk1HoS+rYzJGaol72Z+J/XSUxw46Vcxolhki4WBYlAJkKzBFCfK0aNmFhCqOL2VkSHRBFqbE55G4K7/PIqaZZL7lXp8rFcrNxmceTgFM7gAly4hgo8QA0aQOEJnuEV3pyx8+K8Ox+L1jUnmzmBP3A+fwAXAJEC</latexit>

FTDC100

<latexit sha1_base64="AjPmwDEvb7Tw/O3cB7qqK9Rk1QE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMdiRTxW6Be0oWy2m3bpZhN3N4US+ju8eFDEqz/Gm//GTZuDtj4YeLw3w8w8L+JMadv+tnJr6xubW/ntws7u3v5B8fCopcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vXEv99oRKxULR0NOIugEeCuYzgrWR3KSnfHTfuKtd2PasXyzZZXsOtEqcjJQgQ71f/OoNQhIHVGjCsVJdx460m2CpGeF0VujFikaYjPGQdg0VOKDKTeZHz9CZUQbID6UpodFc/T2R4ECpaeCZzgDrkVr2UvE/rxtr/8ZNmIhiTQVZLPJjjnSI0gTQgElKNJ8agolk5lZERlhiok1OBROCs/zyKmlVys5V+fKxUqreZnHk4QRO4RwcuIYqPEAdmkDgCZ7hFd6sifVivVsfi9aclc0cwx9Ynz8aDpEE</latexit>

FTDC300

<latexit sha1_base64="AjPmwDEvb7Tw/O3cB7qqK9Rk1QE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqqMdiRTxW6Be0oWy2m3bpZhN3N4US+ju8eFDEqz/Gm//GTZuDtj4YeLw3w8w8L+JMadv+tnJr6xubW/ntws7u3v5B8fCopcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vXEv99oRKxULR0NOIugEeCuYzgrWR3KSnfHTfuKtd2PasXyzZZXsOtEqcjJQgQ71f/OoNQhIHVGjCsVJdx460m2CpGeF0VujFikaYjPGQdg0VOKDKTeZHz9CZUQbID6UpodFc/T2R4ECpaeCZzgDrkVr2UvE/rxtr/8ZNmIhiTQVZLPJjjnSI0gTQgElKNJ8agolk5lZERlhiok1OBROCs/zyKmlVys5V+fKxUqreZnHk4QRO4RwcuIYqPEAdmkDgCZ7hFd6sifVivVsfi9aclc0cwx9Ynz8aDpEE</latexit>

FTDC300

<latexit sha1_base64="tT1QE4I2r/CoEfYb1OJjXfNlRR0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTF17JYEZcV+oI2lMl00g6dTOLMpFBCv8ONC0Xc+jHu/BsnbRbaeuDC4Zx7ufceL+JMadv+tnJr6xubW/ntws7u3v5B8fCopcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vXEv99oRKxULR0NOIugEeCuYzgrWR3KSnfHTfuKtd2vasXyzZZXsOtEqcjJQgQ71f/OoNQhIHVGjCsVJdx460m2CpGeF0VujFikaYjPGQdg0VOKDKTeZHz9CZUQbID6UpodFc/T2R4ECpaeCZzgDrkVr2UvE/rxtr/8ZNmIhiTQVZLPJjjnSI0gTQgElKNJ8agolk5lZERlhiok1OBROCs/zyKmlVys5V+eKxUqreZnHk4QRO4RwcuIYqPEAdmkDgCZ7hFd6sifVivVsfi9aclc0cwx9Ynz8dHJEG</latexit>

FTDC500

<latexit sha1_base64="tT1QE4I2r/CoEfYb1OJjXfNlRR0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTF17JYEZcV+oI2lMl00g6dTOLMpFBCv8ONC0Xc+jHu/BsnbRbaeuDC4Zx7ufceL+JMadv+tnJr6xubW/ntws7u3v5B8fCopcJYEtokIQ9lx8OKciZoUzPNaSeSFAcep21vXEv99oRKxULR0NOIugEeCuYzgrWR3KSnfHTfuKtd2vasXyzZZXsOtEqcjJQgQ71f/OoNQhIHVGjCsVJdx460m2CpGeF0VujFikaYjPGQdg0VOKDKTeZHz9CZUQbID6UpodFc/T2R4ECpaeCZzgDrkVr2UvE/rxtr/8ZNmIhiTQVZLPJjjnSI0gTQgElKNJ8agolk5lZERlhiok1OBROCs/zyKmlVys5V+eKxUqreZnHk4QRO4RwcuIYqPEAdmkDgCZ7hFd6sifVivVsfi9aclc0cwx9Ynz8dHJEG</latexit>

FTDC500

<latexit sha1_base64="PZmKCvG+9hJCQlmsfIDUCNu48+w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V+gVtKJvtpl262YTdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ/dzvPHFtRKyaOE24H9GREqFgFK3Uy/omJE1NhZoNyhW36i5A1omXkwrkaAzKX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W5w8IxdWGZIw1rYUkoX6eyKjkTHTKLCdEcWxWfXm4n9eL8Xw1s+ESlLkii0XhakkGJP5/2QoNGcop5ZQpoW9lbAx1ZShTalkQ/BWX14n7VrVu65ePdYq9bs8jiKcwTlcggc3UIcHaEALGMTwDK/w5qDz4rw7H8vWgpPPnMIfOJ8/OwiROg==</latexit>

Train

<latexit sha1_base64="hlTNce1QWdoJ7V7kO1Ia4qcufC8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rFCv7ANZbOdtEs3m7C7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHrKdD0kBtpv1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5xVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9n7ZMAVMiMmllCmuL2VsBFVlBkbUtGG4C2/vEpa1Yp3Vbl8qJZrt3kcBTiFM7gAD66hBvdQhyYwkPAMr/DmaOfFeXc+Fq1rTj5zAn/gfP4Ag8WQ0g==</latexit>

Test

±0.05 ±0.04

±0.044 ±0.047

±0.28 ±0.32

<latexit sha1_base64="pO8ubVwCyPWQC+tr1KtvuZwvxVs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj1WRfAiVLAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5ldW19Y38ZmFre2d3r7h/0NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1P/dYTVZpF8sGMY+oLPJAsZAQbKz2mXR2iu8ubSa9YcsvuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezgyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE174KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUcGG4C2+vEyalbJXLZ/dV0q1qyyOPBzBMZyCB+dQg1uoQwMICHiGV3hzlPPivDsf89ack80cwh84nz8kE4/7</latexit>

MAE

• Multi-resolution cortical thickness datasets for 170 human subjects
- FTDC100 (dimension = 100)
- FTDC300 (dimension = 300)
- FTDC500 (dimension = 500)
Objective: Regression of cortical thickness against chronological age 

MAE: mean absolute error

Transferability of VNN: Experiments



Conclusions

<latexit sha1_base64="cDbF13qtZ98AdOUNCwWQC4MGXQs="></latexit>

• Study of VNNs as GNN operating on covariance matrices as graphs

• VNNs are stable to perturbations in datasets, implying reproducibility

• Transferability of VNNs shown empirically


