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Background

Combinatorial Optimization (CO)

A1‘0|0‘0|0‘0‘0‘ Gene ‘
CO problems are 2| 1]1]1]1]1]1]|chromosome .

traditionally solved by: || 1][o[1]o[1[1]
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GUROBI =2
OPTIMIZATION CPI.EX
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0 Google OR-Tools

(meta)heuristics Specialized optimization solvers Neural networks
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For professional users

Population

First you should go to the\
Eiffel Tower, and then wvisit
Cologne Cathedral. After that,
you should ...

The total cost is...
— = (o) /

We hope that non-expert users can also optimize their lives.

I want to visit 10

attractions. Please
plan the shortest

possible route for me.

With large language
models (LLMs): Q




Background

Current LLM-based methods

LLM as heuristic generator

-

\

Heuristics
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Code

LLMs are used to discover new
problem-specific heuristic algorithms,
requiring domain expertise to define
and use the algorithms.

Image credits:

LLM as solver code generator
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LLMs are taken as agents to call the
specialized optimization solvers,
requiring solver licenses and
domain expertise to run the code.

LLM as optimizer

___________ ~
Problem Generation
You are required to solve the

Maximum Clique Problem for an
undirected academic netwaork.

<Task Definition>

<Example Demonstration>

Problem to Solve:

Authors in the network: Claudiu,
Daniel, Nicola, Fabien, Valentin
Research collaborations between
these authors: Claudiu and Nicola,
Claudiu and Daniel, Claudiu and
Walentin, Daniel and Nicola, Daniel and
Fabien, Daniel and Valentin, Nicola and
Walentin, Nicola and Fabien.

Identify the clique with the maximum

number of authors in this network.

Present your answer in the following
format: [AuthorA, AuthorB, AuthorC,
uthorD, ...].
s
-

P

-

-

Deepseek-V2: [Claudiu, Daniel,
Nicola, Valentin]

\

~

LLM Inference —> Scor'er'\

S

in the given network consists
of the following authors:
¥[Damel, Nicola, Valentin]

"d ™
GPT-40: The Maximum Clique

-
Llama3-8B: One Maximum
Cligue: [Claudiu, Daniel, Nicola,
Fabien]

™
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Hollucim

LLMs are directly prompted to
generate solutions in an end-to-end

manncr.

Such methods

exhibit

significant performance gaps.

Liu, Fei, et al. "Evolution of heuristics: Towards efficient automatic algorithm design using large language model." ICML 2024.

Xiao, Ziyang, et al. Chain-of-Experts: When LLMs Meet Complex Operations Research Problems. ICLR 2023.

Tang, Jianheng, et al. GraphArena: Evaluating and Exploring Large Language Models on Graph Computation. ICLR 2025.



Background

When asking DeepSeek-R1

Okay, | need to solve the TSP for 48 cities using coordinates and two nearest neighbors per city. TSP is NP-hard, so I'll try a heuristic.
Maybe nearest neighbor? But that might cause loops...

Alternatively, maybe | can start building the route by choosing a starting city and then always moving to the nearest unvisited neighbor...
Alternatively, | could use some kind of greedy heuristic that selects the globally shortest available edge that doesn't create a cycle...
Alternatively, perhaps | can use the given neighbor data to form a minimum spanning tree...

Alternatively, maybe | can look at the set of neighbors and try to trace a Hamiltonian cycle manually...

Hmm... Christofides algorithm? No, we lack full distance matrix...

Alternatively, maybe | can use the neighbor data to identify subtours and then link them...

Wait, I'm stuck at Node 16. Maybe start over...

Looks like two clusters based on Y-coordinates. Let's try connecting them. From Node 29 to Node 40 seems shortest (S\approx$363 units)...
Alternatively, maybe | can build a tour per cluster and then stitch them...

Wait, how to close the cycle? Still missing cities... Maybe patch cycles? Or build a spanning tree? Eulerian? No, degrees don’t match...
Let’s just assume we can approximate the route, sum known neighbor distances, and plug in inter-cluster links. Total distance? No idea.
Maybe ~5000? Actually, forget it — too complex manually.

