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Goal: Design efficient adaptive query algorithms based on Gaussian process (GP) prediction.
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Gaussian Upper Confidence Bound (GP-UCB)

Gaussian process upper confidence bound (GP-UCB) [Srinivas et al., 2010]
® An algorithm which combines GP prediction with optimism principle

e At round t, GP-UCB defines the query point x; as the maximizer of the GP-based UCB
score:
21 € argmax 1 (@) + /By 011 ()
xeX

® ;1 and o471 are the GP posterior mean and standard deviation
® ;. confidence width parameter
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® ;1 and o471 are the GP posterior mean and standard deviation
® (3;: confidence width parameter

e GP-UCB plays an important role in the advancement of Bayesian optimization, since:

1. algorithm construction is simple and easy to extend to other advanced settings
2. sophisticated theory was provided by Srinivas et al. [2010]

® The existence of algorithms with theoretically stronger regret guarantees than GP-UCB
has already been shown [Scarlett, 2018]

Question: Can we obtain improved regret bounds for GP-UCB?
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‘ Regret (Squared exponential kernel) ‘ Regret (v-Matérn kernel)
O(Tm™2T) O(T3or)

GP-UCB [Srinivas et al., 2010]
GP-UCB (ours, improved analysis) O(VTIn%2T) O(VT)

® Strictly improve the existing bounds of Srinivas et al. [2010]
® Comparable to the state-of-the-art O(v/T') regret of Scarlett [2018] (up to polylog factors),

while keeping the simple and popular GP-UCB rule

® Key technical idea:
® Refine the existing worst-case treatment of information gain

® Study algorithm- and sample-path dependent behavior of information gain
® Beyond GP-UCB in the standard setting, we expect that this analysis will motivate a
reconsideration of other information gain-based guarantees
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Preliminaries

Notation
® f:X — R: Objective function on X = [0, r]?
® x;: Learner's query point at step ¢ (chosen based on GP-UCB)
® y, == f(x:) + €: Learner's observed function value
® Rp:= Z?zl f(x*) — f(a): Cumulative regret up to step T’
® x* € arg max, f(x): Maximizer of the function
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® f:X — R: Objective function on X := [0, r]¢

® x;: Learner's query point at step ¢ (chosen based on GP-UCB)

® y, .= f(x;) + € Learner’s observed function value

® Rp:= Z?zl f(x*) — f(a): Cumulative regret up to step T’

® x* € arg max, ¢y f(x): Maximizer of the function

Assumpsions

® This paper studies Bayesian setting

® Assumption 1: f ~ GP(0, k) with known positive definite kernel k: X x X — R
® Assumption 2: (¢;);en, are independent and identically distributed with ¢; ~ N(0,0?)

® Focuses on the squared exponential kernel ksg and v-Matérn kernel kyapern:

s, &) = exp - ”962—;”5) "
Fntatéen (@, &) = ;1(;; <m H:Z - 5|’2>VKV (W ) o

® K, : Modified Bessel function of the second kind, ¢: Length-scale parameter
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Existing Theory for GP-UCB

Classical information-gain based analysis [Srinivas et al., 2010]
® Let us define I(x1,...,x7) as the following quantity, called information gain:

1
I(xy,...,x7) = 3 log det (IT + O'_2KT).

® Kp = [k(xi,z;)]1<ij<r: Gram matrix for inputs x1,..., 7
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Classical information-gain based analysis [Srinivas et al., 2010]
® Let us define I(x1,...,x7) as the following quantity, called information gain:

1
I(xy,...,x7) = 3 log det (IT + O'_2KT).

® Kp = [k(xi,z;)]1<ij<r: Gram matrix for inputs x1,..., 7
® Due to the UCB selection rule and the confidence bound of GP,
T
Rp S 2Br) ora(z) (3)
w.h.p. =1

e [Srinivas et al., 2010] show the connection between R.H.S. and information gain:

Ry W.’Epl 0 <\/TI(:1:1,...,$T)) < 6( TWT(X)>

erex 1(x1,...,TT) is the worst-case (maximum) information gain

® y7(X) = sup,,

Resulting bounds
* For ksg: yr(X) = O™ T) = Ry = O(VT 27T
® For knatern: Y7(X) = 6(Tﬁ) = Rp= 5(Tﬁ)
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Main Result

