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Background

Sampling from Discrete Energy Distribution

Task: sample from m(x): = %exp[—E(x)]
7= Zexp[—E(x)] (x €{0,1,..}9)
3 5]
aaana
Navavavavava

PV VAR

. down spin

Combinatorial Optimisation Energy-based Models Ising Spin Models



Background

Continuous Time Markov Chain (CTMC)

* Rate matrix characterises a discrete distribution path

. Ri(y,x) 2 0ify #x
Ri(y,x): X XX - R Re(x,x) = = Xyzx Re (¥, %)
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Background

Continuous Time Markov Chain (CTMC)

* Rate matrix characterises a discrete distribution path

. Ri(y,x) 2 0ify #x
Ri(y,x): X XX - R Re(x,x) = = Xyzx Re (¥, %)

* Probability distribution evolves: {p;(x)}:cfo,17 satisfy 53.—%

Sy —o
0:pr(x) = Zy Re(x,y)p:(¥) 1 ¢ o
Kolmogorov equation l L

t; to ts3 tg

* Dividing both sides by p; (x) leads to:

pe(y)
pe(x)

0t logpe(x;) = Ry (x,y) — Zy:tx R.(y,x)



1
Our Method m(x) = 7 exp[—E (x)]

Discrete Neural Flow Sampler
E.g., tempering:

* Specify a probabilistic path: Ee(x) = Bekolx) +/3(01=_1ﬂ,%f(:x)6

{pt(x)}tE[O,l]: pe(x) = Zit exp|—E:(x)],
po(x) easy to sample, p(x) = w(x),i.e., E;(x) == E(x)



1
Our Method m(x) = 7 exp[—E (x)]

Discrete Neural Flow Sampler
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* Specify a probabilistic path: Ee(x) = Bekolx) +/3(01=_1ﬂ,%f(=x)6
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* Learn a Rate matrix RY (v, x) by minimising L2 error:

L(R?) = Eg, o lll 0:10gpe(x) + Xyux R (v, %) — RY (x, ) Zgi 15]

Ensuring Kolmogorov equation to hold for every x ~ q;(x)
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Discrete Neural Flow Sampler
E.g., tempering:

* Specify a probabilistic path: Ee(x) = Bekolx) +/3(01=_f,%f(=x)6

{pt(x)}tE[O,l]: pe(x) = Zit exp|—E:(x)],
po(x) easy to sample, p(x) = w(x),i.e., E;(x) == E(x)

* Learn a Rate matrix RY (v, x) by minimising L2 error:

L(R?) = Eg, o lll 0:10gpe(x) + Xyux R (v, %) — RY (x, ) 2;223 15]

Ensuring Kolmogorov equation to hold for every x ~ q;(x)

* Simulate samples from m(x) (approximately) by:

xo ~ Po(x), Xepar ~ Cat(x; 1y, =x, T Resne(Xeiar X)AL)



1
Our Method m(x) = 7 exp[—E (x)]

Discrete Neural Flow Sampler
= exp(E.(x) — E;(y))

Training: L(Rf) — eq(x)[“ 0t logpt(x) + Zyix Rf (y,x) — Rf(x,y Zigg ”%]

Sampling:  Xo ~ Po (%), Xegar ~ Cat(x; 1y, o o=x, + Rerac(Xe4ae X)AL)

 Challenges:

* Estimating d; log p;(x):
pe(x) = ZiteXp[_Et(x)] = 0. logp.(x) = —0.E(x) — 0, log Z,

(intractable)

 |ntractable sum Zyix Rte (y,x) — Rte (x,y)

RY: X x R —» R™I requires 0(|X|) NN forward to compute the sum



Challenges m(x) = % exp[—E(x)]

Estimating d;log Z;
Monte Carlo estimate
can have high variance!

0:10gZ; = 50, T exp[~E, ()] = =5 T exp[~E, ()] 0:Ee (%) = ~Ep, () [0:E, ()]

e Solution: Discrete Stein control variate with x® ~ p,(x) (Discrete-Stein Operator

1
—Ep, 0 [0 E(x)] = I k=1 —0:Ec(x*) + B [Zy.—,tx RY (y,x) — R (x,y) 2283

Shi et al. Gradient Estimation with Discrete Stein Operators. NeurlPS 2022 9
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Estimating d;log Z;
Monte Carlo estimate
can have high variance!

0:10gZ; = 50, T exp[~E, ()] = =5 T exp[~E, ()] 0:Ee (%) = ~Ep, () [0:E, ()]

e Solution: Discrete Stein control variate with x® ~ p,(x) (Discrete-Stein Operator

1
—Ep, 0 [0 E(x)] = I k=1 —0:Ec(x*) + B [Zy.—,tx RY (y,x) — R (x,y) 2283

* Stein’s Identity ensures unbiasedness: for any R?
Ep.(x) [Zy:tx Rte(yr x) — Rte(x: y) %] =0

 Kolmogorov equation for globally optimal Rf (x,t)

~0:E, (%) + |20 RE (y,2) — RE (x,7) % = 9, log Z,

= §1(x; RY)
= Variance is 0 when 8 = 1 and R? (x, t) is optimal

Shi et al. Gradient Estimation with Discrete Stein Operators. NeurlPS 2022 10




Challenges m(x) = % exp[—E(x)]

Estimating d;log Z;
Monte Carlo estimate
can have high variance!