Alternatively, the problem may have a specific structure where the route can be determined by connecting each node...But as before, this
gets stuck. Given the time I've spent and recognizing that a precise manual solution isn't feasible, I'll provide the route as per the nearest
neighbor heuristic, acknowledging that it may not visit all nodes but following the given instructions as best as possible.

Deepseek-R1 got stuck multiple times when trying to construct the solution of a TSP instance.
Finally, it acknowledge that the problem is too difficult to be solved effectively.




Methodology

1. Data Generation 2. Supervised Fine-tuning 3. Reinforcement Learning
(CO instances) . 4 Solution samplin )

Domain- (7 Large LoRA N pIng Prob1§m-
specific el adaptors Route: [6, 2, 10,5, 1,4,3,7,9,8] ) Specific
solvers Model >| Route: [0, 6, 2] @ reward

& ode LoRA f
o (LLM) adapters Route: [0, 6,2, 10,5, 1, 4, 3, 7]
Q & N\ J ¢ 9
't Group relative policy optimization
Problem- (~  Text-attributed instance 4. Inference
solution . . ) ) : Route 1, cost=108
) "instruction®: Solve the Orienteering
] pairs L ¢ >| Problem for the given list of 11cities... Route 2, cost=75 v
— — “output”: Route: [0, 6,2, 10, 5, 1,4, 3, | =9 [ rrh Best-of-N strategy] =)
\ . 2 P v 7], Objective: 120. Route N. cost=122
mmm b

* Data Generation: Generate high-quality solutions to CO problems using domain-specific solvers, and
transform the problem-solution pairs to natural language for model training.

* Supervised Fine-tuning: Enable language models to learn solutions patterns for different CO problems
directly from problem-solution pairs through tuning LoRA adapters.

* Reinforcement learning: Mitigate constraint violation of the trained policy and improve solution quality.

* Best-of-N inference: Enhance model performance through test-time exploration.



Methodology
EEEEEEEEEEEEEEEEEEE———————————

Orienteering problem Capacitated vehicle
Supervised fine-tuning (OP) routing problem (CVRP)

-==- Mean: 2.80% 38%, —-=== Mean: 5.15%

CO i1s formulated as a next-token prediction task,
treating it as a language generation problem
where the LLM learns to map textual problem
descriptions to textual solution representations.

24%

18%

n

25%

Proportio
2
S

13%

Standard language modelling loss 1s applied 6%
0 M= 0 _I |_|
0% 5 10 0% 10 20
L SFT (9 Z l()g P I'p ?}'7 |(p(p ) Y ) Distance Limit Violation of OP (%) Capacity Violation of CVRP (%)
1=1
SKT policies are over-greedy: they tend to violate
¢(p) - the input prompt problem-specific constraints for some CO problems.
Y;- the iyp, token in the textual solution Most violations stem from slight oversteps of constraint:

Vei- all previous tokens of the solution u traveling marginally farther than the distance limit in OP

= serving slightly more customer demand than the capacity
limit in CVRP
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Rewards for reinforcement learning Feasibility-aware rewards (CVRP example)

:> * The solution can be parsed by the given format: 0.1
* The routes start/end at the depot: 0.2

R:’? (&,) = {:nC + S0 wiey i (E,) :llz 2 7_é E: VpeP » The vehicle capacity is not violated: 0.5

= Feasibility-aware reward:

* All customers are visited exactly once: 0.2

" Optimality-aware reward: Group relative policy optimization (GRPO)
D S
Rf(ip) N {” R o7y VpeP Lroart(9) =By ) b7 (2, 35 o sl K l6(p)
0 if¢ =0 L8 . |
S Z (min ('rfm':'ﬂi, clip ('r?m, 1—€e1+ (_) A.,-) — BDxgy (g ||1rmf))

i=1

X,- the LLM-generated solution A; = (R{ — mean(R{roup)) / std(Rgroup)

GRPO trains LLMs by generating multiple responses
for the same prompt, ranking them, and updating the
Cpi- the iy, rule-based constraint model to in.crease the .likelihood of better-ranked
answers while suppressing worse ones.

w;- the weights for constraint i



Experiment Results

Settings
Base LLM: Qwen-2.5-7B
SFT data size: 500,000 instances per problem

RL data size: at most 3200 instances

Only the LoRA adapters (2.08%
parameters of the LLM) are fine-tuned.

