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Background: PPR vector computation

Definition  Given a source node vector e, damping factor o € (0,1) and an undirected
graph G(V, &) with adjacency matricx A and degree matrix D, the linear equation for
computing the PPR vector 7 is defined as

(I-(1—-a)(l + AD™Y)/2)) 7 = ae;. (1)
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Background: PPR vector computation

Definition  Given a source node vector e, damping factor o € (0,1) and an undirected
graph G(V, &) with adjacency matricx A and degree matrix D, the linear equation for
computing the PPR vector 7 is defined as

(I—(l—a)( + AD™ )/2))7r:ae5. (1)
We solve the linear system by reformulating as:
- al v T 10
EK’I{J‘(X) = 5% Qx —ax' D b}, (2)

where Q = HTQI — 17T‘¥D_1/2AD_1/2 and the condition number of f is 1/a.
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computing the PPR vector 7 is defined as

(I—(l—a)( + AD™ )/2))7r:ae5. (1)
We solve the linear system by reformulating as:
- al v T 10
EK’I{J‘(X) = 5% Qx —ax' D b}, (2)

where Q = HTQI — 17T‘¥D_1/2AD_1/2 and the condition number of f is 1/a.
The optimal solution of (2) is denoted by x7 := aQ 1D /2bh. When b = e, it implies
™= Dl/zx:.

e-approximation to (2) :  P(e,a, b, G) = {x S ID7Y2(x = xF)||oe < e}. (3)
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Key ingredients: Accelerated Evolving Set Processes

Accelerated Evolving Set Process (AESP) framework
® computes an e-approximation for PPR using O(1/+/a) short evolving set process;
® s built upon the inexact proximal point algorithm.

Nested evolving set process

Given the configuration § £ (a, b,G), and a local method M, the nested evolving set process at
outer-loop iteration t generates a sequence of {S§k+1),z§k+1)}k20 according to

(k+1) _(k+1)y k) _(k) (%) e o .
(S: ", zp ) =P m(S: 7,z ), where S C Vs efficiently maintained using a queue data
structure, avoiding accessing the entire graph. We say the process converges when 35’“) = () for
some K;. After T outer-loop iterations, the generated sequences of active sets and estimation

pairs are

(SO 20 & o (S =g ) = xO) =1
SO 20 o o (S = AR = X (D = T
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Accelerated Evolving Set Processes

We propose an Accelerated Evolving Set Process (AESP) framework, which computes
an e-approximation for PPR using O(1/y/a) short evolving set process and is built upon
the inexact proximal point algorithm.
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Accelerated Evolving Set Processes

We propose an Accelerated Evolving Set Process (AESP) framework, which computes
an e-approximation for PPR using O(1/y/a) short evolving set process and is built upon

the inexact proximal point algorithm.
localized Catalyst-style updates

AESP x1 = M(pr,y V. .0 b,0),
y(t) — X(t) + 5t(x(t) — X(til)).

At t-th iteration, proximal operator objective is
n _
hi(2) £ F(2) + 2z =y D)3,
x() e Hy(pr) 2 {z € R": h(2) — bt < o1},
where h} is the minimal value of h;.
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Accelerated Evolving Set Processes

We propose an Accelerated Evolving Set Process (AESP) framework, which computes
an e-approximation for PPR using O(1/y/a) short evolving set process and is built upon

the inexact proximal point algorithm.
localized Catalyst-style updates

—— APPR
Ours

AESP  x() = M(¢¢, y*™D n,a, b,0),
y(t) — X(t) + Bt(x(t) — X(til)).

At t-th iteration, proximal operator objective is

# of Operations

he(z) £ F(z) + 1z =y 3,
Iterations (¢)

X(t) € ’Ht(gat) £ {Z cR": ht(z) — h;_f < @t}, Figure: The comparison of volumes
of ESP for APPR and Ours.

where h} is the minimal value of h;.
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where h} is the minimal value of h;.

. =1-2
Condition number: f(x): 1 — hy(2) : ;’%t ""=""2. A constant!
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Localized inexact proximal operators

2V h; zt(k) ol
e LooGD 2D = g0 EVE e ey s,

A
ki k; 2V h oly,.
* LocAPPR z{f+) = k) _ 2Vhlz Joln,

) k _
Tratan , for u; € §; —{IJ]_,U2,...7U|S:<|}.

where S = {u : |Vuht_1/2(zt(k))| > €}
L S =), which is |V h; ?(2)]|s0 < €.
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Localized inexact proximal operators

ol o 2Vh(2*)e1
e LocGD zt(+):zt()—71+aﬁ,,5t,
* LocAPPR 2 = () _ 2Vila ol
where S = {u : |Vuht_1/2(zt(k))| > €}

ik for u,-€Sf:

for k >0,

{ur, vz, usn -

L S =), which is |V h; ?(2)]|s0 < €.