0:10gZ; = 50, T exp[~E, ()] = =5 T exp[~E, ()] 0:Ee (%) = ~Ep, () [0:E, ()]

e Solution: Discrete Stein control variate with x® ~ p,(x) (Discrete-Stein Operator

1
~Epy (o l0 EGO] = £ DKy =0, (xF) + B |2y e R () = RY (2, ) 2

* Stein’s Identity ensures unbiasedness: for any R?

pe(y) 530
Ep(x) [Zyix Rte(Yr x) — Rte(x y) - ] B 2.5 Mokt bk Aol ’ —— Epddogpe(x)
%2.0 0 | — Ep&t(X; Re)
* Kolmogorov equation for g/obal/y optlmal Rt (x,t) 2., | g2 |
g |\ 2,
0 0 pt(y) =10 | =
—0:E¢(x) + [Zyix R¢ (y,x) — R{ (x, }’) = 0y log Z; Sos \gm —6 MMWMM
0 5 00 0 10K 20K777¥3DK 40? 50K 8 0 10K 20K 30K 40K 50K
= gt (X' Rt ) Training Steps Training Steps

= Variance is 0 when 8 = 1 and R? (x, t) is optimal

Shi et al. Gradient Estimation with Discrete Stein Operators. NeurlPS 2022 11



Challenges

Efficient Training with LeNets

Naive summation requires
O(|X|) network evaluation!

Training: L(Rtg) = eq(x)[“ d; logp:(x) + Zyix Rf (y,x) — Rt? (x,y) Zig; ”%]

Locally Equivariant Networks (LeNets)

:r 90000 O
—Gf(+1,4|m) =TGf(—1,4|y)
9 . . Q . .
G¢ (1,i]lx) = —=G7 (x;,i|Swap(x, i, 7)) 1 9000000
T E {1, ,S} Swap(x’ i"[) = (xl, o, Xj =T, ___,xd) G?(+1=3|Z) - —Gf(—1,3|y)

: 000000
1 2 3 4 5 6

Holderrieth et al. LEAPS: A discrete neural sampler via locally equivariant networks. ICML 2025 12
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Efficient Training with LeNets

Naive summation requires
O(|X|) network evaluation!

Training: L(Rtg) = eq(x)[“ d; logp:(x) + Zyix Rf (y,x) — Rt? (x,y) Zig; ”%]

Locally Equivariant Networks (LeNets)

:r 90000 O
—Gf(+1,4|m) =TG?(—1,4|y)
9 . . 0 . .
G¢ (1,i]lx) = —=G7 (x;,i|Swap(x, i, 7)) 1 9000000
T E {1, ,S} Swap(x’ i"[) = (xl, o, Xj =T, "'de) G’f(+1,3|z) = —Gf(—1,3|y)

: 000000
1 2 3 4 5 6

: : pt(y)
L(R?) = Equa[ll 9 10gpe () + Ly | 67 i 110, = [=GE (s, 120], D= 112)
Summation requires only
O(1) network evaluation!

Holderrieth et al. LEAPS: A discrete neural sampler via locally equivariant networks. ICML 2025 13



Challenges

Efficient Training with LeNets

L(RE) = Equolll 0:10gPe() + Sty [ 6 0 i10)] | = [=6E G i10)], 222 112)

One-way Rate Matrix .
* Arate matrix R is one-way if R(y,x) > 0 implies R(x,y) = 0. @?@

R(x,y) =0

14



Challenges

Efficient Training with LeNets

L(RY) = Eg, [l 9, logp,(x) + Zi,yiixi[(;z,? (vi, i|x)]+ —|-GE (y;, ilx) | Zig; 15]

One-way Rate Matrix
R(y,x) >0
* A rate matrix R is one-way if R(y,x) > 0implies R(x,y) = 0. (%)= ()

R(x,y) =0

For a rate matrix R; that generates the probabilistic path p;, there

exists a one-way rate matrix Q; that generates the same path.
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Challenges

Efficient Training with LeNets

L(R?) = Eq,co[ll 9108 pe(x) + Xy 00, [ GF i 10|, =[G (i, i12)] Zgi 13]

One-way Rate Matrix
R(y,x) >0
* A rate matrix R is one-way if R(y,x) > 0implies R(x,y) = 0. (%)= ()

R(x,y) =0

For a rate matrix R; that generates the probabilistic path p;, there
exists a one-way rate matrix Q; that generates the same path.

One-way Parametrisation: The matrix R? (7, i|x) = [G],ﬁ9 (1, ilx)]+ is a one-way

rate matrix, where [z],. = max(z, 0) denotes the ReLU operation.

