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Hoeffding Functional Decomposition (HFD)

ν is a real function defined on a bounded subset of Rp.
X = (X (1), . . . ,X (p)) is a random input vector of dimension p.
Hoeffding functional decomposition:

ν(X) =ν1(X
(1)) + . . .+ νp(X

(p))

+ ν(1,2)(X (1),X (2)) + . . .+ ν(p−1,p)(X (p−1),X (p))

+
∑

J⊂{1,...,p}
s.t.|J|≥3

ν(J)(X (J1),X (J2), . . .).

Properties : uniqueness, pure interactions, sparsity, causal variable
selection
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Hoeffding Functional Decomposition (HFD)

Theorem (Hoeffding Decomposition (Stone, 1994; Hooker, 2007))

If the input vector X admits a positive bounded density on [0, 1]p, and ν
is a square-integrable real function defined on [0, 1]p, then there exists a
unique set of functions {ν(J)}J∈Pp , such that

ν(X) =
∑
J∈Pp

ν(J)(X(J)),

and for all J ∈ Pp, I ⊂ J with I ̸= J, E[ν(J)(X(J))|X(I )] = 0.
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HFD Illustration

Example of the HFD with the California Housing dataset.

Figure: For the “California Housing” dataset, main effects of “Longitude” and
“Latitude” in the decompositions of respectively TreeHFD in blue and
TreeSHAP with interactions in red.
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Objectives

State-of-the-art:
For independent inputs, the HFD has closed formula.
For dependent inputs with known distribution, the HFD can be
estimated with tree ensembles (Lengerich et al., 2020).
Open problem for dependent inputs without the input distribution.

Objective: Estimate the HFD in standard machine learning settings,
using tree ensembles (gradient boosted trees (Friedman, 2001), XGBoost
(Chen and Guestrin, 2016), random forests (Breiman, 2001))
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HFD for Tree Ensembles

Main idea: Discretization of the input distribution across the Cartesian
tree partitions.
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Figure: Example of the partition of [0, 1]2 by a tree Tℓ (left side), and the
associated Cartesian tree partitions A(1)
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HFD for Tree Ensembles

HFD can be adapted for tree ensembles, with a discretization of the
orthogonality constraints across the Cartesian tree partitions.
Strong theoretical properties for hierarchical orthogonality, sparsity,
causal variable selection, and accuracy.
TreeHFD algorithm minimizes a lost function for each tree to
estimate the HFD.

7 / 10



TreeHFD Experiments
Analytical Example:

Gaussian random vector X with p = 6 (correlation ρ = 1/2)
Y = m(X) + ε (ε ∼ N (0, 0.52))
m(X) = sin(2πX (1)) + X (1)X (2) + X (3)X (4)

Figure: Main effects of the decompositions for X (1) and X (2). Solid lines
provide the theoretical functions, with the HFD in green, int. SHAP in red, and
obs. SHAP in orange. Green and red points are respectively the values
provided by TreeHFD and TreeSHAP with interactions for xgboost.
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TreeHFD Experiments

TreeHFD for the California Housing dataset versus TreeSHAP.

Figure: For the “California Housing” dataset, main effects of “Longitude” and
“Latitude” in the decompositions of respectively TreeHFD in blue and
TreeSHAP with interactions in red.
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Conclusion

TreeHFD is an accurate estimate of the HFD based on tree
ensembles.
Open source Python package for XGBoost: treehfd
treehfd is available on pypi and github:
https://github.com/ThalesGroup/treehfd.
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