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A framework for training generative models to learn a desired data distribution.

A min-max game between two players:

– The generator G(z): which learns and creates samples from the distribution of the real data.

– The discriminator D(x): which di�erentiates between the real and fake data.

– The objective: learn the optimal G(z)
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The standard GAN (SGAN)[1], least-squares GAN (LSGAN)[2], etc. minimize various choices
of f-divergence between pd and pg.

– SGAN: min
G

max
D

�
E

x�pd

[ln(D(x))] + E
x�pg

[ln(1 � D(x))]

�
– Jensen-Shannon divergence.

– LSGAN:
min

D

�
E

x�pd

�
(D(x) � b)2

�
+ E

x�pd

�
(D(x) � a)2

��

min
G

�
E

x�pd

�
(D(x) � c)2

�
+ E

x�pd

�
(D(x) � c)2

�� – Pearson-�2 divergence.

– f -GANs: min
G

max
D

�
E

x�pd

[g(D(x))] + E
x�pg

[f c(g(D(x)))]

�
– any f -divergence.

Training is unstable when the supports of pd and pg are non-overlapping.
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The GAN discriminator minimizes a chosen distance metric – Appropriate constraint space on the
class of discriminator functions.

Popular variants – Wasserstein GAN (WGAN)[4], Sobolev GAN[5], Fisher GAN[6]

– WGAN: min
G

max
D

�
E

x�pd

[D(x)] � E
x�pg

[D(x)]

�
– Lipschitz-1 space.

– Sobolev GAN: min
G

max
D

�
E

x�pd

[D(x)] � E
x�pg

[D(x)] + E
x�µ(x)

�
��D(x)�2

2

��
– Sobolev spaces.
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[4]Arjovsky et al., ICML, 2017; [5]Mroueh et al., ICLR, 2018; [6]Mroueh et al., NeurIPS, 2017
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WGANs[4] consider a Lipschitz-1 constraint on the discriminator.

min
G

max
D

�
Ex�pd [D(x)] � Ex�pg [D(x)]

�
, s.t. �D�L � 1

WGAN-GP[7] employs a gradient penalty to approximate the Lipschitz-1 constraint.

min
G

max
D

�
Ex�pd [D(x)] � Ex�pg [D(x)] + � Ex�pg, x̂�pd

�
(��D(�x + (1 � �)x̂)�2 � 1)2

��

Variants such as WGAN-LP[8], WGAN-ALP[9], WGAN-Rd+Rg
[10] also incorporate gradient

penalties on WGAN to improve training stability.
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Existing losses typically enforce the
penalty over:

– Interpolations between x � pg and
x̃ � pd.

– A generic reference measure �p(x),

– Adversarially derived worst-case
directions radv.

We enforce the gradient-norm penalty
uniformly over X .
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Analyzed the optimal discriminator in divergence-minimizing and IPM GANs leveraging
results from functional Calculus.

Showed that the discriminator in WGAN with a gradient-norm penalty (WGAN-GNP) is
governed by a Poisson PDE.

Fourier-series-based approximations to the optimal discriminator in WGAN-GNP.

Optimal Lagrange multiplier servses to mesure generator convergence!

Superior performance in latent-space matching with Wasserstein autoencoders.
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Variational Calculus deals with functional optimization:

min
D�G

�
L(x, D(x), �D(x)) =

�

X
F(x, D(x), �D(x))dx

�
� �L

��
D=D� = 0

The optimality condition on the first variation (�L) is the Euler-Lagrange condition:

�F
�D

�
�

i

�

�xi

�F
�(D�

i)

����
D(x)=D�(x)

= 0, where D�
i =

�D

�xi

The check on the second-variation to identify a minimizer is �2L � 0 � Hy,H

����
y=y�

� 0,

where H =
n�

i=1

�
D�

i
�F
�D�

i

�
� F and [HD,H]i,j =

�2H
�D�

i�D�
j

.
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The WGAN-GNP discriminator loss:

LW
D = E

x�pd

[D(x)] � E
x�pg

[D(x)] + �d

�

X
(��D(x)�2

2 � 1) dx

=

�

X

�
D(x) (pd(x) � pg(x)) + �d��D(x)�2

2

�
dx � �d|X |

Enforcing the Euler-Lagrange condition yields the Poisson PDE

�D(x)
��
D=D� =

pg(x) � pd(x)

2�d
, where � = �.� =

�
�2

x1
+ �2

x2
+ . . . + �2

xn

�

A Fourier-series-based solution to derive D�(x).