Evaluation metrics

Feasibility rate (fea.): the proportion of
feasible solutions relative to the total test data.

Optimality gap (opt.): the percentage
difference between LLM-generated solution
and the optimal solution.

Baselines

General-purpose LLMs (One-shot prompt): GPT-4o,
GPT-40-mini, Claude-3.7-Sonnet, Claude-3.5-Haiku,
DeepSeek-V3-671B, LLaMA-3.3-70B, and Qwen2.5-72B.

Reasoning LLMs: GPT-03-mini, GPT-o01, and DeepSeek-R1

Prompt Strategies: Optimization by PROmpting (OPRO),
LMEA (LLM-driven Evolutionary Algorithm), progressive-
hint prompting (PHP), self-guiding exploration(SGE).

Domain-specific heuristics. The widely-used heuristic solvers,
such as OR-tools, greedy algorithms, and dispatching rules.

LLM-based model-then-solve methods: LLMOPT [1],
DRoC [2], and ORLM [3].

[1] Jiang, Caigao, et al. "LLMOPT: Learning to Define and Solve General Optimization Problems from Scratch." ICLR 2025.
[2] Jiang, Xia, et al. "DRoC: Elevating large language models for complex vehicle routing via decomposed retrieval of constraints.” ICLR 2025.
[3] Huang, Chenyu, et al. “ORLM: A customizable framework in training large models for automated optimization modeling."” Operations Research (2025).



Experiment Results

| —

Table 1: Evaluation of feasibility (fea.), optimality (opt.), and average time (Avg.

methods on the 7 studied CO problems. The best results are in bold.

Time) for different

Method

TSP

or

CVRP

MIS

MVC

PFSP

JSSP Avg,

fea.

opt.

fea.

opt.

fea.

opt. fea.

opt. fea.

opt.

fea.

opt. fea.

opt. Time

General-purpose Language Models
GPT-40 39% 33.79%+16.6

GPT-40-mini  28%
Claude-Sonnet 66%
Claude-Haiku 45%
DeepSeek-V3 73%
Llama3.3-70B 50%
Qwen2.5-72B  20%

53.38% 1215
24.53% 107
38.60%+16.9
35.75%+15.4
69.08% 4 4, 4

59%
80%

49% 34

26%
50%
27%
32%

35.19%415.7
70.70% 4 10.3
62% 114.1
51.26%414.9
46.10%+13.4
48.98% 1146
49.36% 116 6

15%
3%
30%
4%
21%
31%
61%

76.62% 47 o
68.10% 1105 1%

38.34%-1-]5.!] 3% ]2.5]%.].12‘5

61.48% 1121 2%

58.22% 1268 5% 12.05%+12.9
97.31%-1-59_3 8% 37.'2%-1—2!‘1_5
180.91%4 105 14% 29.56%416.2

8% 11.70%4-11.8

6%
3%
2%
6%
15%
20%
5%

0.00% 4.9

23.33% 6.7

16.67% 7.0
29.52% 497

6.25%16.3
43.01% 493 3
37.15%424.58
22.86%+ 13.6

88%

20.57%492 1%

8% 21.47% 100 8%

100%
3%
58%
98%
98%

18.42% 459 10%
20.58%476 9%
20.81%+9.4 52%
21.97%454 29%
21.13%452 53%

5.3s
4,58

97.85% 4937
212% 4121
90.00% 4216 S4s
95.5'%.}22,2 5.1s
103.19%426.0 26.4s
105.01% 4245 2.1s
103,%%+ﬁ]_7 12.5s

