
Metric Automata Theory:
A Unifying Theory of RNNs

Adam Dankowiakowski,  Alessandro Ronca



few months later…

Sarrof et al., 2024 Grazzi et al., 2025



Sarrof et al. vs Grazzi et al.

Finite Precision*: 

“Linear RNNs with non-negative 
diagonal gates are star-free”

1. Introduction to RNN Expressivity

Finite Precision**: 

“Linear RNNs with non-negative 
eigenvalue gates are star-free”

Similar theorems and arguments, however…

Finite Precision* ≠ Finite Precision**

Simplifying assumptions on finite-precision arithmetic 

Not “real life”



Key Issues

No principled, commonly accepted framework.

Analysis of finite precision datatypes is messy!

1. Introduction to RNN Expressivity



Metric Automata Theory

• Continuous Dynamical Systems as a basis.

2. Overview of Metric Automata Theory



𝜼-finite spaces

• Finitely many compact & path-connected components.

• Key property: convergence ⟹ eventually in the same component.

≈ Finite Precision
2. Overview of Metric Automata Theory



Robustness

2. Overview of Metric Automata Theory

• Connects 𝜂-finite systems with real float implementations.

Robust system: approximation = implementation



Results

• 𝜂-finiteness formalises the intuitive approach of Sarrof et al.

• The setup in Grazzi et al. restricts the analysis and is still unrealistic.

• Significant simplification of proofs afforded by MAT.

3. Results, Empirical Validation and Future Work



Linear vs Non-linear

• Linear recurrence is incapable of robust state-tracking.

• xLSTM can robustly implement all star-free languages.

• Consequence: also can do so with finite-precision implementations.

Supported by existing empirical evidence…

3. Results, Empirical Validation and Future Work



Truth about Mamba…

• Mamba smashes star-free tasks on benchmarks (e.g., Sarrof et al.)

• We show that Mamba cannot recognize FlipFlop as an 𝜂-finite system

3. Results, Empirical Validation and Future Work



“Works, until it doesn’t”

3. Results, Empirical Validation and Future Work



Geometrically-constrained systems

• Constraint on output function

• Explains why Mamba empirically length-generalises on star-free 
tasks and fails completely on modular counting.

3. Results, Empirical Validation and Future Work



Thank you
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