NeurIPS 2023

WGAN with Gradient-norm Penalty (WGAN-GNP)

7
<latexit sha1_base64="Bf5LUxdbUxW35S8w3pQX9VboLnU="></latexit>

Asokan and Seelamantula, “Euler-Lagrange Analysis of Generative Adversarial Networks,” JMLR, 2023

<latexit sha1_base64="GdIeo3zfzswnq1ymzi2QNts7JaU="></latexit>

The WGAN-GNP discriminator loss:

LW
D = E

x�pd

[D(x)] � E
x�pg

[D(x)] + �d

�

X
(��D(x)�2

2 � 1) dx

=

�

X

�
D(x) (pd(x) � pg(x)) + �d��D(x)�2

2

�
dx � �d|X |

Enforcing the Euler-Lagrange condition yields the Poisson PDE

�D(x)
��
D=D� =

pg(x) � pd(x)

2�d
, where � = �.� =

�
�2

x1
+ �2

x2
+ . . . + �2

xn

�

A Fourier-series-based solution to derive D�(x).



NeurIPS 2023

WGAN with Gradient-norm Penalty (WGAN-GNP)

7
<latexit sha1_base64="Bf5LUxdbUxW35S8w3pQX9VboLnU="></latexit>

Asokan and Seelamantula, “Euler-Lagrange Analysis of Generative Adversarial Networks,” JMLR, 2023

<latexit sha1_base64="oQFTriRRmbGeXqa9TrwuB58TRMA="></latexit>

The convex hull of the

supports of pd and pg.
<latexit sha1_base64="0SU/E6UNRyBh+guLCzoReO3j6mk="></latexit>

pg(x)

<latexit sha1_base64="I2/EBN+g/SGFLbL9xmzF+IVqrVY="></latexit>

pd(x)
<latexit sha1_base64="FfnumpBA29Yz+dqX9FLNgOGdBmg="></latexit>

X

<latexit sha1_base64="EeWBQvWbF9Fub7P3xyhKPb+eGHM="></latexit>

The WGAN-GNP discriminator loss:

LW
D = E

x�pd

[D(x)] � E
x�pg

[D(x)] + �d

�

X
(��D(x)�2

2 � 1) dx

=

�

X

�
D(x) (pd(x) � pg(x)) + �d��D(x)�2

2

�
� �� �

F(x,D(x),�D(x))

dx � �d|X |



NeurIPS 2023

WGAN with Gradient-norm Penalty (WGAN-GNP)

7
<latexit sha1_base64="Bf5LUxdbUxW35S8w3pQX9VboLnU="></latexit>

Asokan and Seelamantula, “Euler-Lagrange Analysis of Generative Adversarial Networks,” JMLR, 2023

<latexit sha1_base64="mzLQ01Af+mH5OwyF519EhyvAWvE="></latexit>

The WGAN-GNP discriminator loss:

LW
D = E

x�pd

[D(x)] � E
x�pg

[D(x)] + �d

�

X
(��D(x)�2

2 � 1) dx

=

�

X

�
D(x) (pd(x) � pg(x)) + �d��D(x)�2

2

�
� �� �

F(x,D(x),�D(x))

dx � �d|X |

Applying Euler-Lagrange (EL) condition to F , we have:

�F
�D

= pd(x) � pg(x), and
�

i

�

�xi

�F
�D�

i

=
�

i

�2D

�x2
i

= �D(x)

� �D(x)
��
D=D� =

pd(x) � pg(x)

2�d
, where � = �.� =

�
�2

x1
+ �2

x2
+ . . . + �2

xn

�

A Fourier-series-based solution to derive D�(x).



Green’s Function

8

<latexit sha1_base64="GR0mBr5GXctG6ttwhw23SbE96mk="></latexit>

Also called fundamental solution

<latexit sha1_base64="n1XJ1vJrXkL2tAoAGkqjIju7zNk="></latexit>
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Given a differential operator Lf(x) = g(x), find a function �(x) such that L�(x) = �(x).

Convolving both sides with �(x) yields

L(f � �)(x) = (g � �)(x)

(f � L�)(x) = (g � �)(x)

� f(x) = (g � �)(x)
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The WGAN-GNP discriminator PDE

�D (x)
��
D=D� =

pg(x) � pd(x)

2�d
, where � = �.� =

�
�2

x1
+ �2

x2
+ . . . + �2

xn

�

The particular solution to the discriminator PDE:

D�
p(x) =

1

2�d
((pg � pd) � �) (x), where �(x) =

�
����

����

� 1

2�
ln(�x�), for n = 2, and

�
�

n
2 + 1

�

n(n � 2)�
n
2

1

�x�n�2
, for n � 3,
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The solution D�(x) must also include the homogeneous component Dh(x) such that �Dh(x) = 0.

