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Why 1-Lipschitz neural networks? ∥F (y)− F (x)∥2 ≤ ∥y − x∥2

Adversarial robustness

Constraining the Lipschitz constant leads to a reduced sensitivity to input perturbations.

Wasserstein Generative Adversarial Networks (Kantorovich-Rubinstein duality)

W1(µ, ν) = sup
f :X→R

f 1−Lipschitz

EX∼µ[f (X )]− EY∼ν [f (Y )].

Convergent fixed point iterations

If ∥F (y)− F (x)∥2 < ∥y − x∥2 for every x , y ∈ Rd , then xk+1 = F (xk) admits a unique
and attractive fixed point. If Tα(x) = (1− α)x + αF (x), α ∈ (0, 1) and F 1-Lipschitz,
then whenever xk+1 = Tα(xk) has a fixed point, the sequence converges.
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Negative gradient flows

Let V : Rd → R be a continuously differentiable convex function. We consider vector
fields of the form

F(x) = −∇V (x).

Given two solution curves, ẋ(t) = F(x(t)) and ẏ(t) = F(y(t)), we see that

d

dt
∥x(t)− y(t)∥22 = − (∇V (x(t))−∇V (y(t)))⊤ (x(t)− y(t)) ≤ 0.

Thus, the flow map ϕt
F : Rd → Rd defined by ϕt

F (x(0)) = x(t) is 1-Lipschitz.
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Non-expansive gradient flows

Gradient flows on Rd

Consider the scalar functiona Vθ(x) = 1⊤ReLU2(Wx + b)/2. Define

Fθ(x) = −∇Vθ(x) = −W⊤ReLU(Wx + b).

If ẋ = Fθ(x) and ẏ = Fθ(y), we have ∥y(t)− x(t)∥2 ≤ ∥y(0)− x(0)∥2 for every t ≥ 0.

aW ∈ Rh×d , b ∈ Rh, h ∈ N, θ = (W , b), and 1 ∈ Rh a vector of ones.

Euler step (1-Lipschitz)

If τ ∈ [0, 2/∥W ∥22], the explicit Euler map φτ
θ(x) = x + τFθ(x) is 1-Lipschitz, i.e.,

∥φτ
θ(y)− φτ

θ(x)∥2 ≤ ∥y − x∥2, x , y ∈ Rd .
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ResNets based on gradient flows

We study the approximation properties of scalar ResNets of the form

Nθ = π ◦ φθL ◦ ... ◦ φθ1 ◦ Q : Rd → R, φθℓ ∈ Eh,

Eh :=
{
φ : Rh → Rh

∣∣∣φ(x) = x − τW⊤ReLU(Wx + b), W ∈ Rh′×h, b ∈ Rh′ ,

h′ ∈ N, τ ∈ [0, 2/∥W ∥22]
}
,

where Q : Rd → Rh and π : Rh → R are affine maps.
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First approximation theorem: Unbounded width and depth

Let d ∈ N, X ⊆ Rd , and fix c = 1, i.e., consider scalar-valued networks. The networks we just
derived define the following set

Gd(X ) =
{
π ◦ φθL ◦ ... ◦ φθ1 ◦ Q : X → R

∣∣∣φθℓ ∈ Eh, ℓ = 1, ..., L, h, L ∈ N,

Q : Rd → Rh, π : Rh → R,Q and π affine
}
.

We denote with C1(X ,R) the set of 1-Lipschitz functions from X to R.

Universal approximation theorem

Let ε > 0, X ⊂ Rd compact, and g ∈ C1(X ,R) a 1-Lipschitz function. Then, there
exists f ∈ Gd(X ) ∩ C1(X ,R) such that

max
x∈X

|f (x)− g(x)| < ε.
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Two proof techniques

We prove this theorem in two different ways:

1 First, we prove that the Restricted Stone-Weierstrass Theorem (see below) holds,

2 Second, we prove that each piecewise affine 1-Lipschitz function belongs to our set of
networks, and conclude thanks to their density in the set of 1-Lipschitz functions.

