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Background

Sampling from Discrete Energy Distribution

Task:    sample from   𝜋 𝑥 :=
1

𝑍
exp[−𝐸(𝑥)]

(𝑥 ∈ {0,1, … }𝑑)𝑍 ≔෍

𝑥

exp[−𝐸(𝑥)]

Energy-based ModelsCombinatorial Optimisation Ising Spin Models
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Background

Continuous Time Markov Chain (CTMC)

• Rate matrix characterises a discrete distribution path

𝑅𝑡 𝑦, 𝑥 :𝒳 × 𝒳 → ℝ
𝑅𝑡 𝑦, 𝑥 ≥ 0 if 𝑦 ≠ 𝑥
𝑅𝑡 𝑥, 𝑥 = −σ𝑦≠𝑥 𝑅𝑡(𝑦, 𝑥)
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Background

Continuous Time Markov Chain (CTMC)

• Rate matrix characterises a discrete distribution path

𝑅𝑡 𝑦, 𝑥 :𝒳 × 𝒳 → ℝ
𝑅𝑡 𝑦, 𝑥 ≥ 0 if 𝑦 ≠ 𝑥
𝑅𝑡 𝑥, 𝑥 = −σ𝑦≠𝑥 𝑅𝑡(𝑦, 𝑥)

𝜕𝑡𝑝𝑡 𝑥 = σ𝑦 𝑅𝑡 𝑥, 𝑦 𝑝𝑡(𝑦)

• Probability distribution evolves: 𝑝𝑡 𝑥 𝑡∈[0,1] satisfy

Kolmogorov equation

• Dividing both sides by 𝑝𝑡 𝑥 leads to:

𝜕𝑡 log 𝑝𝑡 𝑥𝑡 = 𝑅𝑡 𝑥, 𝑦
𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
− σ𝑦≠𝑥 𝑅𝑡 𝑦, 𝑥
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Our Method

Discrete Neural Flow Sampler

𝜋 𝑥 =
1

𝑍
exp[−𝐸(𝑥)]

• Specify a probabilistic path: 

𝑝𝑡 𝑥 𝑡∈[0,1]: 𝑝𝑡 𝑥 =
1

𝑍𝑡
exp[−𝐸𝑡(𝑥)], 

𝑝0(𝑥) easy to sample,         𝑝1 𝑥 = 𝜋 𝑥 , i.e., 𝐸1 𝑥 ≔ 𝐸(𝑥)

E.g., tempering: 
𝐸𝑡 𝑥 = 𝛽𝑡𝐸0 𝑥 + 1 − 𝛽𝑡 𝐸(𝑥), 

𝛽0 = 1, 𝛽1 = 0
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Our Method

Discrete Neural Flow Sampler

𝜋 𝑥 =
1

𝑍
exp[−𝐸(𝑥)]

• Learn a Rate matrix 𝑅𝑡
𝜃(𝑦, 𝑥) by minimising L2 error: 

• Specify a probabilistic path: 

𝑝𝑡 𝑥 𝑡∈[0,1]: 𝑝𝑡 𝑥 =
1

𝑍𝑡
exp[−𝐸𝑡(𝑥)], 

𝑝0(𝑥) easy to sample,         𝑝1 𝑥 = 𝜋 𝑥 , i.e., 𝐸1 𝑥 ≔ 𝐸(𝑥)

𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑦≠𝑥 𝑅𝑡

𝜃 𝑦, 𝑥 − 𝑅𝑡
𝜃 𝑥, 𝑦

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

Ensuring Kolmogorov equation to hold for every 𝑥 ∼ 𝑞𝑡(𝑥)

E.g., tempering: 
𝐸𝑡 𝑥 = 𝛽𝑡𝐸0 𝑥 + 1 − 𝛽𝑡 𝐸(𝑥), 

𝛽0 = 1, 𝛽1 = 0
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Our Method
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Ensuring Kolmogorov equation to hold for every 𝑥 ∼ 𝑞𝑡(𝑥)

E.g., tempering: 
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Our Method

Discrete Neural Flow Sampler

𝜋 𝑥 =
1

𝑍
exp[−𝐸(𝑥)]

• Challenges:

𝑝𝑡 𝑥 ≔
1

𝑍𝑡
exp[−𝐸𝑡(𝑥)] ⇒ 𝜕𝑡 log 𝑝𝑡 𝑥 = −𝜕𝑡𝐸𝑡 𝑥 − 𝜕𝑡 log 𝑍𝑡

(intractable)

