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Background: Neural Collapse & Unconstrained Feature Model 

Finding of Neural Collapse (In classification tasks on balanced datasets)

- (NC1): Within-class mean collapse

- (NC2): Convergence to simplex Equiangular Tight Frame (ETF)

- (NC3): Convergence to self-duality

- (NC4): The network simply classifies by nearest class mean

After sufficient training, features of the penultimate layer and the final classifier weights in sufficiently

expressive DNNs exhibit a remarkably simple symmetric structure [Papyan, Han, Donoho (2020)].

Animation from [Papyan, Han, Donoho (2020)]

Visualization of Neural Collapse →

- Green spheres: the vertices of the standard Simplex ETF

- Red ball-and-sticks: linear classifiers

- Blue ball-and-sticks: feature class means

- Small blue spheres: last-layer features
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- Unconstrained Feature Model (UFM) [Mixon et al. 2020]

- Layer-Peeled Model (LPM) [Fang et al. 2021]

Theoretical Model for NC

• Real Neural Network
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• ℒ can be any loss. E.g., Cross entropy (CE), Mean square error (MSE).

Unconstrained Feature Model (UFM)

Layer L-2 Layer L-1

⋯

Layer 1 Layer 2

1-layer UFM:
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Research Positioning

[Andriopoulos et al., 2024] generalized NC to multivariate regression to find NRC. In addition, the

concept of NC has also been extended to many settings such as multi-label classification [Li et

al., 2024], LLMs [Wu and Papyan, 2024], diffusion models [Nguyen et al., 2024] and transfer

learning [Galanti et al., 2022, Li et al., 2024].

Ordinal regression (OR) 

Age group

0-5 30-35 70-75

- Discrete labels with a natural order  (unlike

standard classification).

- Greater distance ⇒ larger loss.
- For examples, Age estimation，mistaking

25 as 40 is worse than as 30, etc.

An example of age estimation dataset

Our Contribution

Extend NC to OR

Related work: NC extensions beyond classification
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Formulation

Ordinal regression (OR) 

- Cumulative Link Model (CLM):

- Introduce a latent variable 𝑧 ∈ ℝ, associate class labels with partitions of the 𝑧 -axis.

- Thresholds 𝒃 = 𝑏0 𝑏1, … , 𝑏𝑄 with 𝑏0 < 𝑏1 < ⋯ < 𝑏𝑄: 𝑦 = 𝑞 ⇔ 𝑧 ∈ 𝑏𝑞−1, 𝑏𝑞

- Using an inverse link function 𝑔: ℝ → 0,1 to relate 𝑦 and 𝑧 :
𝑃 𝑦 ≤ 𝑞 𝑧 = 𝑔 𝑏𝑞 − 𝑧 ⇔

𝑃 𝑦 = 𝑞 𝑧 = 𝑔 𝑏𝑞 − 𝑧 − 𝑔 𝑏𝑞−1 − 𝑧

- Standard choice: logistic function 𝑔 𝑥 = 1 + 𝑒−𝑥 −1, etc.

- Learn a mapping 𝑧 = 𝑓(𝑥𝑖) from input 𝑥𝑖 ​ to the latent scalar 𝑧.

- Using DNN as 𝑓: 𝑧 = 𝑓𝒘,𝜃(𝒙𝑖) = 𝒘⊤𝒉𝜃(𝒙𝑖) [Vargas et al., 2020] 

- Object: learn a function 𝒳 ⟶ 𝒴 from 𝒟

- Dataset: 
- Input space 𝒳, ordered label set 𝒴 = 1,2, … , 𝑄 (1 < 2 < ⋯ < 𝑄)

- 𝒟 = 𝒙𝑖 , 𝑦𝑖 𝑖=1
𝑁 , 𝒙𝑖 , 𝑦𝑖 ∈ 𝒳 × 𝒴

- 𝒟𝑞 = 𝒙𝑖 , 𝑦𝑖 ∈ 𝒟|𝑦𝑖 = 𝑞 𝑖=1
𝑁 , nq = Dq , σq=1

Q
nq = N
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Theoretical analysis based on UFM

- Maximum Likelihood Estimation with regularization (𝑁 = |𝒟|)

- Corresponding UFM (𝑛𝑞 = 𝒟𝑞 , σ𝑞 𝑛𝑞 = 𝑁)

→ Analyzing this UFM enables us to study NC in CLM-based OR
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ONC is characterized by the following three properties:

- ONC1 (Within-class mean collapse)
𝒉𝑞,𝑖

∗ = 𝒉𝑞
∗

- ONC2 (Self-duality)
𝒉𝑞

∗ ∥ 𝒘∗, ∀𝑞

- ONC3 (latent variable alignment)
𝑧𝑞

∗ = 𝒘∗ ⊤𝒉𝑞
∗ ⇒ 𝑧1 ≤ 𝑧2 ≤ ⋯ 𝑧𝑄
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Theoretical Results: Ordinal Neural Collapse
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Optimality condition of UFM

How to determine 𝑤∗ = 𝒘∗
2, 𝑧𝑞

∗?