Improved Regret Bounds for GP-UCB (Informal)

Fix any 6 € (0,1), 0gp € (0,1). Under the Bayesian setting, GP-UCB satisfies the following
regret bounds with probability at least 1 — § — d¢p:

P OWTI*T) if k=ksg (@)
T O(WT) if k= KkMatern (with sufficiently large v)

v
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Main Result

Improved Regret Bounds for GP-UCB (Informal)

Fix any 6 € (0,1), 0gp € (0,1). Under the Bayesian setting, GP-UCB satisfies the following
regret bounds with probability at least 1 — § — d¢p:

P OWTI*T) if k=ksg (@)
T O(WT) if k= KkMatern (with sufficiently large v)

® The above result improves upon the existing upper bounds in [Srinivas et al., 2010]:

O(VTW™2T) if k=ksp
(Regret upper bound in [Srinivas et al.,, 2010]) Ry =< - 44 (5)
O(T2+d) if k= EMatérn
Remarks:

® We do not change the algorithm itself to derive above results

® We adopt completely the same confidence width parameters (5;):en, as in [Srinivas et al.,
2010]

® We focus only on the scaling of T’
® The hidden constants depend on other parameters (such as d, ¢, ¢, dgp, and v)
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Proof Overview 1: Regret Decomposition and Lenient Regret

Step 1: Decompose regret by a fixed threshold ¢
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Proof Overview 1: Regret Decomposition and Lenient Regret

Step 1: Decompose regret by a fixed threshold ¢

= > @) -f@) + Y [@) - f@)
t:f (%) —f (@) >e t:f (@)~ f(we)<e
Lenient regret [Cai etval., 2021], polylog(T")

= RY + RY

® For both ksg and kpfatérn, the lenient regret of GP-UCB is only polylog(T') when ¢ is
fixed [Cai et al., 2021]

® Dominant term is Rg)

® Aim to show a good bound of R(TQ) by using non-worst-case behavior of information gain
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Proof Overview 2-1: Bounding R;?)

Introduce two key facts for bounding RS?) from the known properties of the GP-sample path

1This is only valid for sufficiently smooth stationary kernel such as k = ksg of k = kmatérn With v > 2.
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Fact 1: locally quadratic behavior near x*

® Near x*, f behaves quadratically with high probability [e.g., De Freitas et al., 2012]!:

Quadratic upper bound of function

) —c(x —x7)?

e With probability at least 1 — dgp, we have

fla*) = f(z) < clz —z*|3 for @ € Ba(p; )

f(x)
o

* Bypa®) ={x € X[ |lw—a"|2 < p}
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e With probability at least 1 — dgp, we have
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* By(psx®) ={x e X ||z —x"[]2 < p}

® ¢, p > 0: constant depending on § . . . . .
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Fact 2: upper bound of the input radius

e |f the sub-optimality gap is sufficiently small, upper bound of the radius of
corresponding inputs is obtained [Scarlett, 2018]

® Given the threshold 1 > 0 of sub-optimality gap, we can obtain
{z:| f(2") = flze) <} C Ba(V et a”) (6)

1This is only valid for sufficiently smooth stationary kernel such as k = ksg of k = kmatérn With v > 2.
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Proof Overview 2-2: Bounding R;?)

Quantify the upper bound of RE,?) by using aforementioned facts
¢ Define a sequence of thresholds (7;)i>1:

[ By (X)

ni =© 7|, T=T/2
7

e Define the time indices where regret is 7;:

T(ni) = A{t € [T]| f(2*) = f(2:) = mi}
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Quantify the upper bound of RE,?) by using aforementioned facts

® Define a sequence of thresholds (7]1)121 Quadratic upper bound of function
f&x) —clx —x)?

