
Evaluating and Learning Optimal 
Dynamic Treatment Regimes  
under Truncation by Death

Sihyung Park    Wenbin Lu    Shu Yang

North Carolina State University

The 39th Annual Conference on Neural Information Processing Systems



Dynamic treatment regime (DTR)

• A sequence of decision rules for choosing effective treatments for 
individual patients. 

• While methods for estimating optimal DTRs have proliferated, their 
applicability is often limited by the incomplete data.
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Schematics of a 2-stage DTR.

π(X1, A1, X2) = {π1(X1), π2(X1, A1, X2)}



Missingness and Truncation by Death

• Motonone missingness: The outcome could have been measured 
if the subject had not dropped out. 

• Truncation by death: The outcome cannot be measured because 
the subject is no longer alive; the outcomes are not simply missing 
but ill-defined.
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Framework

VAS(π) = E[Yπ |U = 1111] .Objective: maximize 



Framework
Assumption 1 (Causal consistency).                                      for variablesZA1

1 = Z1 and Z
A1A2
2 = Z2

Z1 ∈ {C1, S1, X2}, Z2 ∈ {C2, S2, Y} .

Assumption 3 (Monotonicity). 
  (i)                                       
  (ii) S1

1 ≥ S0
1  and S

11
2 ≥ S10

2 , S01
2 ≥ S00

2 .
Sa1a2

2 ≥ Sa1
1  and Ca1a2

2 ≤ Ca1
1 .

Assumption 4 (Principal ignorability). For  
  (i) 

  (ii)

u1, u2, u3 ∈ {0,1},
E[Y01 ∣ X̄0, U = 1111] = E[Y01 ∣ X̄0, U = u11u31],
E[Y10 ∣ X̄1, U = 1111] = E[Y10 ∣ X̄1, U = u1u211],  and 
E[Y11 ∣ X̄1, U = 1111] = E[Y11 ∣ X̄1, U = u1u2u31] .
E[g(X1

2) ∣ X1, U = 1111] = E[g(X1
2) ∣ X1, U = u1u2u31] and 

E[g(X0
2) ∣ X1, U = 1111] = E[g(X0

2) ∣ X1, U = u11u31] for integrable g .

Assumption 2 (Sequential randomization). For all k=1,2, 
  (i) 
  (ii)

(Sa1
1 , Sa1a2

2 , Ca1
1 , Ca1a2

2 ) ⊥⊥ Ak ∣ Hk

Ya1a2 ⊥⊥ Ak ∣ Hk, Sa1a2
2 = 1, and Xa1

2 ⊥⊥ Ak ∣ Hk, Sa1
1 = 1

Standard in DTR and  
causal inference literature

Standard in principal  
stratification literature

Additionally, positive probabilities, bounded outcome mean, and regularity conditions 
including convergence rate of nuisance functions are required.



Off-policy evaluation

where                                            is the principal score.

Under the assumptions,
VAS(π) = E[w(X1)QY,1(X1)]

= E[ 1{Ā = π(X̄)}(1 − C1)(1 − C2)S1S2

φπ
1(X1)φπ

2(X̄)pπ
1(X1)pπ

2(X̄)
w(X1)Y]

(Principal Q-learning)

(Principal IPW)

w(X1) = QS,1(X1)/E[QS,1(X1)]

• "Principal" because it targets the mean outcome in the latent 
always-survivor group. 

• e.g. For principal Q-learning, we can train backward-recursively:

Q̂2(x̄; π) = ̂E [Y ∣ x̄, π(x̄), C̄ = 02, S̄ = 12], Ṽπ := Q̂2(x̄; π),

Q̂1(x1; π) = ̂E [Ṽπ ∣ x1, π1(x1), C1 = 0,S1 = 1] .



Multiply robust evaluation and Learning

Then                                        is a consistent estimator of            if the nuisance 
model specification satisfies any of the following scenarios:

̂VMR(π) = ̂ϕN(π)(O)/ ̂ϕD(O) VAS(π)

If all nuisance models are correct,             is semiparametric locally efficient.̂VMR(π)
'X' indicates correct specification.

Q̂Y,1Q̂Y,2Q̂S,2 Q̂S,1̂p1 φ̂2φ̂1

Define

ϕD(O) =
1{Ā = C̄ = 02}
φ0

1(X1)φ02
2 (X̄ )

S1S2 +
2

∑
k=1

{
k−1

∏
j=0

1{Aj = Cj = 0}

φ0j
j (X̄j)

−
k

∏
j=0

1{Aj = Cj = 0}

φ0j
j (X̄j) }QS,k,

ϕN(π)(O) = QY,1ϕD(O) +
2

∑
k=1

k

∏
j=1

1{πj(X̄j) = Aj}(1 − Cj)Sj

φπ
j (X̄j)pπ

j (X̄j)
(QY, j+1 − QY, j)QS,1 .

                                                             if the policy class     is not complex*, 
where    is the policy maximizing        , and      is the true optimal policy,
n1/2( ̂VMR( ̂π) − VAS(π*)) d→ 𝒩 (0,Υ(π*))

̂π π*̂VMR

Π



Simulation study
We tested on data of size n=2000 and n=5000, six model specification settings 
with M1-M5 expected to result in unbiased result.

(Top, Bottom Left) The MR estimator is consistent in M1-M5 settings as expected, with M1 
resulting in the most efficient.  (Bottom Right) The MR estimator is more efficient than the 
principal IPW estimator under M1.



Application to MIMIC-III
Intervention with mechanical ventilation at each time point was represented by 
Ak. A class of linear policies with 15 covariates were explored. The MR estimator 
is compared with the standard augmented IPW estimator.

(Left) The MR estimator is closer to the validation value function.  (Right) Learned policy is in 
alignment with previously reported findings, with age and weight being the most important factors. 
The policy tends to offer mechanical ventilation only in emergent cases.



Discussion

In practice, always-survivors are unknown. 

we recommend a constraint optimization, or equivalently,  

where          is the expected time-t mortaility rate following policy π.

π̃ = argmax
π∈Π

̂VMR(π) + λ(1 − ̂S*t (π))

S*t (π)

    balances between survival rate and the optimal always-survivor policy.π̃
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