Reasoning Models

GPT-03-min1 91%
GPT-ol 54%
DeepSeek-R1  48%

306% +2n8
276% 4242
70.99% 93 1

8%
31%
60%

393%1115
40.54% 313 7

50%
24%
26%

139% 4397 66%
154% 4117 82%
30.46% 41581 41%

33%
47%
38%

9.23% 484
8.03% 4129
1.60%43 6

2.98% 155
3.58%.5 9
4, 1?%.1.(-;_3

98%
89%
100%

16.97% 9.8 20%
14.86%410.5 29%
16.65%+51 3%

T77.86% 4378 1.4m
81 .%%_l_gg_ﬂ 3.2m
26.29%+g_5 6.5m

Prompt Strategies

OPRO 83%
LMEA 17%
PHP 84%
SGE 98%

35.98% 136
265% 4131
33.84%+14.6
29.66%+ 43 3

85%
48%
43%
93%

53.96% 4143
66.18% 1105
36.08%+15.1
24.49% 4354

21%
24%
33%
84%

37.03% 1150 1%
6124% 4 100 5%
S8.11%26.4 5%
36.14% 502 92%

9%
13%
13%
94%

5.95%47 3
25.0% 4142
11.67%49.1
3.62%47 6

4] .6?%_!_ 16.9

34.22% 108

19.84% +10.01
383%.7 4

99%
98%
92%
95%

18.40% 45 4 65%
14.31%471 44%
17.23%+5.1 56%
448% 74 87%

83.35%1.25_5 2.1m
83.]9%1_23_9 5.3m
104.04%+29_2 1.6m
38.58%1_49_2 3.6m

Ours

89%
01%

SFT
SFT+RL

230%11.9
2.32%+9.9

54%
02%

2.32% 120
4.25%412.9

59%
80%

6.02%139 80%
827%+56 83%

SFT4+RL+BoN 100% 1.07% 109 100% 1.85% 4,7 100% 4.53% .55 94%

171%+309 98%
134%+33 98%
1.04% 5.4 100%

241%134
2.39%-+3.9
1.29% 4 2.2

100%
100%
100%

222%419 100%
2.12%415 100%
1.03%,, 100%

5.6s
5.6s
9.8s

T1.01%47.
10.94%+7.3
8.20% 6.3

The current LLMs and prompting strategies exhibit substantial gaps in solution optimality.