- (X .
= By, (X) T —T/2 2
= 0
® Define the time indices where regret is 7;: L ‘ ‘ ‘ :
T(mi) = {t € [T] | f(x") — f(z) > m} I
7N Fe e
® By a straightforward extension of the analysis in [ BaG/e o x\,
[Srinivas et al., 2010], we can derive |T (n;—1)| < T; I By msan) = :

® From the quadratic conditions, {x;|t € T¢(n;)} C Ba(+\/c1n;; x*)
By combining above properties with information gain bound, we have

RY=3 3 f@)-f@) < 0 <\/ Br T e (Ba( /i) )
v Te(e)NTe(ni)NT (i—-1)

-~

<0 (\/BTTi"/Ti (B2(y/ 071,”@*)))
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Proof Overview 2-3: Bounding R;?)

(Derived bound) Rg?) <w.hp. O <\/ﬁTTmaXfyTi(Bg(\/c—lm;m*))) (7)

® Note that 7); is decreasing quantity as 7; increases

Namely, the input radius shrinks as time step of information gain increases

— max; vr;(B2(y/cni; *)) becomes strictly smaller than v7(X) due to this shrinking
Specifically,

max (B2 (Ve 27)) < {
Therefore, we obtain the desired result:
1Y < 0 (| nT maxom B/ i) )

OWVTI*T) if k=ksg,
5(\/T) if k = knatern (With sufficiently large 1)

O(InT) if k= ksg,
polylog(T)  if k = kmatern (With sufficiently large v)

<
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Possible Future Directions: Extension to other Settings

Beyond the basic Bayesian optimization setup

® The high-level idea of our analysis may be applicable for other settings
® The key aspects of our analysis are the following three-fold:

1. Behavior of the objective function under the Bayesian assumption

2. Behavior of the information gain

3. Behavior of the algorithm
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® The high-level idea of our analysis may be applicable for other settings
® The key aspects of our analysis are the following three-fold:
1. Behavior of the objective function under the Bayesian assumption
2. Behavior of the information gain
3. Behavior of the algorithm
e |t will be intriguing to analyze settings where one of the above three aspects differs from
the standard setting. For example:
® Settings where the objective function differs from the standard setting:
® Multi-objective optimization [e.g., Zuluaga et al., 2016], Robust optimization [e.g., Bogunovic
et al., 2018], Composite objective function [e.g., Li and Scarlett, 2024], etc.
® Settings where the information gain behaves differently from the standard analysis:
® Multi-task setting [e.g., Chowdhury and Gopalan, 2021], Noise-free setting [e.g., Bull, 2011],
etc.
® Algorithm beyond GP-UCB:
® Thompson sampling [Russo and Van Roy, 2014a], information directed sampling [Russo and
Van Roy, 2014b]
® But these algorithms mainly focus on expected regret
— Although we believe that high-level idea of our analysis is beneficial, it is not directly
applicable so far
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Possible Future Directions: Extension to Instance Dependence Analysis

e Can we improve the worst-case regret under the frequentist setting by using
non-worst-case information gain?

® The setting whose f is not random and fixed in some reproducing kernel Hilbert space
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Possible Future Directions: Extension to Instance Dependence Analysis

e Can we improve the worst-case regret under the frequentist setting by using
non-worst-case information gain?
® The setting whose f is not random and fixed in some reproducing kernel Hilbert space
— We conjecture that it is impossible
® We can construct worst-case functions such that x; does not concentrate around x*
® Such as worst-case bump functions [Bull, 2011; Scarlett et al., 2017]

® However, even under frequentist setting, an instance dependent analysis of regret [Shekhar
and Javidi, 2022] is a promising direction
® We expect that it is possible to use our analysis with some instance dependent property of f
® One promising way is to leverage the growth condition in [Shekhar and Javidi, 2022]
® growth condition: 3b, ¢||z* — z||” < f(x*) — f(x) < ¢|z* — x||® for some neighborhood of =*
® Interpreted as the generalization of the quadratic condition

13/16



Conclusion

® We provide improved regret upper bounds for GP-UCB under Bayesian setting
® The key idea is to consider non-worst-case information gain by:

1. Specific sample-path behavior of GP

2. Considering GP-UCB's realized input sequence by relating it to sample-path

® We believe that the proposed analysis will motivate refinements of many existing theories
based on [Srinivas et al., 2010]
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