Restricted Stone-Weierstrass Theorem

Let X ⊂ Rd be compact and have at least two points. Let A ⊂ C1(X ,R) be a latticea

separating the pointsb of X . Then A satisfies the universal approximation property for
C1(X ,R).

aClosed under max and min.
bFor any pair of distinct elements x , y ∈ X and real numbers a, b ∈ R with |a− b| ≤ ∥y − x∥2, there

is an f ∈ A such that f (x) = a and f (y) = b.
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Representation of piecewise affine functions

To prove the universal approximation theorem, we first show that our networks can represent
all piecewise affine 1-Lipschitz functions.

Representation theorem

Gd(Rd)∩C1(Rd ,R) contains all the 1-Lipschitz piecewise affine functions from Rd to R.

This theorem follows from the max-min representation of piecewise affine functions:

max-min representation of 1-Lipschitz piecewise affine scalar functions

Let f : Rd → R be a 1-Lipschitz piecewise affine scalar function. Then, there exists a
choice of scalars bi ,j ∈ R and vectors ai ,j ∈ Rd , ∥ai ,j∥2 ≤ 1, such that

f (x) = max{f1(x), . . . , fk(x)}, fi (x) = min{a⊤i ,1x + bi ,1, . . . , a
⊤
i ,li
x + bi ,li}, k , li ∈ N.
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Visualisation of the derivation in the proof
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Key layers used in our proof

We then extract the maxima and minima as needed via maps of the form

φ(x) =


max{x1, x2}
min{x1, x2}

x3
...
xh

 = x − 2


−1/

√
2

1/
√
2

0
...
0

ReLU
([
−1/

√
2 1/

√
2 0 · · · 0

]
x
)
,

which can be written as φ(x) = x − τW⊤ReLU(Wx), with τ = 2, and

R1×h ∋ W =
[
−1/

√
2 1/

√
2 0 · · · 0

]
.

Notice that τ = 2/∥W ∥22 since ∥W ∥2 = 1.
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Second approximation theorem: Bounded width and unbounded depth

Fix h ≥ 3. We now consider the set

G̃d ,σ,h(X ,R) :=
{
v⊤ ◦ φθL ◦ AL−1 ◦ · · · ◦ A1 ◦ φθ1 ◦ Q : X → R

∣∣∣ m = (1, 1, 1, h − 3),

Q ∈ R̃d ,m, v ∈ Rh, ∥v∥1 ≤ 1,A1, ...,AL−1 ∈ L̃m, φθℓ ∈ Ẽh−3, L ∈ N
}
.

Lm =
{A11 ... A1k

...
. . .

...
Ak1 ... Akk

 ∈ Rαm×αm

∣∣∣ Aij ∈ Rmi×mj ,

k∑
j=1

∥Aij∥2 ≤ 1, i = 1, ..., k
}
, m ∈ Nk ,

Rd ,m =
{[

B⊤
1 · · · B⊤

k

]⊤ ∈ Rαm×d
∣∣∣ Bi ∈ Rmi×d , ∥Bi∥2 ≤ 1, i = 1, ..., k

}
, αm := ∥m∥1,

Ẽh =
{
φθ : Rh+3 → Rh+3

∣∣∣φθ(x) =
[
max{x1, x2} min{x1, x2} x3 φ̃θ(x4:)

⊤] , φ̃θ ∈ Eh
}
.
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Theorem statement

Characterisation of the set of networks

Let d , h ∈ N with h ≥ 3. All the functions in G̃d ,h(Rd ,R) are 1-Lipschitz.

Representation Theorem

Any piecewise affine 1-Lipschitz function f : Rd → R can be represented by a network
in G̃d ,h(Rd ,R) with h ≥ d + 3.

Universal Approximation Theorem

Let d ∈ N, and X ⊂ Rd be compact. The set G̃d ,h(X ,R) satisfies the universal approxi-
mation property for C1(X ,R) if h ≥ d + 3.
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