Theorem: The generator convergence p�
g(x) = pd(x) is independent of the choice of Dh(x)
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Derive Fourier-series expansions of the data and generator distributions, and the discriminator

pd(x) =
�

m�Zn

�mej��m,x�, pg(x) =
�

m�Zn

�mej��m,x�, and DFS(x) =
1

�d

�

m�Zn

�mej��m,x�

Coefficients �m and �m can be computed via the characteristic function of the p.d.f.

�m =
1

T

� T

0
pd(x)ej��m,x� dx =

1

T
E

x�pd

�
ej��m,x�� =

1

T
��

pd
(�m)

The discriminator coefficients can be computed in closed form:

�m =
1

2

�
�m � �m

��m�2

�
, m � Zn � {0}, and �0 = 0
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A truncated Fourier-series is implementable.

p̃d(x) =
�

m�[M ]n

�mej�o�m,x�, p̃g(x) =
�

m�[M ]n

�mej�o�m,x�, and D̃FS(x) =
1

�d
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Complex Fourier series is challenging to implement

p̃d(x) =
�

m�[M ]n

�mej�o�m,x�, p̃g(x) =
�

m�[M ]n

�mej�o�m,x�, and D̃FS(x) =
1

�d

�

m�[M ]n

�mej�o�m,x�,

In practice, employ the trigonometric Fourier series

D�
FS(x) � 1

��
FS

�
�0

2
+

�

m�M
�r

m cos(�o�m, x�) +
�

m�M
�i

m sin(�o�m, x�)
�

, where

�̄r
m � 1

NT

N�

k=1
xk�pd

cos(�o�m, xk�), �̄i
m � 1

NT

N�

k=1
xk�pd

sin(�o�m, xk�),

�̄r
m � 1

NT

N�

k=1
xk�pg

cos(�o�m, xk�), and �̄i
m � 1

NT

N�

k=1
xk�pg

sin(�o�m, xk�).
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WGAN-FS discriminator based on the trigonometric Fourier series

D�
FS(x) � 1

��
FS

�
�0

2
+

�

m�M
�r

m cos(�o�m, x�) +
�

m�M
�i

m sin(�o�m, x�)
�

The optimal Lagrange multiplier can be found via dual optimization

��
d is such that

�

X

�
��D�(x)�2

2 � 1
�
dx = 0, where D�(x) =

1

2�d
((pg � pd) � �) (x) + D�

h(x)

The value of ��
d can be computed in closed form:

��
d =

���� 1

|X |

�

X

n�

i=1

��
K�

n,i � (pg � pd)
�
(x) + ai

�2 dx, where

K�
n,i(x) =

��(x)

�xi
=

�
���

���

2
�2

�
xi

�x�

�
, for n = 2, and

2�n
�n

�
xi

�x�n

�
, for n � 3.
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WGAN-FS outperforms WGANs with a trainable discriminator, and trainable versions of
WGAN-GNP.
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Fig. Impact of the 
homogeneous component.

Fig. The Lagrange multiplier as an proxy for tracking model convergence.
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The number of coefficients for a truncation harmonic M grows as nM in Rn.

Consider MNIST, x � R784 — for M = 50, we have O(10144) terms!!

Explore applications to latent-space learning with Wasserstein Autoencoders

The WGAN-FS discriminator is used to match the latent-space distribution of a data to a target
Gaussian.
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The number of coefficients for a truncation harmonic M grows as nM in Rn.

Consider MNIST, x � R784 — for M = 50, we have O(10144) terms!!

Explore applications to latent-space learning with Wasserstein Autoencoders[16].

The WGAN-FS discriminator is used to match the latent-space distribution of a data to a target
Gaussian – Wasserstein autoencoders (WAEs).
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Compare WAEs[16] with the Fourier-
represented discriminator (WAEFR)
against baseline WAEs and adversarial
autoencoders (AAEs)

WAEFR generates images of superior
visual quality, with improved
convergence.
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WAEFR achieves superior FID, and average reconstruction error (of the autoencoder sub-block),
while generating sharper images when compared against the baselines.
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Derived the optimal discriminator PDE in WGANs with gradient-based regularization.

Developed a novel Fourier-series approach to implementing the optimal discriminator.

Future Scope: Analyzing other gradient-regularized GAN discriminator variants.

Future Scope: Exploring alternatives to the Fourier-series approximation.
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Given truncated Fourier-series is implementable.
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We derived error bounds on the Fourier-series truncation and sample-estimation of the coefficients.
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We derived error bounds on the Fourier-
series truncation and sample-estimation of the
coefficients.
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We derived error bounds on the Fourier-
series truncation and sample-estimation of the
coefficients.
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Discarding higher-frequency coefficients is
better than approximating them with too few
samples!
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