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Problem Setting

‣ Orlicz-Wasserstein (OW) / Generalized Sobolev transport 
(GST) employ Orlicz geometric structure to mitigate the 
limitations of traditional L geometry to remarkably 
advance certain machine learning approaches.

We study optimal transport (OT) for unbalanced graph-based measures.

‣ OW/GST are restricted to measures with equal total 
mass.
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Challenges

‣ For OW: one can incorporate mass constraints, or 
marginal discrepancy penalization. However, it leads to 
a more complex two-level optimization problem. 

How to efficiently generalized OW/GST for unbalanced measures 
supported on a graph metric space?

‣ For GST: it is a scalable, yet rigid framework. It poses 
significant challenges to extend GST to accommodate  
unbalanced measures.
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Graph Metric

‣ Graph metric: length of shortest path between nodes on graph. 

‣ Assumptions: (i) graph is given, (ii) it exist a root node     (i.e., 
unique shortest path from     to other nodes).<latexit sha1_base64="ZHSFvWcqZ0JUcpoyQMRO6j1qLnE=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkyiqV0W3bisYNpCG8pkOmmHTiZhZiLU0G9w40IRt36QO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BSyWZJNQnCU9kJ8SKciaor5nmtJNKiuOQ03Y4vpr57TsqFUvErZ6kNIjxULCIEayN5Ffv+6jaL1eQjWreuVOHyPaQU3c8Q1zPQciFjo3mqIAlmv3ye2+QkCymQhOOleo6KNVBjqVmhNNpqZcpmmIyxkPaNVTgmKognx87hSdGGcAokaaEhnP1+0SOY6UmcWg6Y6xH6rc3E//yupmO6kHORJppKshiUZRxqBM4+xwOmKRE84khmEhmboVkhCUm2uRTMiF8fQr/Jy3Xdmr22Y1baVwu4yiCI3AMToEDLkADXIMm8AEBDDyAJ/BsCevRerFeF60FazlzCH7AevsEFmqOOQ==</latexit>z0

<latexit sha1_base64="ZHSFvWcqZ0JUcpoyQMRO6j1qLnE=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkyiqV0W3bisYNpCG8pkOmmHTiZhZiLU0G9w40IRt36QO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BSyWZJNQnCU9kJ8SKciaor5nmtJNKiuOQ03Y4vpr57TsqFUvErZ6kNIjxULCIEayN5Ffv+6jaL1eQjWreuVOHyPaQU3c8Q1zPQciFjo3mqIAlmv3ye2+QkCymQhOOleo6KNVBjqVmhNNpqZcpmmIyxkPaNVTgmKognx87hSdGGcAokaaEhnP1+0SOY6UmcWg6Y6xH6rc3E//yupmO6kHORJppKshiUZRxqBM4+xwOmKRE84khmEhmboVkhCUm2uRTMiF8fQr/Jy3Xdmr22Y1baVwu4yiCI3AMToEDLkADXIMm8AEBDDyAJ/BsCevRerFeF60FazlzCH7AevsEFmqOOQ==</latexit>z0

<latexit sha1_base64="ZHSFvWcqZ0JUcpoyQMRO6j1qLnE=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkyiqV0W3bisYNpCG8pkOmmHTiZhZiLU0G9w40IRt36QO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BSyWZJNQnCU9kJ8SKciaor5nmtJNKiuOQ03Y4vpr57TsqFUvErZ6kNIjxULCIEayN5Ffv+6jaL1eQjWreuVOHyPaQU3c8Q1zPQciFjo3mqIAlmv3ye2+QkCymQhOOleo6KNVBjqVmhNNpqZcpmmIyxkPaNVTgmKognx87hSdGGcAokaaEhnP1+0SOY6UmcWg6Y6xH6rc3E//yupmO6kHORJppKshiUZRxqBM4+xwOmKRE84khmEhmboVkhCUm2uRTMiF8fQr/Jy3Xdmr22Y1baVwu4yiCI3AMToEDLkADXIMm8AEBDDyAJ/BsCevRerFeF60FazlzCH7AevsEFmqOOQ==</latexit>z0
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Orlicz-EPT

‣ We revisit EPT problem for unbalanced graph-based 
measures, and leverage Caffarelli & McCann’s insight to 
reformulate EPT as a standard complete OT. 