Ordinal Neural Collapse (ONC)

We prove the result under the assumption that 𝑔 is differentiable and 𝑔′ is log concave.

Animated visualization of feature

space evolution during training on a
real dataset.
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Some Limits and Phase Transition (1/2)

- Phase transition from nontrivial (𝑤∗, 𝑧𝑞
∗ ≠ 0) to trivial (𝑤∗ = 𝑧𝑞

∗ = 0) solution

- Phase boundary: 𝜆𝑤𝜆ℎ = 𝐶 ≡ σ𝑞=1
𝑄 𝛼𝑞

𝑔′ 𝑏𝑞 −𝑔′ 𝑏𝑞−1

𝑔 𝑏𝑞 −𝑔 𝑏𝑞−1

2

- Simple and local behavior in the vanishing regularization limit (𝜆𝑤 × 𝜆ℎ → 0)

- 𝑧𝑞
∗ is determined by 𝑔′ 𝑏𝑞 − 𝑧𝑞

∗ = 𝑔′ 𝑏𝑞−1 − 𝑧𝑞
∗

- In the symmetric 𝑔 (1 − 𝑔 𝑥 = 𝑔 −𝑥 ) such as logistic function, this means 

𝑧𝑞
∗ =

𝑏𝑞 + 𝑏𝑞−1

2
.

- In the limit, 

𝑤∗ = Ο
𝜆ℎ

𝜆𝑤

1/4

.

Thus it may diverge, vanish, and remain finite depending on how the limit is taken.

Particularly interesting phenomena
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Some Limits and Phase Transition (2/2)

Solution behavior of EOS in the logit model for 𝑄 = 3 with 𝑏 = (−10, −8,3,10) at 𝜆ℎ = 1 .

(Left) 𝑤∗ and 𝑧∗ are plotted against 𝜆𝑤 on a linear scale.
- A clear phase transition appears a 𝜆𝑤,𝑐 = 𝐶/𝜆ℎ(vertical broken line)

- The values of 𝑧∗ in the limit 𝜆𝑤 → 0 match well with the theoretical prediction 𝑧𝑞
∗ = 𝑏𝑞 + 𝑏𝑞−1 /2 .

(Right) 𝑤∗ is plotted on a log-log scale in the small-𝜆𝑤 region.

- A power-law divergence with exponent −1/4, corresponding to the scaling 𝑤∗ = Ο 𝜆ℎ/𝜆𝑤
1/4 with

fixed 𝜆ℎ, is clearly observed.

Numerical Example
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Experiments (1/3) - Setup

- Dataset:

- Tabular datasets: Publicly available dataset from [Gutiérrez et al., 2016]. Five largest datasets in
the site (ER, LE, SW, CA, and WR) are used.

- Image dataset: UTKFace age estimation dataset [Zhang et al., 2017] grouped ages into classes
with five-year intervals..

- Treatment of thresholds:
- Fixed thresholds : 𝑏𝑄 is set to a large positive value. 𝑏0 = −𝑏𝑄. 

Others are evenly spaced over [𝑏0, 𝑏𝑄]

- Learnable case: 𝑏𝑄 = ∞, 𝑏0 = −∞, other parameters are optimized by the ML method. 

    No regularization applied. 

- DNNs:

- For tabular datasets: we employed a multilayer perceptron with residual connections.

- For image dataset: we used ResNet101 and ResNet50 [He et al., 2016], and DenseNet201

[Huang et al., 2017] as backbones.

Examine ONC actually happens in DNN experiments

- DNN setup:  a very weak regularization.
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Experiments (2/3) - Evaluation metrics 
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Recall

In the vanishing regularization limit (𝜆𝑤 × 𝜆ℎ → 0)

• In the symmetric link function:
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Experiments (2/3) - Evaluation metrics 

Epoch-wise average metrics curves for the ER dataset with the logit model.
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Experiments (2/3) - Evaluation metrics 

Epoch-wise average metrics curves for the UTKFace dataset with ResNet101 backbone and logit model.
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Experiments (3/3) - Visualization

Latent and feature space visualization for the ER dataset with the logit model.
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Experiments (3/3) - Visualization

Latent and feature space visualization for the UTKFace dataset with ResNet101 backbone and logit model.
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- Summary: Extended NC to CLM-based OR

- A UFM invention for OR is the key.

- Found ONC

- ONC1: within-class mean collapse

- ONC2: self-duality

- ONC3: latent variable alignment

- Particularly simple in the weak regularization limit.

- ONC happens in real DNN experiments.

- Perspectives

- New loss/regularization may be proposed from ONC

- Imbalance problems will be mitigated.

- Convergence is expected to be accelerated.

Summary and Perspectives
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