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Einsum and Tensor Networks



Einsum and Tensor Networks
Einsum basics

Operation Einsum expression

inner vector product einsum (𝑖, 𝑖 →; 𝑢, 𝑣)
elementwise vector product einsum (𝑖, 𝑖 → 𝑖; 𝑢, 𝑣)
matrix-matrix-vector product einsum (𝑖𝑗, 𝑗𝑘, 𝑘 → 𝑖; 𝐴, 𝐵, 𝑣)

In practice large expressions are executed in pairwise steps:

einsum (𝑖𝑗, 𝑗 → 𝑖; 𝐴, einsum (𝑗𝑘, 𝑘 → 𝑗; 𝐵, 𝑣))
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Einsum and Tensor Networks
Tensor hypernetworks as graphical representation

einsum (𝑐𝑏, 𝑏𝑎, 𝑐𝑓, 𝑏𝑒, 𝑎𝑑, 𝑓𝑒, 𝑒𝑑, 𝑓𝑖, 𝑒ℎ, 𝑑𝑔, 𝑖ℎ, ℎ𝑔 →; 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 , 𝐺, 𝐻, 𝐼, 𝐽, 𝐾, 𝐿)
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Exponential Separation
Grid instances

Each tensor (black node) is a diagonal matrix
We prove: For such a square grid with side length 𝑛, dense tensors require at least 2𝑛

flops, while sparse tensors only need 𝑂(𝑛2) flops.

Figure 1: Left: Tensor hypernetwork for the grid formula GRID3 (cf. Section 3.3). Here, large black
bullets represent input tensors (matrices), and small gray bullets represent hyperedges. The tensor
hypernetwork has one hyperedge of size four (at the center), and four hyperedges of sizes three and
two, respectively. Right: The tensor hypernetwork after contracting the hyperedge of size four. Four
second-order tensors have been contracted into one fourth-order tensor.

Both problems, satisfiability and model counting, can be served by tensor hypernetwork contractions.
This is possible because any propositional formula has a representation in conjunctive normal form
(CNF), that is, as a conjunction of clauses. A clause is a disjunction of literals, and a literal is either a
variable xi or its negation xi.

Let F be a propositional formula in conjunctive normal form, clauses(F ) be its clauses, and vars(F )
be the set of variables in F . For a clause C → clauses(F ), let vars(C) ↑ vars(F ) be the set of
variables in C. Since any clause C is itself a propositional formula, it is also a tensor TC . The axes
of TC correspond to its variables vars(C). The tensor hypernetwork F that results from the CNF
representation of the formula F is given as F =

{
TC | C → clauses(F )

}
. The full combination of

F corresponds to the formula F , and the full summation
∑

a→{0,1}n

∏

C→clauses(F )

TC(a|C ),

where a|C is the projection of a onto the axes of TC that correspond to vars(C), is the propositional
model count.

3.3 Exponential separation

We separate the two data structures, multidimensional arrays and coordinate lists, on a family of grid
formulas. Let [n] = {1, . . . , n}, the formula GRIDn has variables xi,j for i, j → [n] and clauses

¬xi,j ↓ xi+1,j and xi,j ↓ ¬xi+1,j , for i → [n ↔ 1], j → [n],

¬xi,j ↓ xi,j+1 and xi,j ↓ ¬xi,j+1, for i → [n], j → [n ↔ 1].

That is, GRIDn has 4n(n ↔ 1) clauses and n
2 variables. The two clauses in the first line encode

the condition xi,j = xi+1,j and the two clauses in the second line encode xi,j = xi,j+1. That is,
by construction, to satisfy GRIDn, all variables have to take the same value. Therefore, GRIDn has
exactly two models.

If the clauses are encoded in multidimensional arrays, then these multidimensional arrays are given
by the following matrices T¬xi,j↑xi+1,j =

(
1 0
1 1

)
and Txi,j↑¬xi+1,j =

(
1 1
0 1

)
, where, in both matrices,

the columns are labeled by xi,j = 0, 1 and the rows are labeled by xi+1,j = 0, 1, starting in the
top left corner. The encoding of the clauses ¬xi,j ↓ xi,j+1 and xi,j ↓ ¬xi,j+1 into matrices follows
analogously.

Contractions are over the axes, that is, the variables. The contractions over xi,j and xi+1,j , respec-
tively, involve both tensors T¬xi,j↑xi+1,j and Txi,j↑¬xi+1,j , which are contracted by an elementwise
multiplication. Therefore, the tensors T¬xi,j↑xi+1,j and Txi,j↑¬xi+1,j can be replaced with their
elementwise product in the tensor hypernetwork encoding, which reduces the number of tensors to
2n(n ↔ 1) and is standard practice in contraction algorithms. In the multidimensional array encoding,
all the 2n(n ↔ 1) tensors are (2 ↗ 2)-matrices with 1 on the diagonal and 0 on the off-diagonal. Their
coordinate list encoding is given as

(
(0, 0, 1), (1, 1, 1)

)
.

Lemma 1. Contracting the tensor hypernetwork encoding of GRIDn, n ↘ 2 needs 4n
2 ↔ 4n ↔ 1

flops, when using the coordinate list encoding.

Proof. As we have explained before, the tensor hypernetwork is contracted by contracting over the
n
2 axes one after the other. Since all axes for the GRIDn tensor hypernetwork have size two, the
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Exponential Separation
Grid instances

Synthetic einsum expressions based on the grid formulas used in the proof.
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Experiments
Dynamic sparsity in the einsum benchmark
Real world instances from the einsum benchmark: https://benchmark.einsum.org/.
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Experiments
Sparse Speedup
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Hybrid Algorithm



Hybrid Algorithm
Hybrid algorithm speedup
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Hybrid Algorithm
Hybrid algorithm speedup
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Hybrid Algorithm
Hybrid algorithm speedup
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Conclusions

1. Large einsum expressions exhibit dynamic sparsity in practice.
2. Significant speed ups are possible by exploiting dynamic sparsity.
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