
The Randomized Midpoint Method for 
Log-Concave Sampling

Ruoqi Shen!
University of Washington

Yin Tat Lee!
University of Washington!

Microsoft Research

Thirty-third Conference on Neural Information Processing Systems

NeurIPS | 2019



Sample from the target distribution 

Problem

⇧(x) ! exp(" f (x))
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Assume we have access to gradient oracle rf(x)
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is strongly convex and smooth m � r2f(x) � L
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Smoothness

Strong Convexity

, ! =
L
m
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<latexit sha1_base64="NWTTYLH9U5jz07BECNIi50KTzSg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhjLZbtqlm03Y3Ygl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357UemNI/lg5kkzI9wKHnIKRordXsSA4EkrD6d98sVt+bOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YnT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeO1nXCapYZIuFoWpICYms//JgCtGjZhYglRxeyuhI1RIjU2pZEPwll9eJa2LmufWvPvLSv0mj6MIJ3AKVfDgCupwBw1oAoUYnuEV3hzjvDjvzseiteDkM8fwB87nD0I7kJE=</latexit><latexit sha1_base64="NWTTYLH9U5jz07BECNIi50KTzSg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhjLZbtqlm03Y3Ygl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357UemNI/lg5kkzI9wKHnIKRordXsSA4EkrD6d98sVt+bOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YnT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeO1nXCapYZIuFoWpICYms//JgCtGjZhYglRxeyuhI1RIjU2pZEPwll9eJa2LmufWvPvLSv0mj6MIJ3AKVfDgCupwBw1oAoUYnuEV3hzjvDjvzseiteDkM8fwB87nD0I7kJE=</latexit><latexit sha1_base64="NWTTYLH9U5jz07BECNIi50KTzSg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhjLZbtqlm03Y3Ygl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357UemNI/lg5kkzI9wKHnIKRordXsSA4EkrD6d98sVt+bOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YnT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeO1nXCapYZIuFoWpICYms//JgCtGjZhYglRxeyuhI1RIjU2pZEPwll9eJa2LmufWvPvLSv0mj6MIJ3AKVfDgCupwBw1oAoUYnuEV3hzjvDjvzseiteDkM8fwB87nD0I7kJE=</latexit><latexit sha1_base64="NWTTYLH9U5jz07BECNIi50KTzSg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhjLZbtqlm03Y3Ygl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357UemNI/lg5kkzI9wKHnIKRordXsSA4EkrD6d98sVt+bOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+YnT8mZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeO1nXCapYZIuFoWpICYms//JgCtGjZhYglRxeyuhI1RIjU2pZEPwll9eJa2LmufWvPvLSv0mj6MIJ3AKVfDgCupwBw1oAoUYnuEV3hzjvDjvzseiteDkM8fwB87nD0I7kJE=</latexit>



Iteration Complexity

Algorithm # Steps

Hit-and-Run!
[Lov‡sz, Vempala, 2006]

Langevin Di"usion!
[Durmus, Moulines, 2016]

Underdamped Langevin Di"usion!
[Cheng et al., 2017]

Hamiltonian Monte Carlo!
[Chen, Vempala, 2019]

ULD with Randmized Midpoint Method 
[Our paper]



The above process has stationary distribution 

Underdamped Langevin Diffusion (ULD)

Random Process

So one approach is to simulate ULD until it converges.



Simulate Random Process

For step size h, one step of the random process is given by

Integrals are hard to approximate!

We use the Randomized Midpoint Method to approximate the integrals.



