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Chain-of-Thought v.s. A*-Thought

CoT: @ A*-Thought:
Redundant & Mazy High-Quality & Informative

A*-Thought Framework Results

1. How to identify high-quality and informative steps at the step-level ? I_Té‘sbéi slgixs%fivﬁeg%ﬁuﬁ dofhcgifgzgﬁ%‘;%;tgsgﬁgtaﬁehh;f;ﬁiﬁS several benchmarks. The best
We design a step-level bidirectional importance score (BIS) to evaluate the ’ '

_, criticality of individual sentences. This scoring mechanism serves to significantly Methods = e e Gl i Average _ acu
Question :] > O Q Q O . % . Acc.(D Len.)  Ace.(D Len.®)  Acc.(D Len.®  Acc.™M Len.®  Acc.(D Len.(V)

enhance effectiveness of the A* search procedure compared to standard sampling. Budget: 512 Tokens

. > Q O Step Level QwQ-32B 108 512.00 25  512.00 33 51200 276 51197 111 51199 216

[:] CHONOEORON EXENON ) QwQ-32B w/ s1K-1.1 96 51200 7.5 51200 34 51200 288 51200 123 51200 241

Q O O + CoD 10.6  512.00 50  512.00 42 512.00 29.0 511.96 122 51199 2.38

+ BtC Effective Shortcut 102 51200 125  512.00 42 51200 267 51195 134 51199 2.62

+ BtC Skip Steps 9.6 512.00 50 51200 56 51200 289 51195 123 51199 240

e Q O Q Q . Forward Improtance Score + TokenSkip 108  511.05 Z5 51500 39 51200 264 50811 109 51079 2.13

giior + A*-Thought 332 491.92 150  508.60 120  509.74 574  451.76 294 49051 5.99
Thought Steps Thought Steps with BIS Budget: 1024 Tokens

Bidirectional Improtance Score (BIS)

