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Score-based Generative Models (Diffusion Models)

FEEMHIEEHB
LT N
Rl T RE
) BN R o Bl e
WHEE- K Pl
A i | G X

Figure 1: Generated samples on CelebA-HQ 256 x 256 (left) and unconditional CIFAR10 (right)
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Score-based Generative Models (Diffusion Models)

Understanding Forward & Reverse Processes through SDEs JEllgeE= &:1Mpivzal

Forward process: gradually adds noise to transform the signal into noise

dX; = —X,dt +v2dB;, (0<t<T),  Xo~ Piata
Forward/Diffusion Process
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Reverse/Denoise Process

dY; = (Y; + 2Vlogpr +(Yy))dt +v2dB; (0<t<T), Yo~ Pr

Reverse process: starting with the noise and recover the signal from noise

@lolplpl=iedleraier BIBIEN S Discretize OU process we obtain DDPM



Score-based Generative Models (Diffusion Models)

Reverse process:

dY; = (Y; +2Vlogpr—+(¥:)) dt + v2dB; (0<t <T), Yo ~ Pr

« Learn a score estimator (*: ) to replace V log p:(-)
» OU process converges exponentially to Gaussian distribution, replace Fr by N0, 14)
» Vlogp:i(-) can blew up as ¢ — (; adopt at o > 0

dY)? = (Y + 29(Y*, T — ¢))dt + V2dB, (0<t<T —ty), Y ~N(0, 1) =: va

T

£(¢7 XO) ‘= /t—O IE'th|X0 H|¢(Xt7t) — Vlogpt(Xt|X0)H§}dt

Problem statement: IRCIC IR LA STl x ik
e Our goal:

TV(Py, P)1) <?



Analysis of Diffusion Models

Generalization analysis

Table 1: F, f’o: true and learned data distributions; pg: true density function; KDE: kernel-based density
estimator; 1 (-) kernel function; s: smoothness parameter; ty: early stopping time

Paper Assumption Estimator Metric Bound
Sub-Gaussian Py - TV(P,, ﬁto) (7)(n_1 /2t5d/4)
. pbt\" R
(Zhang et al., 2024) Sub-Gaussian P, KDE: S5 1p.()>pn - Py
Sobolev class pg (Po, Fo) (n " s)
ey o Sub-Gaussian Po . Vpe(-) -~ ~ d+2 —1
(Wibisono et al., 2024) L-Lipschitz score KDE: =552 TV(Py, Py) | O(L#+inar1)
SUpp(P()) — [07 1] : Vi, (+) D ==
(Dou et al., 2024) Holder class pg KDE: p(-)Vp(-,t) TV(Po, Po) 0(n1+23)
supp(Fo) = [0, 1]° ~ D
(Oko et al., 2023) lower bounded py | ReLU DNNs TV (P, Py) O(naFz)
Besov class pg
Theorem 3 Sub-Gaussian Py TV(P;,, ﬁto) O(n~Y/ *ty d/ 4)
Corollary 1 Sub-Gaussian Fo | p 1 17 NN

Sobolev class pg

Corollary 2

supp(PO) — [07 1]d
Besov class pg

TV(P07 ﬁO)

Existing results

NN-based method:
* Density lower bounded,;

KDE-based methods:
e Lipschitz score functions;
 Not widely used in practices

NN-based method:

* Convergence rates under
only sub-Gaussian dist.;

Nearly minimax optimal rates:

* Without density lower
bounded;

 Without Lipschitz score;




Problem Settings & Overview ldea

(Sub-Gaussian Distribution) The target data distribution Py is a-sub-Gaussian.

for some 0 < o < oo if for all § € R%:

Ex~p [0' (X —Ex~p[X])] <exp (

o’ |6]3
2

ONCIU AR EER Assume merely holds,

 Step 1: Construct a regularized KDE-based score estimator AVﬁa(-) _ V(%nZ?zl o (- _ "))
Po(-) V pn %Zizl oo (- — W)V p,

Vo (37) Vs (33)
Po () Po(T) V pn

(NOT require Lipschitz score assumption as opposed to [Wibisono, et, al. 2024])

we show via empirical Bayes techniques: *3{33(70};;:1 [/d 5
R

 Step 2: Neural network approximation for KDE estimator (score approximation)
T

NN (width < n log, n), depth < O(log”n)) such that / 20, ||V log pu(e) — da, )[[,)dt S Oty *n ™)
t=t1o
 Step 3: Generalization bounds by Bernstein’s inequality (score estimation)
T
With high probability: / e, ||V log pe(20) — d(e, 1)[[;]dt < Oty ¥t
t

—t,




Distribution Estimation Error in TV Distance

Ailglerilelnl 2 (Sobolev Class of Density)

The density P0 belongs to the Sobolev ball with0 < s < 2

Aesilnglerilen) ¢k (Besov Class of Density)

d S . /
The density P0 € LA([0,1]%) U(quq,([(), 1]%); C) for some C > 0, wherel < ¢ < 00,0<q <oognd0 <s <2

Theorem (Distribution Estimation error in TV distance)

2
Letto =1~ @2 gnd T = n°M). Assume that ASSUmMption 2K JaASSUMPion S Hslelle=Tale Kigl=

: 3 2 _
network size NN (width < n log, n),depth < O(log ”)) with probability at least ! — 1/n_ it
holds that

Loy [TV(Po, P4 S @

which is minimax optimal up to a polynomial log factor, that is, it holds that

R_ﬁ < inf sup 4:{m(i)}’£z:1 [TV(P(), ﬁg)]

AN

s: estimator p




Distribution Estimation Error in TV Distance

Theorem (Distribution Estimation error in TV distance)

__2
Letto =1 4% gnd T = n©). Assume that ASSUmMption 2K JaASSUMpPtion S HslelleF=Tale Kisl=

. 3 2 _
network size VN (width < nd log, n),depth < O(log ”)) with probability at least 1 —1/7 it
holds that

L {e@yn [TV(POv Atzd)] < nT A

(1) Dependence of network width in dimension d, i.e., width < C’)(n%) d /4 = width \, (Seems counterintuitive!)

(2) Bias-variance trade-off:
* Increasing bias: d ~* —n itz

— statistical difficulty * (curse of dimensionality)

» Reduce variance by smoothing: d ~* =ty /" (more Gaussian smoothing) tp=mn d+2
— learning P, become easier

—> the required size of network



Conclusion & Future Work

We have show for score-based neural network generative models (a.k.a, diffusion models):
* Convergence rates under only sub-Gaussian distribution assumption;
* Nearly minimax optimal rates without density lower bounded & Lipschitz score assumptions;

1. Theory of diffusion models on low-dimensional spaces, €.g., low-dim. manifolds
Our current rates suffer from curse of dimensionality

2. Going beyond sub-Gaussian distributions, e.g., non-smooth, heavy-tail, sub-Weibull
Our current score estimation analysis rely on sub-Gaussian assumption.

3. Higher-order smoothness
Our current results require the smoothness parameter U < s < 2.