16



Instantiation of LeNets

Locally Equivariant Transformer (LeTF)
L(R?) = Eq,)[ll 0c1ogpe(x) + X; e | GF (i 11|, — [=GE (v, 110

Instantiation of LeNets

G(,ilx) = (w, — wxi)TH (x);,

Token embedding Hollow network: the i-th output is
independent from the i-th input
H(xjp)i. = H(x; )i, VT, T’

G (7, i|x) is locally equivariant

G(t,ilx) = —(a)xi — wT)TH(Swap(x, i,7));.
—G (x;, i|Swap(x, i, 7))

pe(y)
+ pe(x)

1]
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Instantiation of LeNets

Locally Equivariant Transformer (LeTF)

L(RE) = Equo[ll 96108 Pe() + Bty e [ 67 0 110)], = [=6E G i) B2 1B

Instantiation of LeNets Moo

) T | ’@ ________________ 1
G (T, llx) = ((UT — a)x_) H(x)l ) ;T Attention Readout Layer % " Projection Layer )
L a i = R [VL VR] Ei
Token embedding Hollow network: the i-th output is i| - -~ ]
it n Q 6, < e o9 |

independent from the i-th input =280~ S48 < - 0 ¢ =0\l W

— / o
H(xi<—‘[) i, — H(xi<—1;')i,:; VT; T /J X —
Bidi rectlonal Causal Attention Layer

G (t,i]x) is locally equivariant [ E” B}
Attention Layer Attention Layer j

I T ’
G(t,ilx) = —(wy, — @) H(Swap(x,i,1));, o e

—G (x;, i|Swap(x, i, 7))

\
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Experiments

Sampling from Ising Models

D=10x10
oc=0.2
m(x) < exp(—ox"Ax), x € {~1,1}",
Adjacency matrix of the lattice grid D =10x 10
oc=-0.2

c=0.1
ESS Free Energy Internal Energy Entropy
Optimal Value 1 -2.12417 -1.47632 0.28550 LEAPS DNFS (ours)
DNFS 0.9685 + 0.0010 -2.11201 + 6.6258e-05 -1.47425 + 0.0068 0.28106 + 0.0030 Different Log-variance Kolmogorov
LEAPS 0.3631+0.1184 -2.10111 + 0.0002 -1.44926 + 0.0130 0.28727 + 0.0057 Perspective Importance Weight Forward Equation
o= 0.22305 bl |
Learnable Monte Carlo
ESS Free Energy Internal Energy Entropy at 10g Zt .
Estimation Neural Network Control Variates
Optimal Value 1 -2.12417 -1.47632 0.28550
DNFS 0.9685 + 0.0010 -2.11201 + 6.6258e-05 -1.47425 + 0.0068 0.28106 + 0.0030 Architecture Locally Equivariant Locally Equivariant
LEAPS 0.3631+0.1184 -2.10111£0.0002  -1.44926 + 0.0130 0.28727 % 0.0057 Convolutional Network Transformer

Holderrieth et al. LEAPS: A discrete neural sampler via locally equivariant networks. ICML 2025 19



Experiments

Training Discrete EBMs

Vg 10g Py (%) = Epy | Vo E(D] = V4 E(0),

exp(w "))

Epg|VoE@)] = Tk 5 VoEQ), wh = [1¢,(x; RE) dt

exp(w (J))

Et(xt; Rtg) - _atEt(x) + [Zyix Rte (y; X) Rf(x y> ptiz;

Data Energy Samples Data Energy Samples Data Energy Samples

Energy Samples Energy Samples Energy Samples

20



Experiments

Solving Combinatorial Optimisation Problems

Target of Maximum Independent Set >:<

m(x) o« exp G (Zlizll Xi — AL jeE) xl-xj)), T -0 Cx

ER16-20 ER32-40 ER64-75

METHOD

Sizé 1 Drop)| TIME| SizEt Drorp| TIME] SIZE{1T DRropr] TIME ]
GUROBI 8.92 0.00% 4:00 14.62 0.00% 4:03 20.55 0.00% 4:10
RANDOM 5.21 41.6% 0:03 6.31 56.8% 0:06 8.63 58.0% 0:09
DMALA 8.81 1.23% 0:21 14.02 4.10% 0:22 1954 4.91% 0:24
GFLOWNET 8.75 1.91% 0:02 13.93 4.72% 0:04 19.13 6.91% 0:07
DNFS 8.28 7.17% 0:03 13.18 9.85% 0:06 18.12 11.8% 0:09

DNFS+DMALA 891 0.11% 0:10 14.31 2.12% 0:15 20.06 2.38% 0:22




Thank you for watching

* Contact: Zijing Ou (z.ou22@imperial.ac.uk)

 Code: https://github.com/J-zin/DNFS

« Poster time: 2025/12/03, 4:30pm-7:30pm
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https://github.com/J-zin/DNFS​
https://github.com/J-zin/DNFS​
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