QwQ-32B 16.6 1016.85 15.0 1024.00 6.4 1023.93 49.1 951.96 21.8 1004.19 2.17
1 1 houaht Sten Ouetie Sorted By RIS QwQ-32B w/ s1K-1.1 24.8 1023.52 17.5 1024.00 8.9 1023.94 60.1 999.80 278 101782 273
We reta I ned the m O re I m po rta nt Ste pS! B &1 S J- Q Q Q O O O © 90 O Q sl i e + CoD 248 102337 50 1024.00 73 1023.64 60.1  996.84 243 101696 2.39
L _(/’ O \\ + BtC Effective Shortcut 234 1022.88 7.5 1024.00 T 102332 61.3 1000.44 25.0 1017.81 2.45
: \_d e + BtC Skip Steps 234 1023.25 5.0 1024.00 7.6 1024.00 59.9 1000.93 240 1018.05 2.36
- - - | + TokenSkip 22.4 995.96 12.5 1024.00 6.4 1019.61 49.7 934.74 22.8 99358 2.29
S tep-Level B I d irec tl ona I I m por ta nce S core ( BI S ) Lteration-1 . | Iteration-1 . Iferation-2  Iferation-2 + A*_Thought 50.8 85828  37.5 92825 223 95474 819 688.69 481 85749 5.61
Verification '+ Exploration ' Verification ' Exploration
A t t t. L I 5 “ : Budget: 2048 Tokens
ention- evle H |yl |x| MOdIe-LeveI |yl | o : E E : % | o ; % QwQ-32B 51.2 1844.96 25.0 1978.60 184 2021.95 80.4 1245.68 438 177280 247
ATTN _ e NLL(y|x) = —— Z logP (y;|x : : C] I : i | [j L QwQ-32B w/ s1K-1.1 60.0 1887.15 350 2000.95 233 201214 887 147400 518 184356 281
(y) Hly||x| Z Z Z an (Y5, i) (v) y| — 8P (i y<s) ! 0 S : | 7 y ! +CoD 60.2 1894.54 30.0 202235 255 2018.02 89.5 1490.23 513 185629 2.76
h=1j=1 i=1 j= . m« T SETEES Current [N +BiC Effective Shortcut ~ 60.8 1884.67 350 200465 237 201243  89.8 147325 523 184375 2.84
. . . | Sy I - S A - 1o ' .. -"_ i n + BtC Skip Steps 58.8 1884.96 35.0 2005.67 23.2  2013.05 89.2 1490.39 51.6 1848.52 2.79
QuestionSelutionClel iieumation ! 5 00 COD i+ ! 5 - A*Though 2 17176 450 154030 303 16258 912 8369 S89 132041  4ds
n n I = = = = j + A*-Thought ’ : : x . . . 4 . - :
(n) (]- o Of) ATTN (q_ t( ) ) B aATTN (S I t( ) ) T e : : Budget: 4096 Tokens
BIS t — l ﬂ ; l ; QwQ-32B 75.4 2798.67 55.0 3456.05 36.5 3645.22 85.8 1348.24 63.2 2812.05 225
( ]_ - Of) NLL (q t (n) ) B OJNLL (S ‘ t (n) ) : : ﬁ QwQ-32B w/s1K-1.1 79.6 2693.27 65.0 348595 42.4 3500.66 95.2 1624.11 70.6 2826.00 2.50
n f = g+ h : : + CoD 80.2 2719.00 60.0 3354.28 42.0 3488.67 95.0 1655.80 69.3 280444 247
: I § Cost Calculation + BtC Effective Shortcut 79.6 2696.72 57.5 335543 424 3493.28 94.8 1636.45 68.6 279547 245
= 2 . . = | | i + BtC Skip Steps 80.2 2710.83 e 39995 41.8 349441 949 1651.37 68.6 2814.14 244
k\'?') Only a very few thinking steps have high BIS ... How to sample them? ® | Corvent Path ! ® | + TokenSkip 744 233629 525 315668  37.8 328944 948 141287 649 254882 255
‘ Contie " ; —— : =g+h < f= g+ h + A*-Thought 78.8 1699.78 65.0 2385.85 40.1 2546.45 93.1 874.54 69.3 1876.66 3.69
i : i
: : : Current Path
Path Level " : ?
2. How to effectively assemble individual thinking steps into a concise Analysis
and effective reasoning path at the path-level ? Table 4: Amount of the training data and the corresponding time. p denotes the compression rate.
We introduce a path-level A* search algorithm tailored for compressing lengthy Training Time (s)
- CoTs from LRMs. It strategically considers both current path quality and estimated Training Set p OwQ-32B T T
Thinking Steps future costs to optimize LRM performance under stringent output length constraints.
g P
s1K-1.1 100.00% 13819.60 13784.32 13638.07
Path-Level A* S h for C ing CoT Effici f & Perf A +TokenSkip  85.41% (114.59%) 12846.14 (|7.04%) 1270096 (17.86%) 1267952 (|7.03%)
atn-Leve earcn ror .L.ompressing Lo iciencyx errormancex + A*-Thought 31.31% (168.69%) 10468.20 (124.25%) 10809.50 (]21.58%) 10550.03 (}22.64%)
—s (1) Initialization
. . . 6 —— R1-Distill-328 —— 51.1-32B
GIVen the thoug ht Seq ueue Q Sorted by BIS, the fI rSt Step IS dequeued from Q - 4, :g&g’mdive TTITS . ' :(EII)CDEffective chorteut / Mikka wants to order a pizza with two toppings. He has 8 different toppings to choose from. How many different pizzas could he order?
. . (n) _ (n—=1) $(n) 4#(n+1) 5 " QwQ-32B —— + BtC Skip Steps — +BIC Skip Steps_~~
r — t t t - + Co + TokenSki + TokenSkip
to form thlnklng Span < ’ ’ > aS the rOOt nOde Of the S_earCh tree T ’ - _ +(B:tCDEffective Shortcut - 3 — +;*I-(Th:LI.I(9II1t ) — _.-i‘-:': . . e 5 s . i~ B — : , : o
*NO ta thﬂS L<) 4 - - — 4 BtC SKip Steps %{) —-. % 4 - ;)llzz;is :h(; ifgﬁaov;?:s [E[Om?;de]:g[anliézflﬁnznh two different toppings, and there are 8 different toppings available. I need to figure out how many different Mikka wants to order a pIZZEl with two different
