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Motivation

Consider sentences classification problem, some tokens are more important
than others.

Example from IMDB movie reviews

It’s terrific when a funny movie doesn’t make smile you. What a pity!!
This film is very boring and so long. It’s simply painful. The story is
staggering without goal and no fun.You feel better when it’s finished.

Questions

When learn with attention based models on such task, can the model learn
to select important tokens from others?
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Model

Training set

We have n data point Xn = {(X k , yk)}nk=1 with each X ∈ Xn is
[x1, . . . , xT ], and y = ±1. Denote the vocab set is S.

Single-layer attention

Denote E ∈ R|S|×d be the embedding layer. For each sequence X , the
embedding is EX = [Ex1 , . . . ,ExT ]

⊤ ∈ RT×d

f (X ; p,E ) = Softmax(p⊤E⊤
X )EX v =

∑T
i=1 exp(p

⊤Exi )E
⊤
xi
v∑T

j=1 exp(p
⊤Exj )

Fix v be a unique vector, and we train p,E .

Logistic Loss

L(p,E ) = Ê[log(1 + exp(−yf (X ; p,E ))]
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What tokens are important?

Questions

Given a training set without any prior information, how do we define what
tokens are important?

Empirical Importance

Given a token s, we define:

αs = total occurrance with label ′1′ − total occurrance with label ′ − 1′

1 Tokens with larger |αs | is more important.

2 s is positive/negative/irrelevant: αs > 0/ < 0/ = 0.

3 s is completely positive/negative if s only occur with label 1/− 1.
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One step of embedding training learns token importance

Lemma

Under standard initialization where Es
i .i .d∼ N (0, 1/d · I ), p ∼ N (0, 1/d · I ),

with large enough d , after one-setp of GD with step size η0,:

E 1
s ≈ E 0

s +
η0
2
αsv , ∀s ∈ S

Recall the model

f (X ; p,E ) =

∑T
i=1 exp(p

⊤Exi )E
⊤
xi
v∑T

j=1 exp(p
⊤Exj )

After one step: E⊤
xi
v ≈ η0αs/2
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Implicit bias

Question

Suppose we fix E after one-step and only train p with GF, is there any
implicit bias over p ?

Simple data model

Each sequence in Xn contains either a single completely positive token or a
single completely negative token, and all remaining tokens are irrelevant.
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What do we expect?

We want to make L(p,E ) = Ê[log(1 + exp(−yf (X ; p,E ))] small.

⇒ For each (X , y), we want yf (X ; p,E ) =
∑T

i=1 exp(p
⊤Exi

)yE⊤
xi
v∑T

j=1 exp(p
⊤Exj

)
large.

⇒ For each (X , y), if yE⊤
xi
v > yE⊤

xj
v , we want p⊤Exi ≥ p⊤Exj .

Token selection

Given p, for each X , we defined the tokens in X selected by p as:

SX (p) = {xi : i ∈ argmax
i

p⊤Exi}
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Limiting token selection

Lemma

With high probability over the initialization,

∥pt∥2 → ∞

Only selected tokens matter

After training long enough,

f (X ; pt ,E ) ≈ 1

|SX (pt)|
∑

i∈SX (pt)

E⊤
xi
v

Lemma

When η0 is large enough, for each X , all the important tokens must be
selected by pt for large enough t. (But can also select irrelevant ones)
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Max-margin token selection

Question

There could be many p that do the same selection for all X , is there any
implicit bias over the limt→t

pt
∥pt∥2 ?

Lemma (Max-margin token selection)

Suppose p∞
∥p∞∥2 = limt→t

pt
∥pt∥2 exists, then

p∞ =argmin
p

∥p∥2

s.t. p⊤(Es − Es′) ≥ 1, ∀s ∈ SX (p∞), ∀s ′ ∈ X \ SX (p∞),∀X .
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Numerical Experiments

Synthetic data:

Figure: Dot-product of embedding tokens with ⟨cls⟩ token p (left) and regression
coefficients v (right), as a function of the token-wise difference in posterior
probabilities for synthetic data. The concentrated cloud of points around zero
corresponds to the tokens in the irrelevant set.
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Numerical experiments

IMDB and Yelp dataset:

Figure: Dot-product of embedding tokens with CLS token p and regression
coefficients v versus token-wise difference in posterior for IMDB dataset (top
row) and Yelp dataset (bottom row).
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