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Adversarial robustness

Constraining the Lipschitz constant leads to a reduced sensitivity to input perturbations.

Wasserstein Generative Adversarial Networks (Kantorovich-Rubinstein duality)

Wi(p,v) = I Ex~ulf(X)] = By [f(Y)]-
fl—'Lip—s>chitz

Convergent fixed point iterations

If |F(y) — F(x)|l2 < |ly — x||2 for every x,y € RY, then x,;1 = F(x«) admits a unique
and attractive fixed point. If T,(x) = (1 — a)x + aF(x), @ € (0,1) and F 1-Lipschitz,
then whenever x, 11 = T, (xx) has a fixed point, the sequence converges.
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Let V : RY — R be a continuously differentiable convex function. We consider vector
fields of the form
F(x) =-VV(x).

Given two solution curves, x(t) = F(x(t)) and y(t) = F(y(t)), we see that

%IIX(t) — (03 = = (VV(x(1) = VV(y(1) " (x(t) = ¥(t)) < 0.

Thus, the flow map ¢t : RY — RY defined by ¢t-(x(0)) = x(t) is 1-Lipschitz.
F F



Non-expansive gradient flows

Gradient flows on R

Consider the scalar function? Vy(x) = 1T ReLU?(Wx + b)/2. Define
Fo(x) = =V Vy(x) = =W ReLU(Wx + b).

If x = Fo(x) and y = Fy(y), we have |ly(t) — x(t)|l2 < |ly(0) — x(0)||2 for every t > 0.

W eR™ beR' heN, 0= (W,b), and 1 € R" a vector of ones.

\.

Euler step (1-Lipschitz)

If 7 € [0,2/||W|3], the explicit Euler map ¢} (x) = x + 7Fy(x) is 1-Lipschitz, i.e.,

10§ (y) = 252 < lly = xll2, x,y € R

Davide Murari (DAMTP) Approximation theory for 1-Lipschitz ResNets 4/12



ResNets based on gradient flows

We study the approximation properties of scalar ResNets of the form

NgzwogpeLo,,.ogpgloQ:Rd%R, ©e, € En,

£y = {¢ ‘R = R" |p(x) = x — W ReLU(Wx + b), W e R >N p e RY

W eN,Te0,2/|W3l},

where Q : R — R and 7 : R" — R are affine maps.

~Finiss- B

(gv AQ #(t) = —A(t) TReLU(A(t)2(t) + b(t)) =

LD
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Let d € N, X C R and fix c = 1, i.e., consider scalar-valued networks. The networks we just
derived define the following set

gd(X):{WogogLo...o¢9loQ:X—>R‘¢geegh,ﬁzl,...,L, h,L €N,
Q:RY SR 7:R" 5 R, Q and ﬂaffine}.

We denote with C1(X,R) the set of 1-Lipschitz functions from X" to R.

Universal approximation theorem

Let ¢ > 0, X C RY compact, and g € C1(X,R) a 1-Lipschitz function. Then, there
exists f € G4(X) N C1(X,R) such that

f(x) — .
max |f(x) — g(x)| <e
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We prove this theorem in two different ways:
@ First, we prove that the Restricted Stone-Weierstrass Theorem (see below) holds,

@ Second, we prove that each piecewise affine 1-Lipschitz function belongs to our set of
networks, and conclude thanks to their density in the set of 1-Lipschitz functions.

Restricted Stone-Weierstrass Theorem

Let X C RY be compact and have at least two points. Let A C C;(X,R) be a lattice?
separating the points? of X. Then A satisfies the universal approximation property for

C1(X,R).

?Closed under max and min.
®For any pair of distinct elements x,y € X and real numbers a, b € R with |a — b| < ||y — x||2, there

is an f € A such that f(x) = a and f(y) = b.

~ Davide Murari (DAMTP) ~ Approximation theory for 1-Lipschitz ResNets 7/12



Representation of piecewise affine functions

To prove the universal approximation theorem, we first show that our networks can represent
all piecewise affine 1-Lipschitz functions.

Representation theorem

Gq(RY)NC1(RY, R) contains all the 1-Lipschitz piecewise affine functions from R? to R.

This theorem follows from the max-min representation of piecewise affine functions:

max-min representation of 1-Lipschitz piecewise affine scalar functions

Let f : R — R be a 1-Lipschitz piecewise affine scalar function. Then, there exists a
choice of scalars b; j € R and vectors a;j € RY, l|laijll2 < 1, such that

f(x) = max{f(x),..., k(x)}, fi(x)= min{ale + b1y, aI,ix +bi s}, kI €N
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Visualisation of the derivation in the proof

- T =
al,lcc F bl,l

.
@1, T + bl,ll_

-0;11)+b2’1- ma'x{fl(x)7"'7fk($)}
*
& [230,% + b2, || KT ' ; f(z)
J L = max{ly,..., L}y—-1 X :
*

.
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a1, T St bkylk
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Key layers used in our proof

We then extract the maxima and minima as needed via maps of the form

[max{x1, x2}] [—1/V/2]
min{xl,X2} 1/\/§
p(x) = X3 =x-2| 0 |ReLU([-1/v2 1/v2 0 --- 0]x),

which can be written as ¢(x) = x — 7W TReLU(Wx), with 7 = 2, and

R> "M s w=[-1/v2 1/v2 0 --- 0].

Notice that 7 = 2/||W/||3 since ||W||2 = 1.
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Second approximation theorem: Bounded width and unbounded depth

Fix h > 3. We now consider the set

Ga.on(X,R) ::{VTogngoAL,lo---oAlocpglOQ:X—>R m=(1,1,1,h— 3),

Q € 7’id,ma v E Rh? HVHI é ]-aAl? "'7AL—1 S Ema@@g S gh—37 L S N}

A11 Alk k
Em:{ | eremem | A e RN A 2 < 1 i:1,...,k}, m e NK,
Al ... Ak J=1
Ram={[B] -+ BI]  eR| B e R™, Bl <1,i=1 ..k}, am = |mls,

€~h = {gpg - RM3 5 RAH3 ‘ wo(x) = [max{xl,xz} min{xi,x2} x3 (Z@(X;;;)T} , Qg € Eh}.
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Characterisation of the set of networks

Let d, h € N with h > 3. All the functions in gd,h(Rd,R) are 1-Lipschitz.

Representation Theorem

Any piecewise affine 1-Lipschitz function f : RY — R can be represented by a network
in Gy p(RY, R) with h > d + 3.

Universal Approximation Theorem

Let d € N, and X C RY be compact. The set de,h(X,R) satisfies the universal approxi-
mation property for C1(X,R) if h > d + 3.
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