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Sequence Modeling

● How to represent and learn highly nonlinear and probabilistic dynamics?

● The usual way: Model each step by a stochastic nonlinear neural network.

● Issue: Generation is serialized across sequence length.
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Sequence Modeling

● How to represent and learn highly nonlinear and probabilistic dynamics?

● Linear recurrence offers parallelizability.

● Issue: Deterministic in nature. Uncertainty often handled post hoc.
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Sequence Modeling

● Can we make a sequence model that is…

● Computationally linear over sequence length,

● And natively handles nonlinear and probabilistic dynamics?

● How can we characterize its generative process?

● How can we parameterize and train it?



Operator Theory

● Operator theory lifts the notion of vector spaces to functions and probability 
distributions.

● This allows one to work with probability distributions and their evolutions using 
linear algebraic tools.



Operator Theory

● A probability distribution is represented as a vector (in a Hilbert space)

● The vector is called the mean embedding via the feature map ϕ. Under 
some conditions, it encodes the full information of embedded distribution.

● Maximum mean discrepancy (MMD) measures distance between distributions

X ~ ρ ⇒ μρ = 𝔼[ϕ(X)]

MMD(ρ, π) = ||μρ − μπ||



Operator Theory

● A conditional P[X|Z] is represented by a linear map (between Hilbert spaces)

● The map U is called the conditional mean embedding (CME) operator.

● For a linear operator, we may compute a spectral decomposition

μX|Z=z = 𝔼[ϕ(X) | Z=z] = Uφ(z) ⇒ μX = U μZ

U = ∑i λi (hi ⊗ gi)



Operator Theory

● A joint distribution is represented as a tensor (in a product Hilbert space)

● Under some conditions, it encodes the full information of the distribution.

● Challenge 1: Issues with tractability due to the size

X1 … XN ~ ρ ⇒ μρ = 𝔼[ ϕ(X1) ⊗ ϕ(X2) ⊗ … ⊗ ϕ(XN) ]



Operator Theory

● Suppose we have mean embedding μρ. How do we generate a sample x ~ ρ?

● MMD gradient flow defines a probability path (pt)t≥0 driven by vector field (vt)t≥0

● Continuity equation; ∂tpt + div(ptvt) = 0

● As t → ∞, we have pt → ρ.

● Challenge 2: Sampling is slow as convergence is guaranteed in time limit

vt(x) = − ∇x⟨ϕ(x), μpt − μρ⟩



Hidden Markov Model

● Can express arbitrary nonlinear and probabilistic dynamics

● Described by conditionals P[Zn+1|Zn] and P[Xn|Zn] and respective operators

● Transition Uφ(z) = 𝔼[φ(Zn+1) | Zn=z]

● Observation Oφ(z) = 𝔼[ϕ(Xn) | Zn=z]
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μZn+1 = UμZn

μXn = OμZn



Hidden Markov Model

● From the linear operator structure, we derive a scalable decomposition of the 
full sequence mean embedding

● Tensor network structure; ⟨ϕ(x1) ⊗ · · · ⊗ ϕ(xN), μρ⟩ is tractable and is linear in 
sequence length; resolves Challenge 1

μρ = O⊗N μZ1…ZN, μZ1…ZN = ∑i2…iN bi2 ⊗ λi2 wi2,i3 ⊗ · · · ⊗ λiN−1 wiN−1,iN ⊗ λiN hiN



Accelerating MMD Flow

● At each time point, the MMD flow follows the steepest direction of the MMD 
measured by a fixed feature map ϕ. 

● We can make it flexible using time-varying Hilbert space feature map (ϕt)t≥0

● But how can we identify ϕt that guarantees fast convergence?

● By regressing a known vector field (ut)t∈[0,1] inducing (qt)t∈[0,1] with q1 ≈ ρ. 
A choice can be taken from flow matching literature; solves Challenge 2

vt(x) = − ∇x⟨ϕt(x), μpt,t − μρ,t⟩, μρ,t = 𝔼[ϕt(X)]



Neural Network Parameterization

● Based on neural tangent kernel theory, we parameterize each Hilbert space 
element as a time-conditioned scalar-valued MLP. The MMD flow is defined 
through their gradients with respect to the input.

● All components are end-to-end trained with flow matching.

● (more engineering details in the paper)



Synthetic experiment



Time-series Modeling



Time-series Modeling



PyTorch Implementation Available

github.com/jw9730/spectral-mean-flow


