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Motivation

LLMs excel at text generation, but reasoning (math, logic, planning) remains hard.

Reasoning quality hinges on both how data is used and how training feedback

(reward) is applied.

Current fine-tuning methods (e.g., PPO, GRPO, RAFT) are expensive — need

many samples per prompt and often over-engineered.
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Research Question

How can we reduce gradient variance and wasted samples in reasoning

fine-tuning?

Are complex RL algorithms (PPO, GRPO) really necessary, or can simpler

approaches suffice?

How can we make reasoning optimization data-efficient and interpretable?
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Background

consider the chain-of-thought (CoT) reasoning process as:

x → y → z, x ∈ X , y ∈ Y, z ∈ Z,

where x is a prompt, y is the intermediate CoT and z is the final predicted answer.

Target: minimize the negative log-likelihood of predicting the correct answer:

L(θ) = −Ex∼d0 lnP(z|x, θ) = −Ex∼d0 ln
∑
y∈Y

P(y|x, θ)P(z|x, y, θ),

(1)

where d0 is a prompt distribution and P(·|θ) denotes the distribution induced by

the model with parameters θ.
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Derivation of the EM Algorithm

L(θ) = −
m∑
i=1

lnP(zi|xi, θ) = −
m∑
i=1

ln

∑
y∈Y

Qi(y)
P(y, zi|xi, θ)

Qi(y)


≤ −

m∑
i=1

∑
y∈Y

Qi(y) ln

(
P(y, zi|xi, θ)

Qi(y)

)

= −
m∑
i=1

Ey∼Qi(y) lnP(y, zi|xi, θ)︸ ︷︷ ︸
JQ(θ)

−
m∑
i=1

H(Qi(y))
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Derivation of the EM Algorithm

In the E-step, our goal is to find a Qi(y) to get a sharper upper bound for L(θ). In

particular, the equality is reached with the posterior distribution of y:

Qi(y) = P(y|xi, zi, θ) =
P(y, zi|xi, θ)
P(zi|xi, θ)

=
P(y|xi, θ) · P(zi|y, θ)∑
y∈Y P(y|xi, θ)P(zi|y, θ)

.

(2)

In the M-step, to minimize L(θ), we can fix Qi(y) as in (2) and indirectly minimize

JQ(θ).
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Meta EM Algorithm

Figure: Meta Algorithm
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Gradient Variance Minimization by Dynamic Sample Allocation

We begin by formulating the true gradient at iteration t under the EM objective JQt :

∇JQt(θ) = −
m∑
i=1

∑
y∈Y

Qt
i(y)∇ lnP(y, zi|xi, θ) = −

m∑
i=1

Ey∼Qt
i
∇ lnP(y, zi|xi, θ),

(3)

where Qt
i(y) = P(y|xi, zi, θt−1) is the posterior distribution of y.

Lemma 1 (Unbiased Gradient Estimator)

In the iteration t, denoting Dt
i as the set of accepted samples on y related to (xi, zi),

we have the following unbiased gradient estimator for JQt :

−
m∑
i=1

1

nt
ip

t
i

∑
yj∈Dt

i

∇ lnP(yj , zi|xi, θt−1), (4)

where pti = Ey∼P(·|xi,θ)P (zi|y, θ) is the average accept rate of rejection sampling.
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Gradient Variance Minimization

Lemma 2 (Upper Bound of Variance of Gradient Estimator )

V

 m∑
i=1

1

nt
ip

t
i

∑
yj∈Dt

i

∇
(
ln P(yj , zi|xi, θ)

) ≤
m∑

i=1

1

nt
ip

t
i

E
y∼Qt

i
∥∇ (ln P(y, zi|xi, θ))∥

2

︸ ︷︷ ︸
G2

i

.

Given a fixed total sampling budget N , we seek to allocate {nt
i} to minimize this upper

bound: min
{∑m

i=1
G2

i

ptin
t
i

}
, s.t.

∑m
i=1 n

t
i = N. In practice, some prompts are totally

beyond the ability of the current LLMs or cannot be evaluated by the verifier (e.g., due to

some label error). This leads to extremely low acceptance rates and unstable gradient

estimations. To mitigate this, we introduce a regularization term that penalizes sampling

on such prompts. The revised objective becomes:

min

{
m∑
i=1

1

1 + α/(pti)
β

G2
i

ptin
t
i

}
, s.t.

m∑
i=1

nt
i = N, (5)

where α > 0, β ≥ 2 are hyperparameters that control the regularization strength.
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Gradient Variance Minimization

Theorem 3

The optimal number of samples allocated to each prompt is:

nt
i = N ·

Gi/
√

pti +
α

(pti)
β−1∑n

l=1Gl/
√
ptl +

α
(ptl)

β−1

∝ Gi√
pti +

α
(pti)

β−1

, ∀i = 1, . . . ,m.
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Theoretical Result

We take the notations below for simplification:

∆1(k, T ) :=

T∑
t=1

k−1∑
r=0

E∥∇θLt(θkt−k+r)∥2 > 0,

Ω(k, T ) :=

T∑
t=1

k−1∑
r=0

EV (gkt−k+r) > 0,

Under mild smoothness conditions, we can derive the following result.

Theorem 4 (Decreasing rate with smoothness condition.)

Suppose − lnP(y, z|x, θ) is 1/γ-smooth with respect to θ. If 0 < η ≤ γ, then the

proposed algorithm satisfies that

E [L(θkT )− L(θ∗)]− E [L(θ0)− L(θ∗)] ≤ −η

2
∆1(k, T ) +

η2

2γ
Ω(k, T ).
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Practical Version of GVM Algorithm

Figure: Practical algorithm
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Pipeline Overview

Figure: Pipeline overview
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Results

Figure: Main experiments results.
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Sample Size vs Accept Rates

Figure: Sample size vs accept rates for GVM.
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Performance Trend

Figure: Accuracy trend with steps.
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Q&A

Thanks!
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