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Graphs and Graph Neural Networks

❖ Graphs are mathematical objects that captures the relationship between the entities (nodes) through edges.
 

❖ GNNs are deep representation learning architectures with graphs as inductive bias    

Graph Neural Networks

Citation networksSocial networks

Embedding space

❖ GNNs obtains the embeddings  using the message passing or graph convolution techniques which typically mixes
   features.  Therefore the representations obtained from GNNs lack interpretability.
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Graph Neural Additive Model (GNAN)

Set up : Graph (G) with N nodes and feature matrix as 𝐗 ∈ 𝑅𝑁×𝐷

Embedding of ith node and 
kth feature

Deep neural network

Challenges

❖ Training a DNN for each feature is computationally intense if feature dimension is large.

❖ Computing a dist() function costs O(𝑁2 + 𝑁𝐸), which and is not feasible for large scale graphs.

 

𝑧𝑖,𝑘 = ෍

𝑗=1

𝑁
1

𝑑𝑖𝑠𝑡𝑖 𝑗, 𝑖
𝜌 𝑑𝑖𝑠𝑡 𝑖, 𝑗 𝑓𝑘 𝑥i,j

❖ Additive modelling is workhorse principle behind interpretable deep learning architectures

❖ GNAN is the first graph neural additive model that models contributions of each features using a DNN. 
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Graph Neural Additive Model with RFFs 

Set up : Graph (G) with N nodes and feature matrix as 𝐗 ∈ 𝑅𝑁×𝐷

Motivation : To propose a light-weight graph model that is inherently interpretable   
 

Framework : We model each feature contribution with a GP prior whose kernel admits RFF approximation. 

𝑦𝑖 = ෍
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𝑓𝑘 𝑥𝑖,𝑘 𝑓𝑘 = 𝒢𝒫 0, 𝐊G .

𝐊𝐆(. ) =
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❖ The kernel can be equivalently expressed as  𝐊𝐆(. ) =
෤xi,𝑘 − ෤x𝑗,𝑘

2

2Θ2

❖ Proposed kernel is shift invariant and positive definite for a fixed node pair kernel can be approximated as
𝐊𝐆 . = Φ𝐚

𝐓 𝑥𝑖,𝑘 Φ𝐚 𝑥𝑗,𝑘

Drawback: It captures only information from one-hop and fails to aggregate information from multi-hops 
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Graph Neural Additive Model with RFFs 

❖ To obtain the information from multi-hop we process the data using FIR filter

𝐇 = ෍

ℎ=0

𝑅

𝛼ℎ𝐋̃𝐺
ℎ

Normalized graph LaplacianLearnable filter coefficients

❖ The filtered features are given as ෩𝐗 = 𝐇𝐗

𝐊𝐆(. ) =
෤x𝑖,𝑘 − ෤x𝑗,𝑘

2

2Θ2❖ Now the kernel is modified to account for the information from multi-hops 𝐊𝐆 . = Φ𝐚
𝐓 𝑥𝑖,𝑘 Φ𝐚 𝑥𝑗,𝑘

❖ Leveraging the kernel approximation GP prior now transforms as Bayesian prior as  𝑓𝑘 𝑥𝑖,𝑘 = Φ𝐚
𝑇 ෤x𝑖,𝑘 𝐰𝐤

𝑦𝑖 = ෍

𝑘=1

𝐷

Φ𝐚
𝑇 ෤x𝑖,𝑘 𝐰𝐤
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Complexity analysis

❖Number of learnable parameters
● GNAN: 𝐷 + 1 × (𝐻𝑢

2 × 𝐿 − 1 + 𝐿 + 2 × 𝐻𝑢 + 1) 
● G-NAMRFF: 𝐷 × 𝑀 + 𝑅 + 1

● 168x fewer parameters compared to GNAN

𝐻𝑢 = 64, 𝐿 = 5, 𝐷 = 100, 𝑀 = 100, 𝑅 = 5
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Theoretical Analysis

Permutation equivariance: 

Robustness to perturbations: 
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Interpretability on Node Classification Task

Pubmed dataset: Multiclass citation-network dataset where nodes are research articles  categorized into 
three diabetes classes
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Interpretability on Graph Classification Task

Mutagenicity Dataset
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Empirical  Results

Node classification task

Graph classification task
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