The proposed SFT enables the LLM to generate mostly feasible solutions with small optimality gaps.
By further combining SFT with RL and BoN inference, our method achieves a 100% feasibility rate across 6 tasks.
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Method Small graphs Medium graphs Large graphs Method TSP-small TSP-medium TSP-large
ethod | Gap Gap@1 Gap@5 Gap@10| Gap Gap@1 Gap@5 Gap@10| Gap Gap@1 Gap@5 Gap@10 ctho feal optl feal tl fea. o
OR-Tools| 0.82% 76%  96%  99% |2.59% 28% 86%  99% |3.59% 12% 80%  99% . Uik ca. opt- ca. opt-
SEL |259% 31% $20  o6% |4di% 8% o4 95% |4%et 2% 3% 9% LLMOPT - 100% — 0.00%  100%  1.00%  100%  7.39%
%} . (4 (4 () (4 K (4] (4 (d (4 . (4] (4 370 (4 )
SACO  |198% 48% 88% 100% |17.98% 0% 1% 6% [|36.69% 0% 0% 0% DRoC 100% 000% 100%  0.00% 100%  2.48%
Ours | 0.14% 96% 100% 100% |0.70% 74% 100% 100% |1.34% 44% 100% 100% ORLM 100%  0.18%  100% 18.43%  73%  301.00%
Greedy [16.06% 4% 8%  25% [1891% 0% 0% 5% [2030% 0% 0% 3% Ours 100%  0.14%  100%  0.70%  100%  1.34%
Gl 907% 20% 37% 63% |[1191% 0% 12% 51% |13.63% 0% 7%  32% ;
& Tsili 385% 21% 68%  96% |9.54% 0% 2% 5% |13.80% 0% 0% 8% OP-small OP-medium OP-large
ACO  |3.49% 30% 76%  94% |624% 1% 35% 89% |7.95% 0% 15%  74%
Ours  |147% 54% 95%  99% |2.04% 26% 96% 100% |2.10% 27% 96%  99% fea. opt] feaT  opt]  feal  opt]
OR-Tools| 3.60% 45% 69% 93% 7.87% 3% 24% 720% 8.84% 0% 15% 1% LLMOPT 100% 0.74% 100% 13.91% 100% 66.00%
Sweep |18.36% 8%  18%  32% [20.59% 0% 1% 8% [22.07% 0% 0% 3% DRoC 100% 104% 100%  973% 100%  4293%
&PS 3.95% 24% T2%  93% |5.67% 2%  S0%  89% |6.12% 0% 41% = 89% 0 )70 Va% 0 -1 5% 4 930
% ACO 252% 44% 81%  96% |[17.07% 0% 2% 14% [2949% 0% 0% 0% ORLM 100% 297% 100% 21.68% 100%  56.16%
Ours 1.70% 52% 90%  97% |4.57% 8%  59%  98% |7.24% 1%  19%  84% Ours 100% 1.47%  100% 2.04% 100% 2.10%
Degree [5.89% 57% 57%  67% [152% 32% 4% 64% [961% 20% 33% 9%
wGreedy |2.56% 84% 84%  86% |2.79% 67% T1%  90% |3.36% 53% 60%  83% CVRP-small CVRP-medium CVRP-large
SOurs  |038% 97% 98%  98% |1.05% 86% 87%  94% |229% 41% S51%  65%
Approx [49.79% 0% 0% 0% [3921% 0% 0% 0% [3535% 0% 0% 0% fea.t  opt.] fea. opt.| fea.t opt.|
oGreedy |2.80% 71% 72% 89% |2.62% 44% 79%  99% [221% 33% 89%  100% : : :
SDegree |3.53% 63% 63%  86% |2.78% 44% 8%  98% |2.63% 26% 83%  99% LLMOPT 100%  2.59%  63%  3525% 5%  68.98%
Ours 048% 93% 93% 100% |1.25% 66% 94% 100% |2.35% 38% 87% 100% DRoC 100%  7.96% 78% 48.45% 9% 96.51%
_Palmer’s [3052% 0% 0% 1% [3041% 0% 0% 0% [3068% 0% 0% 0% ORLM 100% 13.83% 97% 163.00% 90%  192.00%
& NEH 133% 53% 97%  99% |2.78% 11% 90% 100% |3.56% 0%  88%  100%
SOurs  |025% 85% 100% 100% |1.16% 40% 100% 100% |2.62% 6% 99%  100% Ours 100% 1.70% 100% 4.57% 100% 7.24%
_SPT 0358% 2% 4% 7% |[B5.32% 0% 0% 1% [2735% 0% 0% 0%
SFIFO  |2438% 2% 4%  12% |3297% 0% 0% 1% [39.00% 0% 0% 0% . . vr eve
SATC  2071% 0% 12% 15% [2430% 0% 0% 1% [2799% 0% 0% 0% Our method maintains 100% feasibility across all
Ours 2.86% 32% 79%  98% |9.56% 0% 8%  60% |1625% 0% 0% 4% hil R
: . . roblem types and scales, while feasibility rates for
Gap@K: the percentage of instances solved with an optimality gap below K% P yp ’ i y
the baselines degrade sharply—especially on large-

Our models outperform the commonly used domain- ' scale CVRP (down to 5-9%).

specific ?lgorithms, especially on smaller graphs, indic.ating In terms of solution quality, our optimality gaps remain
that solving CO problems described by language is possible. consistently low, particularly in medium and large

instances, where model-then-solve pipelines struggle.
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Benchmark performance

