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Physics Informed Machine Learning

𝒩[u(x, t)] = 0, x ∈ Ω, t ∈ [0,T ]

u(x, t) ≈ uθ(x, t)
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PDE Residual Loss

Differential Equation:

Parameterized Solution:

Loss:

u(x,0) = u0(x), x ∈ Ω
u(x, t) = g(x, t), x ∈ ∂Ω
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Sampling Choice
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No analytic solution

Uniform quadrature

Monte Carlo: High dimensions
                   Low dimensions

Computing the integral



True Solution Random quadrature

Random Quadrature is Sub-Optimal



ℒu = f, in Ω
u = g, in ∂Ω

∫ ∫ Ω
− ∇2u v dxdy = ∫ ∫Ω

f v dxdy

Test function

} }

Choice of Test functions
Choice of Quadrature Rules

Strong & Weak Form

−∇2u(x, y) = f(x, y), (x, y) ∈ Ω
u(x, y) = 0, (x, y) ∈ ∂Ω

Choice of Collocation Points



w(x) = (1 − x)α(1 + x)βWeight function:

∫
1

−1
f(x)(1 − x)α(1 + x)βdx ≈

n

∑
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wi f(xi)

}
Roots of Orthogonal Polynomial

Quadrature Rule

￼w(x) = (1 − x)α(1 + x)βh(x), x ∈ [−1,1]Generalized Gauss Jacobi  
type weight:

Fast computation of nodes and weights for large n!!

Idea: Jointly learn the test (weight) functions and solution



Learnable Quadrature



Asymptotic Formulae

Value depends on the region of the domain

+ (Other terms)

+ (Other terms)

Bulk Region

Other Terms depend on α, β, n, h



Small MLPs (tanh):

￼w(x) = (1 − x)α(1 + x)βhθ(x), x ∈ [−1,1]

Coefficients in the asymptotic expansion

Naive application leads to overfitting

x
Interlacing of roots! pn pn+1

Parameterization & Regularization

uθSolution Function

Weight Function

Loss = L(uθ(xk)) + (
n
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Valid Quadrature
PINN Loss

Non-trivial weight

} } }



Metric and Evaluation

Relative Error =
| |uθ − u | |2

| |u | |2

Table 1: LearnQuad has lowest L2 relative error (mean ± standard 
deviation)



Metric and Evaluation

Table 2: Relative ￼  error with 1000 collocation points. LearnQuad 
yields best results in 4 of 5 cases.
L2

Relative Error =
| |uθ − u | |2

| |u | |2



LearnQuad for Family of PDE

ℒui = fi, in Ω

ui = gi, in ∂Ω



Visual Comparison
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