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◼ Functional data are samples whose individual elements are random continuous 

functions, which now play a pivotal role across industries and the sciences.
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Introduction

◼ Challenges

◼ Intra-functional continuity: each function lies in infinite-dimensional continuous 

functional space with features such as local dynamics and global trends; 

◼ Inter-functional interactions: different dimensions of the input function can have 

nonlinear couplings with each other; 

◼ Feature heterogeneity: different functions may exhibit vastly different properties such 

as scale, smoothness, or noise, and may even reside in different functional spaces.
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Function-on-function 

regression

Linear decomposition

Reproducing kernel 
Hilbert space

Deep learning methods

Linear approaches employ finite bases such as FPCA,

wavelets, or splines to project input and response

curves into low-dimensional coordinates, enabling

conventional regression techniques.

RKHS-based FoFR models nonlinear input→output

operators in vector-/operator-valued RKHS via the

representer theorem, supporting robust losses and

estimators, but is kernel-sensitive and still scales

cubically without low-rank approximations.

Deep learning methods, including functional neural

networks (FNNs) , FPCA-based neural networks, and

adaptive basis expansions , offer data-driven flexibility.
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We study function-on-function regression, where the goal is to learn an operator：

𝒯 = 𝒳 → 𝒴, Y = 𝒯 𝑋 ,

that maps 𝑑 input trajectories 𝑋 = 𝑋 1 , … , 𝑋 𝑑 to 𝑚 continuous output trajectories Y = 𝑌 1 , … , 𝑌 𝑚 .

In practice, we do not observe full trajectories 𝑋 and Y; we only get a few irregular, non-synchronous samples

from each function. Our goal is to learn a finite-parameter operator 𝒯𝜃 ≈ 𝒯 that predicts the entire output

functions 𝑌 from these sparse samples.
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FAME is a continuous attention architecture for function-on-function regression. It (i) builds

smooth query/key/value trajectories for each input function using a bidirectional NCDE, (ii) adapts

to heterogeneous behaviors via a mixture-of-experts field, and (iii) fuses all functions through

cross attention before decoding to continuous outputs.
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We build a continuous representation for each input function 𝑋(𝑗) that can see both

past and future, and performs self-attention in continuous function.

Bidirectional NCDE :

𝑍fwd
𝑗
(𝑡) = 𝑍 𝑗 𝑡0 + 𝑡0׬

𝑡
𝑓
𝜃𝑗
fwd 𝑍fwd

𝑗
𝜏 𝑑𝑋 𝑗 (𝜏),

𝑍bwd
𝑗

𝑡 = 𝑍 𝑗 𝑇𝑗 − 𝑡׬
𝑇𝑗 𝑓

𝜃𝑗
bwd 𝑍bwd

𝑗
𝜏 𝑑 ෨𝑋 𝑗 (𝜏).

Continuous self-attention over the function:

መ𝑍𝑗 𝑡 = 𝑡0׬
𝑇𝑗 ො𝛼 𝑗 (𝑡, 𝜏)𝑉 𝑗 (𝜏)𝑑𝜏 , ො𝛼 𝑗 𝑡, 𝜏 =

exp( 𝑄 𝑗 𝑡 ,𝐾 𝑗 𝜏 / 𝑑𝑓)

𝑡0׬

𝑇𝑗
exp( 𝑄 𝑗 𝑡 ,𝐾 𝑗 𝑢 / 𝑑𝑓)𝑑𝑢

.
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Instead of a separate encoder per function, we use a shared pool of expert vector fields

with a router that assigns function-specific mixture weights. Given experts {𝑓𝜃𝑘}𝑘=1
𝐾 ​, the

router outputs softmax weights 𝜋𝑘
𝑗

and forms a customised field:

𝑓Θ
𝑗
𝑧 = σ𝑘=1

𝐾 𝜋𝑘
𝑗
𝑓𝜃𝑘 𝑧 , Θ = 𝜃1, … , 𝜃𝐾 , 𝜙 .

After we build per-function continuous representations, we let functions talk to each

other. For each function 𝑗, we attend over the other functions ℓ ∈ {1,… , 𝑑} to model their

nonlinear couplings. The cross-attention weight from function 𝑗 to function 𝑙 at time 𝑡

(for head 𝑝) is:

መ𝛽 𝑗,𝑙,𝑝 𝑡 =
exp( 𝑄 𝑗,𝑝 𝑡 ,𝐾 𝑙,𝑝 𝜏 / 𝑑𝑐)

σ𝑟=1
𝑑 exp( 𝑄 𝑗,𝑝 𝑡 ,𝐾 𝑟,𝑝 𝜏 / 𝑑𝑐)

◼ MoE-enhanced vector fields
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FAME attains the lowest test MSE across benchmarks.
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（b）Test MSE by sampling density （a） Test MSE by sample size （c）Test MSE by noise strength （d）Test MSE by input dimensionality

Across parameter sweeps, test error decreases with larger sample size and accuracy improves with

more sampling points—even at very sparse settings—while performance remains stable under

mixed/irregular resolutions, indicating sampling invariance; as noise and dimensionality increase,

errors rise for all methods but FAME stays within a practical range, revealing a systematic dependence

on data characteristics and aligning with the theoretical guarantees.
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FAME consistently maintains superior predictive performance across stress tests 

varying feature heterogeneity, noise, output structure, and input dimensionality.
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FAME also achieves superior performance on real-world datasets.
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On the real-world dataset (smooth, low variability), fixed-basis and kernel methods already perform

well; on the synthetic datasets (broader, irregular trajectories), FAME achieves substantially larger

gains—i.e., it excels as function-space complexity increases.
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◼ FAME is the first FoFR model to operate directly on irregularly sampled 

functional space—no predefined bases or grids—with effectiveness backed 

by theory and extensive experiments.

◼ FAME introduces a functional attention mechanism: continuous attention via 

bidirectional NCDEs (intra-functional continuity) and multi-head cross 

attention (inter-functional interactions).

◼ FAME augments a mixture-of-experts (MoE) architecture for adaptive 

heterogeneity modeling and uses an NCDE decoder to produce continuous 

outputs at arbitrary query locations, naturally handling misaligned targets.
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