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Overview

Objective: Sampling a distribution m < e~", with V' non convex.

Langevin. We ise the Unajusted Langevin Algorithm (ULA) MCMC to sample ,
defined by

Xk+1 = Xk; — ’)/VV(X]{) + Q’VZ]H_l (1)

with v > 0 the stepsize and Z;,1 ~ N (0, I;). In practice, VV is approximated by
b~ VV, leading to the inexact ULA defined by

X1 = X — 90(Xy) + V27241

Composite potential V = f + ¢g. Many problem, e.g. inverse problem in imaging,
iInvolves a composite potential V' = f + g with two non convex functions f, g and
a non smooth function g.

ULA cannot be applied. Instead we rely on the Proximal Stochastic Gradient
Langevin Algorithm (PSGLA)

Xgr1 = Prox,, (Xk — YV f(Xy) + \/%Zkﬂ) : (2)

with the proximal operator defined by Prox,, (x) = arg min, cga %Hx —y||* + g(y).

Contributions

e New stability result in b for IULA algorithm and bound on the discretization error

e First non convex proof of convergence for PSGLA

e Practical gain of PSGLA in realistic scenario of inverse problem in imaging

Definitions
e [he p-Wasserstein distance between p and v is defined, forp > 1, by
p— 1 — p ]_9
W) = (i [, o= wlPdsia. ) €

with II the set of probability law 3 on R? x R with marginals p and v.
e g is p-weakly convex, with p > 0, if and only if g + £]| - ||* is convex.

o (X%)r>0 has an invariant law if there exists u such that it Xy ~ u, then Vk > 0,
)(].C ~ L.

o (X1 )i>0 IS geometrically ergodic, if the law of X, converges geometrically to the
invariant law, i.e. there exist A > 0, p € (0,1), an invariant law u, such that
Wl(pXka ,u) < 14,0]€ with PXx, the law of Xk
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From stability of Langevin diffusion
to convergence of proximal MCMC for nhon-log-concave sampling
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Stability of Langevin diffusion

For two iULA with two drifts defined for ¢ € {1, 2} by

Xpo = X =W (X3) + V2724, (4
Assumption 1: There exist L, R > 0 and m > 0 such that the drift b verifies (i) b
is L-Lipschitz, i.e. Va,y € RY, ||b(x) — b(y)|| < L||z — y|| (i) Vx,y € RY such that
|z —y|l > R, we have (b(z) — b(y),x — y) > m||z —yl*

Theorem: If b', b satisfy Assumption 1. X/, X7 are two geometrically ergodic
Markov Chains with invariant laws 7@, 773. Then for vy = 73 and p € N* there exist
C,, C > 0 such that Vy € (0, v, we have

Wp(”;a T‘-’Qy) < Cprl — bQHZ(@)a (5)
|7 = 7y < Clb" = 0% gym). (6)

Corollary: If b, VV verify Assumption 1. Then for v, = 7, and v € (0, v, the

Markov Chain (1) is geometrically ergodic with an invariant law 7.,. Moreover for
p € N*, there exist C), D,,, C, D > 0 such that ¥y € (0, ], we have

W, (7, 1) < Gllb = YV} (o) + Dy
%y — 7|7y < C|lb— V'V ||iy5,) + D2

Convergence of PSGLA

Question: Does PSGLA converge in non-convex setting?

Assumption 2: The potential V' is composite, i.e. V = f4+gwhere (i) f is L-smooth,
.e. Vfis Ly-Lipschitz. (i) g is p-weakly convex. PSGLA (2) can be reformulated as

a two points algorithm
Vi = Xp — YV (Xe) + V272511

Xk+1 = PrOXfyg (Yk—l—l) .

Under Assumption 2, we get that the iterates Y, verify the equation
Y1 = Proxy, (Yi) — YV f(Proxy, (Yi)) + V27251
=Y — 0" (Yi) + V27 Z1,

where the drift b7 is defined for y € RY as

b'(y) =V fly—1Vg'(y)) + Vg'(y).
Assumption 3: (i) Vv € (0, %), g is L,-smooth on Prox., (Rd). (ii) g7 is p-strongly
convex at infinity with > 8L, +4L,, i.e. there exists v; > 0 and Ry > 0 such that
Vv e (0,71], VQQV >~ ulg, on R? \ B(O, Ro)
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Theorem of convergence of PSGLA

Under Assumptions 2-3, there exist r € (0,1), C1, Cy € R, such that Vy € (0, 7],

1

V\/ithﬁ:min( . £

2L, 32L+Ly)% 2p7 11

2-3,and Yk € N, we have

1
Wo(px;, vy) < Cyr™ + Coy%,

with py, the distribution of Y; and v, oc Prox.,,#te™/ 9",

Experiments

), where L,, Ly, p, 1 are defined in Assumptions

(/)

PnP-PSGLA: approximation of the Proximal operator by a pretrained Gaussian denoiser

X1 =D 5 (Xk - %Vf(Xk) + \/%Zkﬂ) -
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Figure 1. Qualitative result for image inpainting with 50% masked pixels and a noise level of o = 1/255. PnP-ULA is
run with 1,000,000 iterations and PSGLA with 10,000 iterations.
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Figure 2. PnP-ULA and PnP-PSGLA with various N.
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Algorithm  Denoiser PSNR 1 SSIM 1 LPIPS| NJ]  time(s) ] convergent
DiffPIR | GSDRUNet| 29.99 | 0.88 | 0.06 20 1 X
RED DnCNN | 3049 | 0.89 | 0.06 500 6 v
RED GSDRUNet| 29.26 | 0.88 | 0.12 500 20 v
PnP DnCNN | 30.50 | 0.91 | 0.06 500 6 v
PnP GSDRUNet| 30.52 | 0.92 | 0.07 500 20 v
PnP-ULA DnCNN | 27.89 | 0.82 | 0.12 [100,000| 1,200 v
PnP-PSGLA TV 2924 | 0.89 | 0.08 1,000 25 v
PnP-PSGLA| DnCNN | 30.81 | 0.92 | 0.05 | 10,000 120 v

Table 1. Quantitative results for image inpainting with 50% masked pixels on CBSD68 dataset.
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