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Gaussian Location Mixtures and Empirical Bayes
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Gaussian Location Mixtures and Empirical Bayes
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Classical EB estimators: NPMLE + one-step Tweedie
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o 0] Xi] = Xi + 3, Viog fa 5 (Xi)

*: oracle estimator (known G*) minimizes the Bayes risk: 5, = Eq[0]| X;] = argmin  Eg-||T3(X;) — 677
T;




Classical EB estimators: NPMLE + one-step Tweedie
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Measurement process
(latent signal + Gaussian noise)

Nonparametric maximum likelihood
(NPMLE)

Zlog fa, s, (Xi) Xn
i=1

one-step Tweedie denoiser

o 0] Xi| = X+ XV log fa 5 (Xi)

score (gradient of log-density)



Issues with classical approach: over-shrinkage + computation in high-d

Theoretically, NPMLE achieves mini-max near-parametric sample complexity rate* (O (n—l (log n)O(d))

Measurement process
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*: see [Soloff et al. 2025, Kim and Guntuboyina, 2022]
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Over-shrinkage SOTA solver of NPMLE*

| T I I I T I I I I I I I I T T I I

.| Empirical Bayes |l G,
2.0 2.0 |
Noisy Data, :+ * " ,s., : Denoised Data ol
1.5 - a R RA IO S 1.5 - .
1.0 - 1.0 - =T [
I MSE(EB, truth) = 1.081 i ' -
0.5 4 0.5 A | | | | | l | | | | | | | | | | |
0.0 - 0.0 - .. Empirical Bayeé , _ @n
—0.5 = : -0.5 - 6
-1.0 - -1.0 - i
—1.D: —1.3 - 0+
-2.0 T T T T T T T -2.0 T T T T T T . 2 .
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
® Denoised data by Tweedie are over-shrunk relative to the true unit circle! |
® Fven the oracle estimator suffers from this systematic bias! | o Y
5t MSE(EB,truth) = 2.854

0 2 1 6 8

|
N T

-8 -6 -4 -2 0 2 | 6 3 -8 -6 -4

Quality of denoisers deteriorates fast as from d=3 to d=9!

*: from [Zhang et al. 2024]



Our approach: Diffusion + Empirical Bayes G-modeling

+— O Diffusion view of measurement
(forward SDE)
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Our approach: Diffusion + Empirical Bayes G-modeling

Diffusion view of measurement
(forward SDE)

- dx" = »n%4B, |

Latent measure recovery
score-based diffusion




Our approach: Diffusion + Empirical Bayes G-modeling

Diffusion view of measurement t— 1
(forward SDE) N
(1) d
(1) «l/2 X, =

Latent measure recovery
(score-based + G-modeling)

5 o[V 1og f o, (XP)| V10gp(xX(|0)2 X,

score induced by G-model, not a score-net!




Our approach: Diffusion + Empirical Bayes G-modeling

Diffusion view of measurement
(forward SDE)

- dx" = »n%4B,

Latent measure recovery
(score-based)

2 EollV10g f, 4, (X)) = Vieg p(X;" X))

\ Denoising
(reverse ODE; multi-step Tweedie)

e When At=1, this recovers one-step Tweedie!
e When G=G*, this has no over-shrinkage bias!




Experiment results

SOTA NPMLE solver [Zhang et al., 2024].

Our score-based solver [Chen and Cui, 2025]
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Ours stays efficient in
higher d = 24/32!

Denoised data (d = 24)
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Theoretical guarantees

Near-parametric sample complexity on score estimation error!

Theorem 3. Provided conditions in Assumption 2, let (to,T') satisfy to < T and

1 t() 74
=5 “(0dt = 2()dt < 1.

Let é‘\n be an optimal solution to Objective (11) constrained over the measure class P(|—M, M ]d),

then provided n sufficiently large, with probability at least 1 — n 2,

* for score estimation:

- 8'[l‘/() (qu

1
g)) 3:/ g ®) |V log q(t) (x) — Vlog q(t) () ||2dt
= to %

<Cd,M,7,2),(9,

* for density estimation att = tg:

~ to to 1
257 (452 l9g”) <Clar .0 (g9) - (logn)**+,

e for the deconvolution risk,

1 n B ' 1 n B R 1
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