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Smooth & Convex Optimization:

Task: Minimize a differentiable function f : X — R, where (X, (-,-)x) is a separable real
Hilbert space.

Assumptions:
» f is convex,
> fis L-smooth, i.e. |[Vf(x) — VF(y)|| < L|[x — y| for all x,y € RY and
> argmin, . f(x) # 0.

Minimum-norm solution: We denote by x, € argmin_f(x) the minimum-norm solution,
i.e. a minimum with [|x.|lx < [[X]|x for all X € argmin, ., f(x).



Regularized Stochastic Gradient Descent

At iteration we have access to an unbiased estimator
Vf(Xk_1) = Vf(Xk_l) + Dy

Assumptions:
» Unbiased: E[Dy | Fx—1] =0 <
» ABC-condition: '

E[||Du]l* | Fimr] < A(F(Xim1) = F(x.)) + BIVF (X[ + C

Stochastic Gradient Descent:

Xie = Xi—1 — 7 (VF(X—1) + Di),

Regularized Stochastic Gradient Descent:
Xic = Xi—1 — 1 (VF(Xi—1) + MeXi—1 + Dic),

where vk, Ak — 0.




General last iterate almost sure convergence

Strategy: Balance the error || X, — x.|| < || Xn — xa, || + [|x», — X«||, where x) denotes the
unique minimum of the strongly-convex function f(x) := f(x) + 3 ||x|J*.

Let (7n)nen, and (Ap)nen, adapted (possibly random) sequences that are uniformly
bounded from above. Assume that almost surely A, — 0 (decreasingly) and that

27")\" = 00, Z’Y,% < o, and Z"}/n n HX*HX

neN neN neN

2)<oo.

Then lim,_, o || Xn — x|| = 0 almost surely.



General last iterate L?-convergence

Strategy: Balance the error || X, — x.|| < || Xn — xa, || + [|x», — X«||, where x) denotes the
unique minimum of the strongly-convex function f,(x) := f(x) + 3 ||x|J>.

Let (7vn)nen, and (An)nen, be deterministic sequences of positive reals. Assume that
An — 0 (decreasingly) and that

Z’Yn)\n =00, Yn= O()‘n)a and )\n - )\nfl = O(PYn)\n)-
neN

Then lim,_ o0 E[|| X, — x.||2] = 0.



[2-convergence rates

Choose
Yn=C(n+1)"9 and XN, =C\(n+1)"P

Assume that p € (0, %] and g € (p,1 — p] and, if g = 1 — p, additionally assume that
2C\C, > 1 —q. Then it holds that limk_,c E[[| X, — x.||?] = 0 and

(i) E[f(Xs) — f(x)] € O(n~ mint®a=p)),
(i) E[||Xn — xa,[1?] € O(n~mini=d=P.a=20)) for p € (0, 1) and q € (2p,1 — p).

Optimizing the rates yield: E[f(X,) — f(x.)] € O(n~%) for p = 1and g =

wIN



Toy example

The PL-inequality implies ||xy — x.|| < A'/#, see Maulen-Soto, Fadili, Attouch (2024).
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> f(X)=3(X+ X, —1)?
» Dy ~ N(0,0.01)



