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What is the problem of interest?

▶ Consider the general unconstrained minimization problem with optimal solution x∗

min
x∈Rd

f (x)

• Assumption 1: f (x) is twice differentiable and strictly convex.

• Assumption 2: f (x) is strongly self-concordant with parameter M > 0, i.e.,

∇2f (x) − ∇2f (y) ⪯ M∥x − y∥z∇2f (y), ∀x , y , z ∈ Rd . (1)

▶ Goal: Finding the global complexity of classic quasi-Newton methods for this
self-concordance setting.
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Quasi-Newton Methods

▶ Quasi-Newton (QN) methods aim at speeding up first-order methods by approximating
the function’s curvature and using a preconditioner

xk+1 = xk − ηkB−1
k ∇f (xk)

▶ When Bk ≈ ∇2f (xk) they mimic Newton’s method
▶ Only use gradient to construct Bk ⇒ Still first-order methods

▶ Main ideas:
• Proximity condition: Keep Bk and Bk+1 close

• Secant condition: Bk+1sk = yk where sk = xk+1 − xk , yk = ∇f (xk+1)−∇f (xk).
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Quasi-Newton Methods
▶ Focus on the BFGS quasi-Newton method:

Bk+1 = Bk − Bksks⊤
k Bk

s⊤
k Bksk

+ yky⊤
k

s⊤
k yk

.

▶ Define Hk = B−1
k . Using Sherman-Morrison-Woodbury formula, we have

Hk+1 =
(

I − sky⊤
k

y⊤
k sk

)
Hk

(
I − yks⊤

k
s⊤
k yk

)
+ sks⊤

k
y⊤

k sk
.

▶ The computational cost per iteration is O(d2)
▶ Focus on the weak Wolfe line search step size ηt with dt = −Ht∇f (xt),

f (xt + ηtdt) ≤ f (xt) + αηt∇f (xt)⊤dt , (2)
∇f (xt + ηtdt)⊤dt ≥ β∇f (xt)⊤dt , (3)

where 0 < α < β < 1 and 0 < α < 1/2.
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Quasi-Newton Methods

▶ The iterates of BFGS quasi-Newton method are affine invariant, i.e.,

Theorem: [Jin-Mokhtari, 2025]

Let the iterations {xt}+∞
t=0 be generated by the BFGS algorithm applied to the

objective function f (x). Consider the iterates {ẋt}+∞
t=0 produced by applying BFGS

to the transformed function ϕ(x) = f (Ax), where A ∈ Rd×d is a non-singular
matrix. Assume that the initializations satisfy ẋ0 = A−1x0 and Ḃ0 = A⊤B0A.
Then, for any t ≥ 0, the following relationships hold: ẋt = A−1xt , Ḃt = A⊤BtA
and ϕ(ẋt) = f (xt).
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Resent Results on Quasi-Newton Methods

▶ Classic results have shown asymptotic local superlinear convergence for QN methods

lim
t→∞

∥xt+1 − x∗∥
∥xt − x∗∥

= 0

▶ Recent results show explicit non-asymptotic superlinear rate for quasi-Newton methods
▶ Rodomanov-Nesterov’20 and Jin-M’20 concurrently but using different Lyapunov

functions showed local superlinear rates of the form O((1/
√

t)t)
▶ Jin-M’24a proved global non-asymptotic superlinear rate with exact linesearch
▶ Jin-M’24b and Rodomanov-Nesterov’24 proved global non-asymptotic superlinear rate

with inexact linesearch
▶ However, all these results require strong convexity and are not affine invariant.
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Contributions

▶ We establish first global non-asymptotic linear and superlinear convergence rates for
BFGS without requiring strong convexity or Lipschitz continuity of the gradient or
Hessian.

▶ We derive explicit convergence rates for the BFGS method that are affine invariant and
consistent with the affine invariance property of the BFGS method.
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Notation and Definitions

▶ For any A ∈ Sd
++, we define Ψ(A) as Ψ(A) := Trace(A) − d − log Det(A).

▶ Introduce the function ω as ω(x) := x − log (x + 1) and ω−1 as its inverse function

▶ Define the sequences {Ct}+∞
t=0 and {Dt}+∞

t=0 as

Ct := f (xt) − f (x∗), Dt := 2ω−1
(
M2Ct/4

)
.

