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Modeling Derivatives
Is Gaussian process (GP) optimal?

Figure: Contrasting Q-EP (q = 1.0, middle) with GP (q = 2.0, bottom) against the
truth (top) for modeling function values and derivatives in the Rastrigin example.
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Physics-Informed Machine Learning

▶ Solving PDEs is of fundamental importance in science and technology.
There is increasing interest and effort to automate this process.

▶ There are two main thrusts: neural network (NN)-based algorithms and
Gaussian process (GP)-based probabilistic solvers.
▶ NN methods include PINN [18, 23], deep Ritz [4], deep Galerkin [20], FNO

[10], DeepONet [11], NIO [13], etc.
▶ They require large samples but lack convergence guarantee or

uncertainty quantification (UQ)

▶ GP is introduced to solve and learn ODEs [21, 19, 1, 6] and PDEs
[15, 16, 2, 12, 5] with theoretic guarantee [17] and UQ [7].

▶ GP tends to be over-smooth and lacks edge-preserving property [8, 3].

▶ We advocate the recently proposed q-exponential process (Q-EP) [9] as
a superior probabilistic method for solving and learning PDEs.
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Q-Exponential Process
principled regularization over function spaces

Definition
A multivariate q-exponential distribution, denoted as q−EDN(µ,C), has the
following density

p(u|µ,C, q) = q

2
(2π)−

N
2 |C|− 1

2 r(
q
2−1) N2 exp

{
− r

q
2

2

}
,

r(u) = (u− µ)TC−1(u− µ).

Definition (Q-EP)

A (centered) q-exponential process u(x) with kernel C, q−EP(0, C), is a
collection of random variables such that any finite set,
u = (u(x1), · · · u(xN)), follows a scaled multivariate q-exponential
distribution, i.e. u ∼ q−ED∗

N(0,C).

▶ If q = 2, q−EP(0, C) reduces to GP(0, C). When q ∈ (0, 2), Q-EP
imposes stronger regularization than GP.
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Modeling with Derivative Information

▶ Let u ∼ q−EP(0, C). Denote the function and its derivatives by

ũ = (u, ∂
∂xu, · · · ,

∂k

∂xk u) up to order k.

▶ ũ ∼ q−EP(0, C̃) is also a Q-EP if C, e.g. matern52, is differentiable.
▶ Heuristically, the superiority of Q-EP in modeling derivatives over GP

comes from its improved ability to handle inhomogeneity.

Table: The structure of kernel C̃ with derivatives.

Cov(·, ·) u(x′) ∂
∂x′ u(x

′) ∂2

∂(x′)2 u(x
′)

u(x) C(x, x′) ∂
∂x′ C(x, x

′) ∂2

∂(x′)2 C(x, x
′)

∂
∂xu(x)

∂
∂xC(x, x

′) ∂2

∂x∂x′ C(x, x
′) ∂3

∂x∂(x′)2 C(x, x
′)

∂2

∂x2 u(x)
∂2

∂x2 C(x, x
′) ∂3

∂x2∂x′ C(x, x
′) ∂4

∂x2∂(x′)2 C(x, x
′)
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Bayesian Model of PDE Solutions
with variational Q-EP

▶ Consider the general PDE defined on a bounded domain Ω ⊂ Rd :

D(u)(x) = f (x), x ∈ Ω,

B(u)(x) = g(x), x ∈ ∂Ω.
(1)

where D : Bs,q(Ω) → Lq(Ω), B : Bs,q(∂Ω) → Lq(∂Ω), f ∈ Lq(Ω), and
g ∈ Lq(∂Ω).

▶ Let Ω = Ω ∪ ∂Ω, P = (D,B) : Bs,q(Ω) → Lq(Ω), h = (f , g) ∈ Lq(Ω).

▶ Assume P : RD → R such that P(u)(x) = P(ũ(x)) with ∥∇P∥ ≤ C .

▶ Model ũ(X) ∼ q−ED(ũ, S) with some variational distribution. To
define likelihood, we propagate this distribution by linearizing P .