• Estimating 𝜕𝑡 log 𝑝𝑡(𝑥):

𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑦≠𝑥 𝑅𝑡

𝜃 𝑦, 𝑥 − 𝑅𝑡
𝜃 𝑥, 𝑦

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

𝑥0 ∼ 𝑝0 𝑥 , 𝑥𝑡+Δ𝑡 ∼ 𝐶𝑎𝑡(𝑥; 1𝑥𝑡+Δ𝑡=𝑥𝑡 + 𝑅𝑡+Δ𝑡 𝑥𝑡+Δ𝑡 , 𝑥 Δ𝑡)

Training:

Sampling:

• Intractable sum σ𝑦≠𝑥 𝑅𝑡
𝜃 𝑦, 𝑥 − 𝑅𝑡

𝜃 𝑥, 𝑦

𝑅𝑡
𝜃: 𝒳 × ℝ → ℝ|𝒳| requires 𝒪 𝒳 NN forward to compute the sum

= exp(𝐸𝑡 𝑥 − 𝐸𝑡 𝑦 )
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Challenges

Estimating 𝝏𝒕𝐥𝐨𝐠 𝒁𝒕

𝜋 𝑥 =
1

𝑍
exp[−𝐸(𝑥)]

𝜕𝑡 log 𝑍𝑡 =
1

𝑍𝑡
𝜕𝑡 σ𝑥 exp[−𝐸𝑡(𝑥)] = −

1

𝑍𝑡
σ𝑥 exp[−𝐸𝑡(𝑥)] 𝜕𝑡𝐸𝑡 𝑥 = −𝐸𝑝𝑡 𝑥 [𝜕𝑡𝐸𝑡(𝑥)]

Monte Carlo estimate 
can have high variance!

• Solution: Discrete Stein control variate with 𝑥𝑘 ∼ 𝑝𝑡(𝑥)

−𝐸𝑝𝑡 𝑥 𝜕𝑡𝐸 𝑥 ≈
1

𝐾
σ𝑘=1
𝐾 −𝜕𝑡𝐸𝑡 𝑥

𝑘 + 𝛽 σ𝑦≠𝑥 𝑅𝑡
𝜃 𝑦, 𝑥 − 𝑅𝑡

𝜃 𝑥, 𝑦
𝑝𝑡(𝑦)

𝑝𝑡(𝑥)

(Discrete-Stein Operator)

Shi et al. Gradient Estimation with Discrete Stein Operators. NeurIPS 2022
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Challenges

Estimating 𝝏𝒕𝐥𝐨𝐠 𝒁𝒕

𝜋 𝑥 =
1

𝑍
exp[−𝐸(𝑥)]

𝜕𝑡 log 𝑍𝑡 =
1

𝑍𝑡
𝜕𝑡 σ𝑥 exp[−𝐸𝑡(𝑥)] = −

1

𝑍𝑡
σ𝑥 exp[−𝐸𝑡(𝑥)] 𝜕𝑡𝐸𝑡 𝑥 = −𝐸𝑝𝑡 𝑥 [𝜕𝑡𝐸𝑡(𝑥)]

Monte Carlo estimate 
can have high variance!

• Stein’s Identity ensures unbiasedness: for any 𝑅𝑡
𝜃

𝐸𝑝𝑡(𝑥) σ𝑦≠𝑥𝑅𝑡
𝜃 𝑦, 𝑥 − 𝑅𝑡

𝜃 𝑥, 𝑦
𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
= 0

• Solution: Discrete Stein control variate with 𝑥𝑘 ∼ 𝑝𝑡(𝑥)

−𝐸𝑝𝑡 𝑥 𝜕𝑡𝐸 𝑥 ≈
1

𝐾
σ𝑘=1
𝐾 −𝜕𝑡𝐸𝑡 𝑥

𝑘 + 𝛽 σ𝑦≠𝑥 𝑅𝑡
𝜃 𝑦, 𝑥 − 𝑅𝑡

𝜃 𝑥, 𝑦
𝑝𝑡(𝑦)

𝑝𝑡(𝑥)

(Discrete-Stein Operator)