Goal: Approximate

Step 1: Choose a random point ↵ ! Unif[0, 1]
<latexit sha1_base64="z0vUBM0f5SxRxlllMcU7L7j9l+8=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED1ISEfRY9OKxgmkLSSib7bZdupuE3YlYQi9e/CtePCji1f/gzX/jts1BWx8MPN6bYWZelAquwXG+rdLS8srqWnm9srG5tb1j7+41dZIpyjyaiES1I6KZ4DHzgINg7VQxIiPBWtHweuK37pnSPInvYJSyUJJ+zHucEjBSxz4MiEgHBAeaSxwAe4DcM/7Yd07dsGNXnZozBV4kbkGqqECjY38F3YRmksVABdHad50Uwpwo4FSwcSXINEsJHZI+8w2NiWQ6zKdfjPGxUbq4lyhTMeCp+nsiJ1LrkYxMpyQw0PPeRPzP8zPoXYY5j9MMWExni3qZwJDgSSS4yxWjIEaGEKq4uRXTAVGEggmuYkJw519eJM2zmuvU3Nvzav2qiKOMDtAROkEuukB1dIMayEMUPaJn9IrerCfrxXq3PmatJauY2Ud/YH3+AJsgl/o=</latexit><latexit sha1_base64="z0vUBM0f5SxRxlllMcU7L7j9l+8=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED1ISEfRY9OKxgmkLSSib7bZdupuE3YlYQi9e/CtePCji1f/gzX/jts1BWx8MPN6bYWZelAquwXG+rdLS8srqWnm9srG5tb1j7+41dZIpyjyaiES1I6KZ4DHzgINg7VQxIiPBWtHweuK37pnSPInvYJSyUJJ+zHucEjBSxz4MiEgHBAeaSxwAe4DcM/7Yd07dsGNXnZozBV4kbkGqqECjY38F3YRmksVABdHad50Uwpwo4FSwcSXINEsJHZI+8w2NiWQ6zKdfjPGxUbq4lyhTMeCp+nsiJ1LrkYxMpyQw0PPeRPzP8zPoXYY5j9MMWExni3qZwJDgSSS4yxWjIEaGEKq4uRXTAVGEggmuYkJw519eJM2zmuvU3Nvzav2qiKOMDtAROkEuukB1dIMayEMUPaJn9IrerCfrxXq3PmatJauY2Ud/YH3+AJsgl/o=</latexit><latexit sha1_base64="z0vUBM0f5SxRxlllMcU7L7j9l+8=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED1ISEfRY9OKxgmkLSSib7bZdupuE3YlYQi9e/CtePCji1f/gzX/jts1BWx8MPN6bYWZelAquwXG+rdLS8srqWnm9srG5tb1j7+41dZIpyjyaiES1I6KZ4DHzgINg7VQxIiPBWtHweuK37pnSPInvYJSyUJJ+zHucEjBSxz4MiEgHBAeaSxwAe4DcM/7Yd07dsGNXnZozBV4kbkGqqECjY38F3YRmksVABdHad50Uwpwo4FSwcSXINEsJHZI+8w2NiWQ6zKdfjPGxUbq4lyhTMeCp+nsiJ1LrkYxMpyQw0PPeRPzP8zPoXYY5j9MMWExni3qZwJDgSSS4yxWjIEaGEKq4uRXTAVGEggmuYkJw519eJM2zmuvU3Nvzav2qiKOMDtAROkEuukB1dIMayEMUPaJn9IrerCfrxXq3PmatJauY2Ud/YH3+AJsgl/o=</latexit><latexit sha1_base64="z0vUBM0f5SxRxlllMcU7L7j9l+8=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED1ISEfRY9OKxgmkLSSib7bZdupuE3YlYQi9e/CtePCji1f/gzX/jts1BWx8MPN6bYWZelAquwXG+rdLS8srqWnm9srG5tb1j7+41dZIpyjyaiES1I6KZ4DHzgINg7VQxIiPBWtHweuK37pnSPInvYJSyUJJ+zHucEjBSxz4MiEgHBAeaSxwAe4DcM/7Yd07dsGNXnZozBV4kbkGqqECjY38F3YRmksVABdHad50Uwpwo4FSwcSXINEsJHZI+8w2NiWQ6zKdfjPGxUbq4lyhTMeCp+nsiJ1LrkYxMpyQw0PPeRPzP8zPoXYY5j9MMWExni3qZwJDgSSS4yxWjIEaGEKq4uRXTAVGEggmuYkJw519eJM2zmuvU3Nvzav2qiKOMDtAROkEuukB1dIMayEMUPaJn9IrerCfrxXq3PmatJauY2Ud/YH3+AJsgl/o=</latexit>

Randomized Midpoint Method

As an example, we show how to approximate ,

Random Point

x(0)
<latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit><latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit><latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit><latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit>

x(! h)
<latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit>

x(h)
<latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit>

x(h)
<latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit>

x(h) =

Z h

0
rf(x(t))dt

<latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit><latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit><latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit><latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit>



