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Inverse problems
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Diffusion bridges
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Diffusion bridges
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) = dar;t:[fwt,t)—2(t)<%s(wt,t,y,T)—h(a:t,t,y,T))]dt

Zhou et al., Denoising Diffusion Bridge Models, ICLR 2024



Diffusion models

Data Forward SDE Prior Reverse SDE Data

z(0) dz = f(z,t)dt + g(t)dw —)@— dz = [f(z,t) — ¢°(t)V, log pi ()] dt + g(t)dw
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Song et al., Score-based Generative Modeling Through Stochastic Differential Equations, ICLR 2021



Diffusion

. Score
Drift coefficient

coefﬁcientO\ Diffusion models {o function
Data orward SD Prior Reverse SDE Ban

z(0) dz = f(a:,t*it + g(t)dp —)@— dz = [f(z,t) — ¢°(t)|V. log p: (2)] dt + g(t)dw
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Song et al., Score-based Generative Modeling Through Stochastic Differential Equations, ICLR 2021



What’s missing?
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L J

Observable
measurement
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Forward model

Linear
measurement
Observable system Noise covariance
measurement {O {O
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Embedding the system into the SDK
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Forward SDE

%atrix—valued SDEs

I dxt = thtdt =+ thwt I

Reverse SDE
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tht

G, G Vi logp(xy)|dt + Gedwy o
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%Jatrix—valued SDEs

Forward SDE dx; = Fix,dt + G;dw, b

~ Null space

Range space

Reverse SDE e = [Fix; — Gy G Vi logp(xy)|dt + Gedwy o
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%Jatrix—valued SDEs

Forward SDE dx; = Fix,dt + Gdw,

~ Null space

Range space

Reverse SDE <« tht G G er logp(xt)]dt + thwt (—"
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System-Embedded Diffusion Bridge Models (SDB)

Forward SDE dx; = Fix;dt + Gedw, > y = Axg + Z7€

~ Null space

Range space

Reverse SDE = dx; = [tht — GtG;erﬁ logp(xt)]dt +Gdwy 0
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Novel processes
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SDB variants
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SDB variants
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SDB variants

SDB (SB)
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Theoretical viewpoint
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Framework generality

Theorem 1 [Tivnan et al., 2025] Assume that x; | Xo evolves according to the linear forward process
from eq. (1). Then, x; | xo ~ N (H;xo, X;), where

t t
H; = exp (:(F;)) = exp </ Fsds> .2, =H, (/ H;leGSTHs_les> H/, (6
0 0

where QU is the Magnus expansion and the approximation becomes equality if, for all s, s’ € [0,t],
[Fs,Fyo] =0, ie., Fs and Fy commute. Conversely, given H; and X, the drift and diffusion
coefficients can be obtained via:

dH as
F, = dtth ,GG/ = d—tt 5 SR 55 (7
H, = ATA + a,(I— ATA), (82)
> = wATSAT 4+ B,(I— ATA). (8b)
d
Ft dt log at(I A A) (103)
o
.;‘T\;J' 0 G.G/ = th ATZAT 4 (dﬂ i 2ﬂt  log at> (I— A*A). (10b)
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Optimal transport

Theorem 2 For the linear SDE deﬁned in eq. () with ¥, and G, given by egs. (10a) and (10b)
_2
respectively, let a; = (_thTtatz, By = szt v foro? = fo 2(7)dr, 67 = f . g*(7)dr for some non-

negative function g(t). Assuming that g(t) — 0 uniformly for all t, the null space part of this SDE
reduces to an OT-ODE:

dI — ATA)x; = vi(x; | X0)dt, (11)
where vi(X¢ | Xo) = (hmg(t)_)o J—)> (I—ATA)(xt—xp).
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Principled posterior sampling

Theorem 3 Let the forward measurement model be p(y|x) = N (Ax, X). Then, under the SDB
dynamics defined by eq. (1), eq. (7), and eq. (8), with time-dependent scalar coefficients o, B, and
¢ satisfying
: oF
lim 7y, =1, IESE =0,
the corresponding reverse-time SDE generates asymptotically exact samples from the Bayesian
posterior distribution p(x|y).