Orlicz-EPT: Entropy Partial Transport with Orlicz geometric 
structure

‣ We carefully calibrate the ground cost of the 
corresponding standard OT to ensure its nonnegativity.

‣ We establish theoretical background to solve Orlicz-EPT 
using a binary search algorithmic approach.
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Revisit EPT on a Graph
<latexit sha1_base64="W9ABSXHUs+VLkdi0EaEpl8hGteg="></latexit>

Wm(µ, ⌫) := inf
�2⇧(µ,⌫)
�(G⇥G)=m

h
F1(�1|µ) + F2(�2|⌫) + b

Z

G⇥G
dG(x, y)�(dx, dy)

i
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Revisit EPT on a Graph
<latexit sha1_base64="W9ABSXHUs+VLkdi0EaEpl8hGteg="></latexit>

Wm(µ, ⌫) := inf
�2⇧(µ,⌫)
�(G⇥G)=m

h
F1(�1|µ) + F2(�2|⌫) + b

Z

G⇥G
dG(x, y)�(dx, dy)

i

�1 = f1µ, �2 = f2⌫
<latexit sha1_base64="IsgtL1JXPgRezKh9LPI83B/2QJg="></latexit><latexit sha1_base64="IsgtL1JXPgRezKh9LPI83B/2QJg="></latexit><latexit sha1_base64="IsgtL1JXPgRezKh9LPI83B/2QJg="></latexit><latexit sha1_base64="IsgtL1JXPgRezKh9LPI83B/2QJg="></latexit>

F1(s) = F2(s) = |s� 1|
<latexit sha1_base64="R3Iv6MAtlUxfJS3pWWsT0nqprHY="></latexit><latexit sha1_base64="R3Iv6MAtlUxfJS3pWWsT0nqprHY="></latexit><latexit sha1_base64="R3Iv6MAtlUxfJS3pWWsT0nqprHY="></latexit><latexit sha1_base64="R3Iv6MAtlUxfJS3pWWsT0nqprHY="></latexit>

w1, w2 : T ! [0,1)
<latexit sha1_base64="VA5g9Tw/uYdOb/iuZAYgOrYBWwk="></latexit><latexit sha1_base64="VA5g9Tw/uYdOb/iuZAYgOrYBWwk="></latexit><latexit sha1_base64="VA5g9Tw/uYdOb/iuZAYgOrYBWwk="></latexit><latexit sha1_base64="VA5g9Tw/uYdOb/iuZAYgOrYBWwk="></latexit>

f1, f2 :
<latexit sha1_base64="OssBUDiCyqMO2cyMMekuR1EfmRQ="></latexit><latexit sha1_base64="OssBUDiCyqMO2cyMMekuR1EfmRQ="></latexit><latexit sha1_base64="OssBUDiCyqMO2cyMMekuR1EfmRQ="></latexit><latexit sha1_base64="OssBUDiCyqMO2cyMMekuR1EfmRQ="></latexit>

Radon-Nikodym derivatives

F1, F2 :
<latexit sha1_base64="7X96Fi5rDfYwnr8O6yvQ49fTyy4="></latexit><latexit sha1_base64="7X96Fi5rDfYwnr8O6yvQ49fTyy4="></latexit><latexit sha1_base64="7X96Fi5rDfYwnr8O6yvQ49fTyy4="></latexit><latexit sha1_base64="7X96Fi5rDfYwnr8O6yvQ49fTyy4="></latexit>

entropy functions

Nonnegative weights

Weighted relative entropies

<latexit sha1_base64="A+6PDgGb+sTh9JdMjFRneYRWfvs="></latexit>

⇧(µ, ⌫) := {� : �1  µ, �2  ⌫}

<latexit sha1_base64="6uN5to6PiQNRKV7NkfCYuLDKEk0="></latexit>

F1(�1|µ) :=
Z

G
w1(x)F1(f1(x))µ(dx)

<latexit sha1_base64="w4xqPfnR9nqX+uOh8PNq7faDkUw="></latexit>

F2(�2|⌫) :=
Z

G
w2(x)F2(f2(x))⌫(dx)
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Caffarelli & McCann’s Insight