Job Shop Scheduling Travelling Salesman

problem (JSSP) problem (TSP)
TA 15x15 TA 20x15 TA 20x20

obj.l  opt) obj.l  opt] obj.l  opt] Instance AEL ReEvo MCTS-AHD  Ours
Best-k soluti 1228.9 - 13649 - 16173 - .
Spr U TOMION SIET 25819 1R13S 32.87% 20672 2781% eil51.tsp 10.84%  6.50% 15.98% 2.02%
FIFO 16574 3487% 20084 47.15% 2297.1 42.03% berlin52.tsp 1291% 17.99% 7.08% 4.54%
ATC 1586.8 29.12% 1794.3 31.46% 2114.1 30.72% :
GA* 100x100 15838 28.88% 1847.1 3523% 23042 42.47% st70.tsp 4.10%  6.42% 15.45% 0.00%
L2D greedy 15223 23.88% 18134 32.86% 21302 31.21% eil76.tsp 1026% 7.34% 12.46% 2 91%

T T (" To i i

gD sample 13438 o028 17707 00 2134 0 pr76.tsp 9.06% 12.17%  1041%  3.87%
Ours (N = 8) 1403.6  14.22% 1653.7 21.16% 1994.2 23.30% -
Ours (N = 64) 13682 11.34% 1600.5 17.26% 19409 20.01% Average Gap  9.43%  10.08% 12.28% 2.69%
Our language-based JSSP solver outperforms Our language-based TSP solver outperforms
dispatching rules, genetic algorithm, and other other LLM-as-programmers method on the

learning-based baselines on the Taillard dataset. representative instances of TSPLIB.
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Scaling Test-time Exploration through BoN

TSP 0) CVRP MIS MVC PFSP JSSP
fea. T opt. | fea. T opt. | fea. T opt. | fea. 1 opt. | fea. T opt. | fea. | opt. | fea. T opt. |

1 82% 3.41% 77% 4.40% 72% 11.80% 52% 1.34% 92% 3.69% 100% 4.48% 99% 23.37%
2 97% 247% 91% 2.31% 91% 10.51% 57% 1.76% 99% 3.34% 100% 3.61% 100% 20.17%
4 100% 1.98% 98% 2.86% 97% 8.84% 68% 2.70% 100% 2.69% 100% 3.03% 100% 18.52%
8 100% 1.34% 100% 2.15% 100% 7.24% 75% 2.29% 100% 2.35% 100% 2.62% 100% 16.25%
1
3
6

Value

4, Inference Route 1, cost=108

[ rrh Best-0of-N strategy] m)

Route 2, cost=75 v

6 100% 1.08% 100% 1.70% 100% 6.04% 76% 2.28% 100% 1.90% 100% 1.98% 100% 14.45%
2 100% 0.90% 100% 1.31% 100% 4.76% 85% 2.61% 100% 1.52% 100% 1.85% 100% 13.54%
4 100% 0.73% 100% 0.98% 100% 4.30% 92% 2.23% 100% 1.22% 100% 1.54% 100% 11.63%

Route N, cost=122

zzz=zz222

Unlike traditional CO solvers that can explore multiple branches or backtrack
upon reaching dead ends, autoregressive LLMs commit to each decision and
cannot easily revise earlier choices and evaluate constraint satisfaction.

BoN sampling enhances test-time exploration by generating multiple solution
trajectories and overcome the above issue. Model performance improves

consistently with larger values of N.
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The role of RL
Constraint relaxation operator.
600 T [ - Constraint margin: 1) the difference between actual travel
g B 100 distance and the distance limit in OP, 2) the difference between
S 200 | 7 served demand and vehicle capacity in CVRP.
R W
8 200 25 RL enforces feasibility by mitigating violations of inequality
~400 0 » constraints (the constraint margins are improved), which are
Sk RL cFy &L common in problems like OP and CVRP.

(Avg: 31.7) (Avg: 194.7) (Avg: 7.5) (Avg: 8.3)
opP CVRP

Sampling efficiency improver.

Models trained with RL require smaller N to reach comparable
performance levels as their SFT-only counterparts with larger N.

OP Reward

RL allows the LLM for achieving better performance with
FOARL fewer samples, thereby improving sampling efficiency and

- SFT reducing test-time computational cost.
0y 2 3 4 s 6 7 8
N (Sample Size)

CVRP Reward




Thanks for listening
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