Step 2: Approximate 

Step 3: Approximate using the approximation of from step 2

We use randomness to solve SDE/ODE more accurately.  
Our estimator has very small bias. 

is an unbiased estimator of

Randomized Midpoint Method

hrf(x(↵h))
<latexit sha1_base64="1mHAO9rEsi5HF9/bmS3E65ZKHQA=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFaC8lEUGPRS8eK9gPaEOZbDfN0s0m7G7EEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXl+wpnSjvNtFVZW19Y3ipulre2d3T17/6Cl4lQS2iQxj2XHB0U5E7Spmea0k0gKkc9p2x9dT/32PZWKxeJOjxPqRTAULGAEtJH69lHYE+BzwEHlodIDnoSAw2q1b5edmjMDXiZuTsooR6Nvf/UGMUkjKjThoFTXdRLtZSA1I5xOSr1U0QTICIa0a6iAiCovm90/wadGGeAglqaExjP190QGkVLjyDedEehQLXpT8T+vm+rg0suYSFJNBZkvClKOdYynYeABk5RoPjYEiGTmVkxCkEC0iaxkQnAXX14mrbOa69Tc2/Ny/SqPo4iO0QmqIBddoDq6QQ3URAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4AEziU0w==</latexit><latexit sha1_base64="1mHAO9rEsi5HF9/bmS3E65ZKHQA=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFaC8lEUGPRS8eK9gPaEOZbDfN0s0m7G7EEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXl+wpnSjvNtFVZW19Y3ipulre2d3T17/6Cl4lQS2iQxj2XHB0U5E7Spmea0k0gKkc9p2x9dT/32PZWKxeJOjxPqRTAULGAEtJH69lHYE+BzwEHlodIDnoSAw2q1b5edmjMDXiZuTsooR6Nvf/UGMUkjKjThoFTXdRLtZSA1I5xOSr1U0QTICIa0a6iAiCovm90/wadGGeAglqaExjP190QGkVLjyDedEehQLXpT8T+vm+rg0suYSFJNBZkvClKOdYynYeABk5RoPjYEiGTmVkxCkEC0iaxkQnAXX14mrbOa69Tc2/Ny/SqPo4iO0QmqIBddoDq6QQ3URAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4AEziU0w==</latexit><latexit sha1_base64="1mHAO9rEsi5HF9/bmS3E65ZKHQA=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFaC8lEUGPRS8eK9gPaEOZbDfN0s0m7G7EEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXl+wpnSjvNtFVZW19Y3ipulre2d3T17/6Cl4lQS2iQxj2XHB0U5E7Spmea0k0gKkc9p2x9dT/32PZWKxeJOjxPqRTAULGAEtJH69lHYE+BzwEHlodIDnoSAw2q1b5edmjMDXiZuTsooR6Nvf/UGMUkjKjThoFTXdRLtZSA1I5xOSr1U0QTICIa0a6iAiCovm90/wadGGeAglqaExjP190QGkVLjyDedEehQLXpT8T+vm+rg0suYSFJNBZkvClKOdYynYeABk5RoPjYEiGTmVkxCkEC0iaxkQnAXX14mrbOa69Tc2/Ny/SqPo4iO0QmqIBddoDq6QQ3URAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4AEziU0w==</latexit><latexit sha1_base64="1mHAO9rEsi5HF9/bmS3E65ZKHQA=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFaC8lEUGPRS8eK9gPaEOZbDfN0s0m7G7EEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXl+wpnSjvNtFVZW19Y3ipulre2d3T17/6Cl4lQS2iQxj2XHB0U5E7Spmea0k0gKkc9p2x9dT/32PZWKxeJOjxPqRTAULGAEtJH69lHYE+BzwEHlodIDnoSAw2q1b5edmjMDXiZuTsooR6Nvf/UGMUkjKjThoFTXdRLtZSA1I5xOSr1U0QTICIa0a6iAiCovm90/wadGGeAglqaExjP190QGkVLjyDedEehQLXpT8T+vm+rg0suYSFJNBZkvClKOdYynYeABk5RoPjYEiGTmVkxCkEC0iaxkQnAXX14mrbOa69Tc2/Ny/SqPo4iO0QmqIBddoDq6QQ3URAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4AEziU0w==</latexit>