p(x|y)
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Kmpirical results
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X y 125B IR-SDE GOUB DDBM SDB

New state-of-the-art

Inpainting - CelebA-HQ Superresolution - DIV2K CT Reconstruction - RSNA MRI Reconstruction - Br35H
Method FID| LPIPS| PSNR{ SSIM{ FID| LPIPS| PSNRT SSIMT FID| LPIPS| PSNR1 SSIMt FID] LPIPS| PSNR 1 SSIM 1

Unsupervised

DPS 123 0213 1859 0.684 1012 0295 19.04 0492 2925 0.160 32870 0.709 40.73 0.187 21336 0.549
IIGDM 102 0.146 19.02 0.762 97.09 0.311 18.84 0530 3229 0.165 31272 0.757 41.14 0.211 19.830 0.665
DDNM 107 0.112 1890 0.791 99.21 0.302 17.13 0.513 3041 0.238 27.226 0.783 42.23 0.196 18.122 0.636

Supervised
Y Y 12SB 5.56 0.047 2741 0.889 83.73 0.176 2521 0.686 24.81 0.107 41.886 0.924 31.54 0.065 28.750 0.849
O \.J ° .k.‘ IR-SDE 4.68 0.031 2992 0912 9622 0.185 2351 0.603 18.88 0.028 43438 0.964 30.14 0.065 28.878 0.871
_.“T, eve ., GOUB 469 0.031 2989 0912 98.89 0.178 2439 0.649 1990 0.024 43.878 0.967 30.63 0.058 28.590 0.863
‘e %4 DDBM  6.03 0.047 2815 0906 90.16 0233 2579 0.720 2336 0.040 44415 0964 3242 0.074 28971 0.872
ﬁ NEURAL Ours

INFORMATION SDB(VP) 490 0030 3051 0914 8708 0228 2591 0724 1543 0019 46365 0981 3288 0068 29255 0.8l
. SDB (VE) 597 0042 3212 0944 9473 0226 2590 0718 1417 0020 46325 0981 3390 0083 29.098 0.876
.PROCESSING SDB (SB) 4.63 0.031 3040 0930 8156 0226 2610 0724 1502 0.018 46.672 0982 2985 0.053 29812 0.893
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FID (1)

0.40

Misspecified model
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Misspecified operator and noise

Method Kernel 32 x 32 | JPEG 30%
FID| LPIPS| PSNRT SSIMt | FID| LPIPS| PSNRT SSIM?
IRSDE 13047 0.684 17.85 0.381 99.43 0.283 24.81 0.651
I12SB 131.33  0.681 17.84 0.381 93.62 0.322 25.12 0.668
DDBM 131.55 0.700 17.83 0.380 92.39 0.373 25.19 0.685
GOUB 134.66  0.690 17.85 0.370 | 101.08 0.291 2491 0.662
SDB (SB) 129.87 0.682 17.86 0.390 90.26 0.380 2541 0.692
Method Io = 10000 | Ip = 5000 Ip = 1000
FID| LPIPS| PSNRT SSIMt | FID] LPIPS, PSNRt SSIMf | FID, LPIPS| PSNRT  SSIMt
GOUB 1778 0.0230 4485 09717 | 17.83  0.0240 4459 09705 | 2052  0.0491 4279 09588
IRSDE 1729  0.0256 4417 09681 | 17.86  0.0299 4388 09665 | 21.12  0.0678 4184 09506
DDBM 2069 0.0402 4411 09622 | 2057  0.0406 4393 09613 | 2175  0.0575 4253 09525
e 12SB 2191 0.1014 4168 09242 | 21.82  0.1018 4154 09231 | 2243 01170 4044 09130
0%{-. O SDB(SB)  14.03  0.0193 4605 09799 | 1461  0.0203 4570 09785 | 19.80  0.0461 43.44 09657
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What’s next?
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Future work

1. Nonlinear forward models
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Future work
1. Nonlinear forward models

2. General operator-specific SDEs
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Future work
1. Nonlinear forward models
2. General operator-specific SDEs

3. Trustworthiness
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Thank you!
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