▶ Define the following weighted versions of the initial Hessian approximation matrix B0,

B̄0 = ∇2f (x∗)− 1
2 B0∇2f (x∗)− 1

2

1 + D0
, B̃0 = ∇2f (x∗)− 1

2 B0∇2f (x∗)− 1
2 .
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Global Linear Convergence Rates

Theorem: [Jin-Mokhtari, 2025]

Consider BFGS with weak Wolfe line search. For any initial point x0 ∈ Rd and any
initial Hessian approximation B0 ∈ Sd

++, the following global convergence rates hold,

f (xt) − f (x∗)
f (x0) − f (x∗) ≤

1 − α(1 − β)e− Ψ(B̄0)
t

(1 + D0)2

t

.

Moreover, when t ≥ Ψ(B̄0), we obtain that

f (xt) − f (x∗)
f (x0) − f (x∗) ≤

(
1 − α(1 − β)

3(1 + D0)2

)t
.
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Global Linear Convergence Rates

▶ We proceed to present an improved version of the result of global linear convergence,
showing that after a sufficient number of iterations, the linear rate of BFGS becomes
independent of D0 and B0.

Theorem: [Jin-Mokhtari, 2025]

Consider BFGS with weak Wolfe LS. For any x0 ∈ Rd and any B0 ∈ Sd
++, if

t ≥ Ψ(B̃0) + 3D0(Ψ(B̄0) + 3(1+D0)2

α(1−β) ) we have

f (xt) − f (x∗)
f (x0) − f (x∗) ≤

(
1 − 2α(1 − β)

3

)t
.
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Requirement for SuperLinear Rate
▶ To achieve a superlinear result, we need establish under what conditions step size

ηt = 1 is admissible.

Lemma: (Informal) [Jin-Mokhtari, 2025]

There exists constants 0 < δ1 < δ2 < 1 < δ3. If Ct ≤ δ1 and δ2 ≤ ρt ≤ δ3, then
ηt = 1 satisfies weak Wolfe line search conditions.

▶ Based on this, we show that the size of the set of indices where unit step size didn’t
satisfy the weak Wolfe conditions is limited.

Lemma: (Informal) [Jin-Mokhtari, 2025]

For t ≥ max
{

Ψ(B̄0), 3(1+D0)2

α(1−β) log C0
δ1

}
, the number of time indices for which

η = 1 does not satisfy the weak Wolfe conditions is upper bounded.
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Global Superlinear Rate

Theorem: [Jin-Mokhtari, 2025]

Consider BFGS with weak Wolfe line search. For any x0 ∈ Rd and any B0 ∈ Sd
++, we

have that
f (xt) − f (x∗)
f (x0) − f (x∗) = O

(
Ψ(B̃0) + D0Ψ(B̄0) + (1 + D0)2

t

)t

,

▶ First non-asymptotic global superlinear convergence rate of a quasi-Newton method
without the assumption of strong convexity.

▶ Both linear and superlinear convergence rates are affine invariant.
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Numerical Experiments

▶ We focus on a hard cubic objective function, i.e.,

f (x) = α

12

(d−1∑
i=1

g(v⊤
i x − v⊤

i+1x) − βv⊤
1 x
)

+ λ

2 ∥x∥2,

and g : R → R is defined as

g(w) =
{1

3 |w |3 |w | ≤ ∆,

∆w2 − ∆2|w | + 1
3∆3 |w | > ∆,

where α, β, λ, ∆ ∈ R are hyper-parameters and {vi}n
i=1 are standard orthogonal unit

vectors in Rd .
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Numerical Experiments
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Figure: Convergence rates of BFGS with different B0, gradient descent and accelerated gradient
descent for solving the hard cubic function with different dimensions.
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Numerical Experiments

▶ The second loss function is the logistic regression:

f (x) = 1
N

N∑
i=1

ln (1 + e−yi z⊤
i x ),

where {zi}N
i=1 are the data points and {yi}N

i=1 are their corresponding labels.
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Numerical Experiments
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(a) d = 100.
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(b) d = 1000.

Figure: Convergence rates of BFGS with different B0, gradient descent and accelerated gradient
descent for solving the logistic regression function with different dimensions.
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Numerical Experiments

▶ We compare the performance of BFGS, GD, and AGD under a transformation matrix A
chosen to be a non-singular ill-conditioned matrix.

▶ We observe that the convergence trajectory of BFGS with this transformation is
identical to that of the vanilla BFGS method, consistent with the affine invariance of
quasi-Newton methods.
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Numerical Experiments

0 30 60 90 120 150 180 210 240 270 300
10-15

10-10

10-5

100

(a) d = 100.

0 300 600 900 1200 1500 1800 2100 2400 2700 3000
10-15

10-10

10-5

100

(b) d = 1000.

Figure: Convergence rates of BFGS with different B0, gradient descent and accelerated gradient
descent for solving the hard cubic function with transformation matrix A.
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