Algorithm 1 AESP(e a,b,n,G, M)

Algorithm 2 AESP-PPR(e, o, 5, G, M)

1 y® =20 =0,c=1-0.9u/(u+7)
2. T=[% logw]
3: fort =1, 2 ;T do
— (L+ p)lB]3e /18
20 = M(er,y" Y, n,a,b,G)
// M in LocAPPR or LocGD
if {v: ea/d, < |V,f(x®)[} = () then
break

IR AN

0 y®) = g0 4 VIV (1) _ g(1-1)

Viptnt+/iw
10: Return & = z®

1: y(o) = :1:(0) =0
2 T — ’—10 FETI 400(;;2)]
3: fort =1, 2 ;T do

4 fl+~(1_7\/g>t

5. // Mis LocAPPR or LocGD

6: x® = Mg, y* V1 -20,0,b,G)
7. if{v:eavd, < |V,f(x®)} = () then
8: break

9: y(t> — M + J( ) _ (frfl))

Vi—atya
10: Return 7« = D/2g(®
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Localized inexact proximal operators

2
€: £ max {\/ (1 +m77)90t7 (q: a()()ft } = 2" e H (o)
VA" (z:7)lx

Ke—1 Ke—1 VA2 (M) o 1

— 1 - 1 K a H t t skt
vol(S:) & — E voI(S( )) e E VS £
K k=0 t Kt k=0 t IVh (2

Theorem (Convergence of LocGD)

LocGD returns zt Ke) = LocGD(¢r, y* Y, 1, a, b,G) € Hi(p:). For k > 0, the scaled gradient satisfies

HVh}”(zE“”)H (1 = ) |V h?(2)

1 < s

2(atn)
1+a+2n

TLocGD
t

where T 1= and 7 is the ratio, then the run time is bounded by

— 0 0 _ ck
7—tLocGD < min {VOI(St) |Og Cht ht he }’

K 7
TV Chtt TEt

where Cj, = ||Vh/*(2{")||1 denote constants. Furthermore, vol(S) /7, < min {CP, /er,2m}.
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Time complexity analysis

Lemma (Outer-loop iteration complexity of AESP)

If each iteration of AESP, presented in Algorithm 1, finds x® := zt(Kf) using M, satisfying
he(29) — B < ¢ := (L + p)||b||3(1 — p)t/18, then the total number of iterations T required to ensure
% = AESP(¢,a, b,1,G, M) € P(€,cx, b, G) as defined in Eq. (3), for solving (2), satisfies the bound

2

I
—————— |, where p=0.9,/q and g = ——. 4
P u62(\/ﬁ—p)2) i p+n “)
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Lemma (Outer-loop iteration complexity of AESP)

If each iteration of AESP, presented in Algorithm 1, finds x®) := zt(Kf) using M, satisfying
he(29) — B < ¢ := (L + p)||b||3(1 — p)t/18, then the total number of iterations T required to ensure
X = AESP(¢, 0, b,1,G, M) € P(¢,, b,G) as defined in Eq. (3), for solving (2), satisfies the bound

1 4(L+u)llb\ll> 1
T<-=I , where p=0.9,/q and g = ——. 4
g( (v —p) P va it (4)

Theorem (Time complexity of AESP)

Assume damping factor o < 1/2. Applying X = AESP (¢, «, b,n, G, M) with n = L — 2y and M be either
LocGD or LocAPPR, then AESP presented in Algorithm 1, finds a solution X such that
||D_1/2()? — X7 )|loo < € with the dominated time complexity T bounded by

¢ -cl vol G
T<Z {voI(St o i;{:7u , with@ﬁmin{iﬂm}v
Chtt TEs

Ye €t

where T, €, C,? and CKt are defined in Theorem 1. Furthermore, q = pu/(L — p) and the number of outer

2 ~
iterations satisfies T < 5% 7 log 200wkl — & (L) .
ne3q Va
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Time complexity analysis

-0 (B) -o(2)-0( )
Theorem (Time complexity of AESP-PPR)

The PPR vector of s € V is defined in Eq. (1), and the precision € € (0,1/ds). Suppose
# = AESP-PPR(¢, , 5,G, M) be returned by Algorithm 1. When M is either LocGD or LOCAPPR,
then # satisfies | D™ (# — 7)||c < € and AESP-PPR has a dominated time complexity bounded by

romm{o(F) o8} - mfo(2) (%K)} o

where Tmax := arg max,c (7 vol(St) /7, and R := max {||Vh%ﬂ(zt(o))||1/|\Vh}/2(zf°))||1 1Vt e [T]} .
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Experiments
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error reduction, log ||[D™*(# — 7)o, as a function of operations T, on
the graph ogh-mag240m, ogbn-papers100M, com-friendster and wiki-en21 with o = 0.01 and € = 107°

where the graph can scale up to n = 244M and m = 1.728B.

Figure: Performance of estimation
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Experiment
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Figure: Speedup of AESP-based methods over standard local solvers (LOCAPPR, LocGD) as a function
of a, on the com-dblp graph with ¢ = 0.1/n and a € (1073,107).
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Thanks!

® Our code is publicly available at:

https://github.com/Rick7117/aesp-local-pagerank

¢ |f you have any questions, contact us:

Binbin Huang: bbhuang240m.fudan.edu.cn
Baojian Zhou: bjzhou@fudan.edu.cn
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