• Kolmogorov equation for globally optimal 𝑅𝑡
𝜃 𝑥, 𝑡

−𝜕𝑡𝐸𝑡 𝑥 + σ𝑦≠𝑥𝑅𝑡
𝜃 𝑦, 𝑥 − 𝑅𝑡

𝜃 𝑥, 𝑦
𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
= 𝜕𝑡 log 𝑍𝑡

⇒ Variance is 0 when 𝛽 = 1 and 𝑅𝑡
𝜃 𝑥, 𝑡 is optimal

≔ 𝜉𝑡(𝑥; 𝑅𝑡
𝜃)

Shi et al. Gradient Estimation with Discrete Stein Operators. NeurIPS 2022
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Challenges

Efficient Training with LeNets
Naïve summation requires 
𝒪 𝒳 network evaluation! 

𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑦≠𝑥 𝑅𝑡

𝜃 𝑦, 𝑥 − 𝑅𝑡
𝜃 𝑥, 𝑦

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]Training:

Locally Equivariant Networks (LeNets)

𝐺𝑡
𝜃 𝜏, 𝑖 𝑥 = −𝐺𝑡

𝜃 𝑥𝑖 , 𝑖 Swap(𝑥, 𝑖, 𝜏)
𝜏 ∈ {1, … , 𝑆} Swap 𝑥, 𝑖, 𝜏 = (𝑥1, … , 𝑥𝑖 = 𝜏,… , 𝑥𝑑)

Image source: Holderrieth et al. 2025

Holderrieth et al. LEAPS: A discrete neural sampler via locally equivariant networks. ICML 2025
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Naïve summation requires 
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𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑖,𝑦𝑖≠𝑥𝑖

𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

− −𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

Summation requires only
𝒪 1 network evaluation! 

Image source: Holderrieth et al. 2025

Holderrieth et al. LEAPS: A discrete neural sampler via locally equivariant networks. ICML 2025
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Challenges

Efficient Training with LeNets

𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑖,𝑦𝑖≠𝑥𝑖

𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

− −𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

One-way Rate Matrix

• A rate matrix 𝑅 is one-way if 𝑅 𝑦, 𝑥 > 0 implies 𝑅 𝑥, 𝑦 = 0. 𝑥 𝑦
𝑅 𝑦, 𝑥 > 0

𝑅 𝑥, 𝑦 = 0
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Challenges

Efficient Training with LeNets

𝐿 𝑅𝑡
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− −𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

One-way Rate Matrix

• A rate matrix 𝑅 is one-way if 𝑅 𝑦, 𝑥 > 0 implies 𝑅 𝑥, 𝑦 = 0. 𝑥 𝑦
𝑅 𝑦, 𝑥 > 0

𝑅 𝑥, 𝑦 = 0

For a rate matrix 𝑅𝑡 that generates the probabilistic path 𝑝𝑡, there 
exists a one-way rate matrix 𝑄𝑡 that generates the same path.
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Challenges

Efficient Training with LeNets

𝐿 𝑅𝑡
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− −𝐺𝑡
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𝑝𝑡(𝑥)
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2]

One-way Rate Matrix

• A rate matrix 𝑅 is one-way if 𝑅 𝑦, 𝑥 > 0 implies 𝑅 𝑥, 𝑦 = 0. 𝑥 𝑦
𝑅 𝑦, 𝑥 > 0

𝑅 𝑥, 𝑦 = 0

For a rate matrix 𝑅𝑡 that generates the probabilistic path 𝑝𝑡, there 
exists a one-way rate matrix 𝑄𝑡 that generates the same path.

One-way Parametrisation: The matrix 𝑅𝑡
𝜃 𝜏, 𝑖 𝑥 = 𝐺𝑡

𝜃 𝜏, 𝑖 𝑥
+

is a one-way 

rate matrix, where 𝑧 + = max(𝑧, 0) denotes the ReLU operation. 
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Instantiation of LeNets

Locally Equivariant Transformer (LeTF)

𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑖,𝑦𝑖≠𝑥𝑖

𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

− −𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

Instantiation of LeNets

𝐺 𝜏, 𝑖 𝑥 = 𝜔𝜏 −𝜔𝑥𝑖

𝑇
𝐻 𝑥 𝑖,:

Token embedding Hollow network: the i-th output is 
independent from the i-th input
𝐻 𝑥𝑖←𝜏 𝑖,: = 𝐻 𝑥𝑖←𝜏′ 𝑖,:, ∀𝜏, 𝜏

