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TL;DR: We introduce Alternating Gradient Flows, a framework modeling 
feature learning in two-layer networks with vanishing initialization as 

alternating utility maximization and cost minimization steps
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AGF — a step towards a broader understanding of feature learning
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Part 1: Deriving a Two-step Algorithm (AGF) that Approximates Gradient Flow

Parameters initialized 
 with Θ0 ∼ 𝒩 (0,α) α ≪ 1

σ

Origin-passing 
σ(0) = 0

Two-layer network 

f(x; Θ) =
H

∑
i=1

fi(x; θi)

“Neuron” 
fi(x; θi) = aiσ(w⊺

i x)

σ

σ

σ
wi ai



Observation 2: Neurons are only “aware” of other 
neurons through the residual r(x; Θ) = y(x) − f(x; θ)

Observation 1: If , then it will stay zero 
throughout training (i.e. )

θi = 0
∇θi

ℒ(Θ) = 0



Neuron 1 Neuron 2 Neuron 3 Activates

Dormant neurons 
work individually at small scales 

to maximize their utility

Epoch

Loss

Active neurons 
work collectively at large scales

to minimize the cost

For each i ∈ 𝒟,
Gradient ascent 𝒰i(θi, r)

subject to ∥θi∥ = 1.

Utility Maximization:

Transition neuron with smallest jump time 
 to active set.τi

Alternating Gradient Flows (AGF)

Initialize: 𝒟 = [H], 𝒜 = {}, r(x) = y

Termination: When  or 𝒟 = {} r(x) = 0

Update residual and if necessary return 
collapsed neurons to dormant set.

Gradient descent ℒ(Θ)
subject to ∥θi∥ = 0, ∀i ∈ 𝒟,

∥θi∥ ≥ 0, ∀i ∈ 𝒜 .

Cost Minimization:



Part 2: AGF unifies many prior analysis of saddle-to-saddle dynamics
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Part 3: AGF Explains the Emergence of Fourier Features in Modular Addition 

A striking example of feature learning, prior works have shown networks trained to perform modular addition 
learn internal Fourier features and use trigonometric identities to implement addition as rotations on the circle  
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1. Utility Maximization - neurons specialize to a dominant frequency

We prove that the utility-maximizing unit 
vectors are cosine waves at the dominant 
frequency of the encoding vector.

2. Cost Minimization - group of neurons collaborate to minimize loss

We prove that frequency aligned neurons 
remain aligned and that a group of aligned 
neurons must distribute their phase shifts 
to remove that frequency from the residual



Putting it together: Greedy Fourier decomposition

Train Loss Weights wi Frequency and Phase
(b) Predictions +(a) (c) (d)

Parameter Space Explanation
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Putting it together: Greedy Fourier decomposition

Train Loss Power Spectrum of Prediction Prediction(b) Predictions +(a) (c) (d)

Function Space Perspective

AGF
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Limitations of AGF and directions for future work

- AGF is an ansatz for gradient flow — can we prove a 
general conjecture (over a class of problems)

- Can we extend the ideas of AGF to deeper networks? What is a “neuron”?

- Can we connect AGF to more classic feature learning analysis in 
multi-index models and teacher–student settings

- On natural data tasks, loss curves are often not visibly 
stepwise even at very small initialization scales 

- Cost min steps bleed together  

- Many small steps lead to a smooth decay 
(emergent behavior and scaling laws)

Two-layer ReLU network on a subset of CIFAR-10
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