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Prediction intervals

e In critical applications, we need confidence intervals around machine learning
predictions with coverage guarantees:

— The guarantee of marginal coverage at level o writes
P(YN+1 € a(XNH)) >1—«a

for the true unknown value of the output Yx1 at an unobserved point X 1

o Conformal prediction provides a great framework to target this problem
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Conformal prediction

o Conformal prediction (CP): a rigorous method to construct prediction
intervals with the following properties:

v/ Marginal coverage
v/ Finite sample

v/ Distribution free
v/ Model agnostic

o We focus on split CP, based on two independent datasets, a pre-training D,,
and a calibration D,,

o CP relies on a score function to evaluate the predictive quality of the model
and adjusts the prediction bands accordingly
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Score functions

1

Absolute errors Quantile regression Normalization?

e ~ 'a IR Ve ~ - ',[—A X; 2
Vi—m(X)] max(@(X) - Vi,V —qu(y)) el

Xi,n
( ) F(X5)

We propose here to learn a normalized score function in a way that
targets both adaptivity and coverage

'[Romano et al. 2019]
?[Lei et al. 2014; Johansson et al. 2014; Papadopoulos 2024; Jaber et al. 2024]
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{11; wps  Learning problem for a score function
o We consider a normalized score: %, with £ >0

o As for all learning problems, we must first choose a search space for our
functions, here we rely on kernel methods

— m lives in the Reproducible Kernel Hilbert Space (RKHS) H™ with kernel £™
and lengthscales 0™

— [ is a kernel sum-of-squares function parameterized by a semi-definite
operator A. This will impose its positivity

Learning the score function amounts to simultaneously learning
meH™, feSoSH) & meH™ AeS (M)
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ups  Learning problem for a score function

'».3.

6/16



S

{n: Learning problem for a score function
. a 2
inf — Y, —m(X;
e nz’:zl( (Xi))
Imlf3m < s

i) Faithful estimation of the mean function
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’%‘." Learning problem for a score function

n

. a (X )
mEHm,ljlléS+(Hf) E Z:ZI (Y; (Xz))
st fa(Xi) > (Yi—m(X0))?, i € [n],

I [Fm < s

i) Faithful estimation of the mean function
ii) 100% coverage on the training sample - convex constraint (later adjusted

with split CP)
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O a2
S . .
2 Learning problem for a score function

inf EZY m(X))? + — ZfA

meH™, AeSy (HS) N
st fa(Xi) > (Vi —m(X3))?, i € [n],

I [Fm < s

i) Faithful estimation of the mean function
ii) 100% coverage on the training sample - convex constraint (later adjusted

with split CP)
iii) Minimization of the interval mean width
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O a2
E 30 Citiat . .
{“: Learning problem for a score function
inf EZ Y; —m(X;))? + — ZfA )+ Al Al + Azl AllE

meH™, AeSy (HS) N
s.t. fA( X;) > (Y —m(X;))?, i € [n],
[m|f3m < s

i) Faithful estimation of the mean function
ii) 100% coverage on the training sample - convex constraint (later adjusted

with split CP)
iii) Minimization of the interval mean width
iv) Control of the regularity of the bands
— lasso-type norm [|A||,

— ridge-type norm ||A|
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108
. neulrs  Representer theorem

%

!
o

¢ We prove a representer theorem for this infinite dimensional problem
o It becomes a Semi-Definite Program (SDP) problem, solvable using
off-the-shelves solvers

Note: 67 is the vector of lengthscales for kf, the kernel corresponding to H/ 7/16
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Hyperparameter tuning

b=1

0f =0.5

0f =1.74

Before
calibration
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Zz vewrs  Hyperparameter tuning

o Perfectly adaptive bands guarantee local coverage
P(Yni1 € C(Xn) | Xy =2) >1—a

o Without hypothesis on the data, satisfying this local coverage leads to
infinitely wide prediction bands [Vovk 2012; Barber et al. 2021]

e We can relax the local coverage by considering X in a small neighbourhood
wy, such that Vo € X, P(zx € wy) > ¢:

Py = P(YN_H € é(XN+1)|XN+1 € OJX) >1—«
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Zz vewrs  Hyperparameter tuning

o Using information theory results and recent inequalities result between the
TV distance and the MMD, we prove a new bound

a1

1
ppy > 1—a— - [1— =
0 1 = aoHSIC(rp, (XN41, Y1), for (Xn41))
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" Neurlps Hyperparameter tuning
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HSIC(rp, (X, Ye)f, For (X))

Maximizing this HSIC, i.e. the dependence between the residuals and

the interval widths, allows to target better local coverage
11/16



;“.‘Tﬁ‘é;h“ .
Z newrs  Amnalytical case

D
.
e

(b) 0{1510 =1.74
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3 NeurlPS Mean Wldth metric

%7,

W

e A common measure for adaptive
prediction bands in the literature is
mean width, which should be

% é ; minimized

“1 Mean Width

e kSoS leads to better or as good
mean width as competitors

19 - - Oracle -

e However, mean width does not
always tell the full story

kSoS Hom. GP Het. GP CQR with RF
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Mean width metric

-05

(a) Homoscedastic GP
MW =1.712

(b) kSoS with Opt. HSIC
MW = 1.759
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kSoS
CQR with RF

Homoscedastic GP
Heteroscedastic GP

a=09

=

0.5 0.6

0.7 0.8
Local Coverage

e The best measure of adaptivity is
local coverage

o The target for local coverage is a
Diracat 1 —a=0.9

¢ kSoS leads to better concentrated
local coverage in general
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Contributions

Learning setting for a score function in the context of split CP
Representer theorem to make the problem tractable
Dual formulation with AGD to handle thousands of points

Brand new adaptivity measure based on HSIC, that allows to automatically
choose hyperparameters of the model
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