′

𝐺 𝜏, 𝑖 𝑥 is locally equivariant

𝐺 𝜏, 𝑖 𝑥 = − 𝜔𝑥𝑖
−𝜔𝜏

𝑇
𝐻 Swap(𝑥, 𝑖, 𝜏) 𝑖,:

= −𝐺 𝑥𝑖 , 𝑖 Swap(𝑥, 𝑖, 𝜏)
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Locally Equivariant Transformer (LeTF)

𝐿 𝑅𝑡
𝜃 ≔ 𝐸𝑞𝑡(𝑥)[‖ 𝜕𝑡 log 𝑝𝑡 𝑥 + σ𝑖,𝑦𝑖≠𝑥𝑖

𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

− −𝐺𝑡
𝜃 𝑦𝑖 , 𝑖 𝑥 +

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
‖2
2]

Instantiation of LeNets

𝐺 𝜏, 𝑖 𝑥 = 𝜔𝜏 −𝜔𝑥𝑖

𝑇
𝐻 𝑥 𝑖,:

Token embedding Hollow network: the i-th output is 
independent from the i-th input
𝐻 𝑥𝑖←𝜏 𝑖,: = 𝐻 𝑥𝑖←𝜏′ 𝑖,:, ∀𝜏, 𝜏

′

𝐺 𝜏, 𝑖 𝑥 is locally equivariant

𝐺 𝜏, 𝑖 𝑥 = − 𝜔𝑥𝑖
−𝜔𝜏

𝑇
𝐻 Swap(𝑥, 𝑖, 𝜏) 𝑖,:

= −𝐺 𝑥𝑖 , 𝑖 Swap(𝑥, 𝑖, 𝜏)
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Experiments

Sampling from Ising Models

𝜋 𝑥 ∝ exp −𝜎𝑥𝑇𝐴𝑥 , 𝑥 ∈ {−1, 1}𝐷 ,
Adjacency matrix of the lattice grid

𝐷 = 10 × 10
𝜎 = 0.2

𝐷 = 10 × 10
𝜎 = −0.2

LEAPS

Different
Perspective

Log-variance
Importance Weight 

DNFS (ours)

Kolmogorov
Forward Equation 

𝜕𝑡 log 𝑍𝑡
Estimation

Learnable
Neural Network 

Monte Carlo
Control Variates 

Architecture
Locally Equivariant

Convolutional Network 
Locally Equivariant

Transformer

Holderrieth et al. LEAPS: A discrete neural sampler via locally equivariant networks. ICML 2025
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Experiments

Training Discrete EBMs

∇𝜙 log 𝑝𝜙(𝑥) = 𝐸𝑝𝜙(𝑦) ∇𝜙𝐸 𝑦 − ∇𝜙𝐸 𝑥 ,

𝐸𝑝𝜙(𝑥) ∇𝜙𝐸 𝑥 = σ𝑘=1
𝐾 exp(𝑤(𝑘))

σ𝑗=1
𝐾 exp(𝑤(𝑗))

∇𝜙𝐸 𝑥 , 𝑤(𝑘) = ׬
0

1
𝜉𝑡(𝑥𝑡; 𝑅𝑡

𝜃) 𝑑𝑡

𝜉𝑡 𝑥𝑡; 𝑅𝑡
𝜃 = −𝜕𝑡𝐸𝑡 𝑥 + σ𝑦≠𝑥 𝑅𝑡

𝜃 𝑦, 𝑥 − 𝑅𝑡
𝜃 𝑥, 𝑦

𝑝𝑡(𝑦)

𝑝𝑡(𝑥)
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Experiments

Solving Combinatorial Optimisation Problems

𝜋 𝑥 ∝ exp
1

𝑇
σ𝑖=1

𝑉 𝑥𝑖 − 𝜆σ 𝑖,𝑗∈𝐸 𝑥𝑖𝑥𝑗 , 𝑇 → 0

Target of Maximum Independent Set



Thank you for watching

• Contact: Zijing Ou (z.ou22@imperial.ac.uk) 

• Code: https://github.com/J-zin/DNFS​

• Poster time: 2025/12/03, 4:30pm-7:30pm

https://github.com/J-zin/DNFS​
https://github.com/J-zin/DNFS​
https://github.com/J-zin/DNFS​
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