▶ Let Y = P(ũ(X)) and h = h(X). We have the solution to (1)
probabilistically as the posterior of the Bayesian model

Y|ũ(X), h ∼ q−EDN(h,Γ),

ũ ∼ q−EP(0, C̃).
(2)
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Convergence
Why is Q-EP (q = 1) better than GP (q = 2)?

▶ We approximate the posterior to (2) using sparse variational Bayes
[22, 14].

Theorem (Posterior Contraction)

Let u ∼ q−EP(0, C) with C in Lq(Ω) satisfying certain assumptions. If the
true solution to (1) u† ∈ Bs

†,q†(Ω) with s† > s′ +
(

d
q† − d

q

)
+
, s′ = d

q −
d
2 ,

and q†, q ∈ [1, 2], then the posterior of (2) contracts to u† at the optimal

rate ε†n = n
− 1

2+ d
s†−s′ whenever q ≤ q†.

▶ When q† ≥ 1, setting q = 1 guarantees the fastest convergence.

▶ The numerical experiments support the optimal choice of q = 1.
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Eikonal Equation

|∇u(x)|2 − ε∆u(x) = f (x)2, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.

Model (q) kernel MAE MSE RLE-1 RLE-2 RL-∞

1.0 Matern 1.68e-3 ± 5.41e-4 4.42e-6 ± 2.26e-6 0.0106 ± 0.0034 0.0110 ± 0.0030 0.0321 ± 0.0071
2.0 (Gaussian) Matern 9.64e-3 ± 1.33e-3 1.30e-4 ± 3.61e-5 0.0610 ± 0.0084 0.0612 ± 0.0087 0.1009 ± 0.0124
1.0 rbf 4.39e-3 ± 1.05e-3 3.91e-5 ± 2.52e-5 0.0278 ± 0.0066 0.0327 ± 0.0107 0.0648 ± 0.0324
2.0 (Gaussian) rbf 1.55e-2 ± 4.97e-4 3.07e-4 ± 2.87e-5 0.0982 ± 0.0031 0.0949 ± 0.0044 0.1236 ± 0.0048
1.0 rq 1.86e-3 ± 5.40e-4 5.51e-6 ± 3.44e-6 0.0118 ± 0.0034 0.0122 ± 0.0038 0.0168 ± 0.0064
2.0 (Gaussian) rq 3.07-3 ± 1.70e-3 1.89e-5 ± 2.83e-5 0.0194 ± 0.0107 0.0200 ± 0.0134 0.0325 ± 0.0242
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Burgers’ Equation

Model (q) MAE MSE RLE-1 RLE-2 RL-∞

PINN 5.81e-2 ± 1.03e-4 7.12e-3 ± 3.96e-4 0.1508 ± 0.0017 0.1896 ± 0.0052 0.2842 ± 0.0071
B-PINN 2.94e-2 ± 1.57e-2 1.67e-3 ± 1.58e-3 0.0785 ± 0.0420 0.0833 ± 0.0409 0.1327 ± 0.0446
0.5 7.77e-2 ± 7.09e-2 3.50e-2 ± 7.15e-2 0.2018 ± 0.3751 0.2056 ± 0.3764 0.2177 ± 0.3838
1.0 9.33e-3 ± 1.76e-4 1.77e-4 ± 2.16e-4 0.0242 ± 0.0128 0.0266 ± 0.0140 0.0324 ± 0.0145
1.5 2.64e-2 ± 8.58e-4 1.31e-3 ± 1.23e-3 0.0684 ± 0.0262 0.0754 ± 0.0316 0.0854 ± 0.0430
2.0(Gaussian) 7.13e-2 ± 8.68e-3 1.08e-2 ± 1.28e-2 0.1848 ± 0.0908 0.2068 ± 0.1118 0.2376 ± 0.1456
2.5 2.26e-1 ± 3.20e-1 2.49e-1 ± 6.04e-1 0.5879 ± 0.8296 0.6669 ± 0.9576 0.7558 ± 1.0521
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Conclusion

▶ In this paper, we propose a novel probabilistic PDE solver based on
q-exponential process (Q-EP).

▶ We theoretically justify and numerically demonstrate why Q-EP with
q = 1 is the preferable choice over GP with q = 2.

▶ In future, we will extend this work to diffusion probabilistic models
with q-exponential noise.
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