x(h) =

Z h

0
rf(x(t))dt

<latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit><latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit><latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit><latexit sha1_base64="Ew4kiWd+NYH6NU8PFGvAuj9ri2c=">AAACBnicbVBNS8NAEN34WetX1KMIi0VILyURQS9C0YvHCvYD2ho22027dLMJuxNpKT158a948aCIV3+DN/+N2zYHbX0w8Hhvhpl5QSK4Btf9tpaWV1bX1nMb+c2t7Z1de2+/puNUUValsYhVIyCaCS5ZFTgI1kgUI1EgWD3oX0/8+gNTmsfyDoYJa0ekK3nIKQEj+fbRwOkVL1tcgu/e91qSBILg0Bk4UCx2wLcLbsmdAi8SLyMFlKHi21+tTkzTiEmggmjd9NwE2iOigFPBxvlWqllCaJ90WdNQSSKm26PpG2N8YpQODmNlSgKeqr8nRiTSehgFpjMi0NPz3kT8z2umEF60R1wmKTBJZ4vCVGCI8SQT3OGKURBDQwhV3NyKaY8oQsEklzchePMvL5LaaclzS97tWaF8lcWRQ4foGDnIQ+eojG5QBVURRY/oGb2iN+vJerHerY9Z65KVzRygP7A+fwDvCZd9</latexit>

x(! h)
<latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit>

x(h)
<latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit>

x(! h)
<latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit>

x(↵h) =
Z ↵h

0
rf (x(t))dt ⇡ x̂(↵h) = ↵hrf(x(0))

<latexit sha1_base64="jlIcwNSdNOSsXc1JoUjAkMMRlpU="></latexit><latexit sha1_base64="jlIcwNSdNOSsXc1JoUjAkMMRlpU="></latexit><latexit sha1_base64="jlIcwNSdNOSsXc1JoUjAkMMRlpU="></latexit><latexit sha1_base64="jlIcwNSdNOSsXc1JoUjAkMMRlpU="></latexit>

x(h) =
! h

0
! f (x(t))dt " h! f (öx ( ! h))

<latexit sha1_base64="8UC5cubZHsdMQsxvf3/fkrt/meU="></latexit><latexit sha1_base64="8UC5cubZHsdMQsxvf3/fkrt/meU="></latexit><latexit sha1_base64="8UC5cubZHsdMQsxvf3/fkrt/meU="></latexit><latexit sha1_base64="8UC5cubZHsdMQsxvf3/fkrt/meU="></latexit>

Random Point

x(0)
<latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit><latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit><latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit><latexit sha1_base64="bIyCS6lHF5FAnn/cGKi/1+sBJTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FR3zwfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz8adY2b</latexit>

x(! h)
<latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit><latexit sha1_base64="d/1P3tYFLjxtZ1dX1Xnc84LCPus=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoigh6LXjxWsB+QhjLZbpqlm92wuxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzwpQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF4KmnAnaNsxw2ksVhSTktBuOb2d+95EqzaR4MJOUBgmMBIsYAWMl/6neB57GgOPzQbXmNtw58CrxClJDBVqD6ld/KEmWUGEIB619z01NkIMyjHA6rfQzTVMgYxhR31IBCdVBPj95is+sMsSRVLaEwXP190QOidaTJLSdCZhYL3sz8T/Pz0x0HeRMpJmhgiwWRRnHRuLZ/3jIFCWGTywBopi9FZMYFBBjU6rYELzll1dJ56LhuQ3v/rLWvCniKKMTdIrqyENXqInuUAu1EUESPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBREpCb</latexit>

x(h)
<latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit><latexit sha1_base64="QHWcrvmVNhyi9gvcMbhtebqF5cc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhrLZbpqlu5uwuxFL6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Db3u49UaRbLBzNNqC/wWLKQEWxy6akenQ+rNbfhzoFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskEj2nfUokF1X42v3WGzqwyQmGsbEmD5urviQwLracisJ0Cm0gve7n4n9dPTXjtZ0wmqaGSLBaFKUcmRvnjaMQUJYZPLcFEMXsrIhFWmBgbT8WG4C2/vEo6Fw3PbXj3l7XmTRFHGU7gFOrgwRU04Q5a0AYCETzDK7w5wnlx3p2PRWvJKWaO4Q+czx9vjY3T</latexit>



Numerical Experiment

We observe a set of independent samples

Sample from the target distribution ,
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