T T T T T T T T -3 o + TokenSkip - > e — g Firs[,hwhen the probl.em say.; “two differe.n[ toppings,” that means Mikka is choosing two distinct toppings from the 8 available. The question is asking tOple’lgS from 8 available [Ople’lgS. This is a
v ) | e question: q | 3 =+ A*Thought 21 = = 3 ) ?bom_lh? nurr}ber of diffgrem cgmbin;{[ions possible. Since t_he or_de_r of the tgppi_ngs on the pizﬁza dfesn’l rnatter—lil_ce, a pizza\with peppe_roni anq mush- combination problem, the formula for combina-
(2) Ve rlfl catl 0 n | . SOhltion. S | - — _M h?srg:d:’ll;ﬁdhi?;;;:ﬁpollizzgtl[l? mushrooms and pepperoni—this is a combination problem, right? Not a permutation, because permutations care about i e
. . . . . l . . . , I 5 1 | . S(?, the formlula for cT)mbina[ionslis C(ni k) = W}:“I—T)l where n is.the total number of items, and k is the number of items you’re choosing. In nl
A validation model )/ IS introduced to determine whether the : * current thinking step: t; . 4096 2048 1024 512 4096 2048 1024 512 4096 2048 1024 512 e O e e e o p oS O k) = =y
. .-+ thinking span: : Tokens Tokens Tokens _ 8! _ 8
CuU rrent thoug ht path tk SUCCGSSfUIIy IeadS tO the SOIUtIOn S \ (n) _ g(ng)l) (n) 4(n+1) ' o CES= (8—2)! 2.6 where n = 8 (the total number of toppings)
! r — <t 7.t ) t > I (a) QWQ-32B (b) R 1 'DlStlll'32B (C) Sl ] 1'32B Wait, 81is 8 X 7 X 6 X 5 x 4 X 3 x 2 x 1, but since there’s a 6! in the denominator, we can cancel out the 6! part. So that leaves giz Let me and 'I/': = 2 (the number Of tOPPiﬂgS to ChOOSB).
¢ / 7& S, expand T 1 * self-information: | compute that. 8 X 7 is 56, and 2 x 1 is 2. So 56 divided by 2 is 28. So. 28 different combinations. N _ Plugging in the values, we get:
V(q+t) / / ; T N hinetes. B Ao Rk ¥t Tt et nsen U0t oetaruimtg At ek i o 8 8x7x6
(3) Exploration — S? return t — tk \ I(Squk.):. :m_og_Pv <S|q’tk) / Flgure 4: ACU on dlfferel’lt methOdS, Wthh I'GﬂﬁCtS pel‘formance—to—efﬁCIG:ncy ratlo Of LRMS. tierlrlei;IIIJUId be a permutation..But since the pizza 1% just a circle, and toppings are zi:read ar;;und, the order isn’t impT)r[am. So. yeah, combinations a_re’ C(S, 2) = o1 -.6I = 5% 1 x 6I =28
/ , T : : ine second topping, he has 7 choice It S0, -7 - 56, Bt wai,tis counts each pair wwice because choosing topping A firs and ten wpping | | Thus, the number of different pizzas Mikka
If tk doesn t paSS Ve rlflcatlon y eaCh nOde In the fl rSt W Spans {rl 9 . I'W } th at B isb[_he [slsame asI([:hoosing topping B first and then topping A. So to correct for that overcounting, we divide by 2. 56/2 = 28. Yep, that matches the could order is .
H / H 1 1 701 — -Distill- 40 70 CO:I 11}35101‘1;55: .orou et’s consider an example with fewer toppings. Suppose there were on toppings: and C. How many different
deq u eued from Q IS a ppended to t k ) then SeleCt the nOde that Wlth the m I n I mal 60/ i EI%EEIIIE%E I ;Zkf:Skiit - % 60 xo-tt’oiapii; p?zz::lcoulflteln:ake? L;:I’sglisl them:pI\B, .:\I(lj,fBC. ’]Ihgll')s 3g. Aic;ﬁngi the formulzli)j é(SFIPQ)E: AQP—EIII ;I C% H: 3. Coi‘jctf.f So that
COSt fu n Cti O n f ( ¢ ) in Ca n d id ate th i n ki n g path S: g 501 R — g 30 g 50 %?;I‘(:f.mli,\t:u[::i:fo?I]I::eg:geig:d;mﬁl,ji?ﬁ ;I;:))I:I:iil;zcIhesgl::fb-:rm;?lﬂ:‘oigg;nhgefémbinalions is 28. So Mikka has 28 different pizza options.
401 > > Final Answer The number of different pizzas Mikka could order is .
~ . / (9] (9] Q
r, = argmin f(t; +ry) 2 2 £ 20 g4
w E { 1 PR ,W} g 201 g = é‘? - g 30 8! Q5 7 Mikka wants to order a pizza ... Using the combination formula:
= - I ol = (8, 2) = = = 28.
Current Cost Function G Future Cost Function H 10 ° '* 2 &2 -2 21 O T L1
01 , , ' ; ‘ 101 i : : Therefore, Mikka can order 28 different pizzas. =gy and
g (t;{) _— — ‘ ; ‘ log PV (t;{ ‘q) h (‘t;C ) — I ( S ‘ q t;€ ) >12 1024 Tokens 2048 4096 °12 1024 Tokens 2048 aics AL 1024T0ken5 Anb e Final Answer The number of different pIZZElS Mikka could order is . Thus, the number of different pizzas Mikka could order is .
t 9 .
k (a) AMC23 (b) Olympiadbench (c) Average
Cost Function F=G + H Figure 7: Responseg generated by QwQ-32B modelsﬁ trajned with and without A*-Thought. .
Figure 5: Performance of R1-Distill-32B augmented using TokenSkip and A*-Thought. “Average” represents the question, represents the thinking process, represents the solution.

/ / /
t _I_ r — t _I_ r _I_ h t _I_ r denotes the average accuracy of the model in MATH500, AMC23, OlympiadBench, and GSM8K.
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> Email for more questions: xuxiaoang@bupt.edu.cn




