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Problem Setup

Motivating Question: How do we tune estimators of nuisance parameters
for optimal downstream estimation of the parameter of interest?

@ Data: We observe n i.i.d. copies of (4,Y, X), where A)Y € R, X € RP

Parameter of Interest:

0o = E[Cov(A4, Y|X)]
=E[{A - E[AX]}HY - E[Y|X]}]

Model: Coordinates of X are i.i.d. subgaussian and

T
(@)oo, )

@ Asymptotic Regime: p/n — ¢ € (0,0)
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Estimators

@ Estimators of Nuisance Parameters:

o &(A1): Ridge regression estimator of ag with tuning parameter \;
e [B(X2): Ridge regression estimator of 5y with tuning parameter Ay

o (Naive) Estimators of 6:

ONT = Z AY; — )T B(A2) (Integral-Based)

GNR _ = ZYi(Ai - X, a(\)) (Newey-Robins)

PR = 712(,4 X;"a(M))(Y; — X B(X2))  (Doubly Robust)
i=1
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Sample Splitting Strategies

Two-Split Three-Split
[ Full Data: {(A;,Y:, Xi)}iey ] [ Full Data: {(A;,Y;, X;)}i, ]
[ Dy Dy ] [ D1 Dy Dy ]
Fi im — ) -
[d(/\l),tﬁ()\z)] ESté ate [ Fit (A1) ][ Fit B(\2) ] Est . ate

_ Optimal Nuisance Function Tuning NeurlPS 2025 4



Main Results

@ Debiasing Step: Each of the three estimators has ©(1) bias in each sample
splitting strategy

o Need to consider (further) debiased estimators!

@ Theorems 3.1-3.3: For each estimator in each sample splitting strategy,
we construct a debiased version of the estimator, 9P, such that

V(@? —6o) = O, (1)

® Theorem 3.4: For each debiased estimator 6", we characterize the limiting
variance lim,, o, n - Var(69b)

@ Resulting Estimation Strategy: Select (A1, A2) to minimize the limiting
variance of the debiased estimator
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Numerical Results: Bias of Naive and Debiased Estimators

Integral-based Estimator (Three Splits) Newey and Robins Estimator (Three Splits) Doubly Robust Estimator (Three Splits)
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@ Conclusion: Naive estimators (black dots) show clear bias, whereas
debiased estimators (blue dots) indeed show negligible bias

We consider the setting where A1 = A2 =: A
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Numerical Results: Variance of Debiased Estimators

Integral-based Estimator (Three Splits)

Newey and Robins Estimator (Three Splits)

Doubly Robust Estimator (Three Splits)
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@ Conclusion: Optimal choices of A for estimating 6y (dotted red line) differ

from those that optimally estimate g, By (dotted blue line)

We consider the setting where A1 = A2 =: A
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