EPT as a standard complete OT problem.
<latexit sha1_base64="5VIgks7aO1/QVadlIq5yYeoUrEk="></latexit>

ET�(µ, ⌫) = (µ(G) + ⌫(G)) (Wĉ(µ̂, ⌫̂)� b�)

where
<latexit sha1_base64="u1DngLc1crc7QsLIlJ5gbc025c4="></latexit>

Wĉ(µ̂, ⌫̂) := inf
�̂2⇧(µ̂,⌫̂)

Z

Ĝ⇥Ĝ
ĉ(x, y)�̂(dx, dy)

<latexit sha1_base64="0+rfyfCiaG5xGwpOyRBMuEwcG24="></latexit>

µ̂ =
µ+ ⌫(G)�ŝ
µ(G) + ⌫(G)

<latexit sha1_base64="UBtegdDa3wgQeZVAcCjww65GU1E="></latexit>

⌫̂ =
⌫ + µ(G)�ŝ
µ(G) + ⌫(G)

<latexit sha1_base64="Fnzc8DxTLLu2wCTqzXS5WMWAv+8="></latexit>

Ĝ := G [ {ŝ}
<latexit sha1_base64="x7v8KOKI0iBcYGfV6NI7t8LXN20=">AAACI3icbVBNS8NAEN3Ur1q/oh69LBZBPJRERMVT0YMeFawWmlA222m7uNnE3YlQQv+LF/+KFw+KePHgf3Ebe6jWBwuP92ZmZ16USmHQ8z6d0szs3PxCebGytLyyuuaub9yYJNMcGjyRiW5GzIAUChooUEIz1cDiSMJtdHc28m8fQBuRqGscpBDGrKdEV3CGVmq7J0EEPaFyuM8KZW9YCfoMqaGBSlAoGsQM+1GUn1sDVGeisO1WvZpXgE4Tf0yqZIzLtvsedBKexaCQS2ZMy/dSDHOmUXAJdn5mIGX8jvWgZaliMZgwL24c0h2rdGg30fYppIU62ZGz2JhBHNnK0cbmrzcS//NaGXaPw1yoNENQ/OejbiYpJnQUGO0IDRzlwBLGtbC7Ut5nmnG0sVZsCP7fk6fJzX7NP6wdXO1X66fjOMpki2yTXeKTI1InF+SSNAgnj+SZvJI358l5cd6dj5/SkjPu2SS/4Hx9A9qvpQc=</latexit>

ŝ /2 G
<latexit sha1_base64="A+J900tI0fQNoOyXEaerxHs61NU="></latexit>

ĉ(x, y) :=

8
>><

>>:

b dG(x, y) if x, y 2 G,
w1(x) + b� if x 2 G and y = ŝ,
w2(y) + b� if x = ŝ and y 2 G,
b� if x = y = ŝ.
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Orlicz-EPT

<latexit sha1_base64="bByjqq+/hq6Bcz12X1jJEBSrY9s="></latexit>

OE�(µ, ⌫) := (µ(G) + ⌫(G)) (W�(µ̂, ⌫̂)� b�)

where aaaaaaaaa is the Orlicz-Wasserstein (OW), defined as:
<latexit sha1_base64="jbbFjxwB5x6LHKz/St4Ye+qY7ZQ="></latexit>

W�(µ̂, ⌫̂)

<latexit sha1_base64="5Zk9q7M4fCyj7qBPL/ICic18uBI="></latexit>

W�(µ̂, ⌫̂) := inf
�̃2⇧(µ̂,⌫̂)

inf
h
t > 0 :

Z

Ĝ⇥Ĝ
�

✓
ĉ(x, y)

t

◆
d�̃(x, y)  1

i
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Orlicz-EPT with Binary Search
<latexit sha1_base64="3bHGtnXzcwAtL81LAIMOVnJYGu4="></latexit>

A(t; µ̂, ⌫̂) := inf
�̃2⇧(µ̂,⌫̂)

Z

Ĝ⇥Ĝ
�

✓
ĉ(x, y)

t

◆
d�̃(x, y) for t > 0

<latexit sha1_base64="WlMM2KcbZM9etr/c5MMT0uCz5As="></latexit>

t 2 (0,+1) 7�! A(t; µ̂, ⌫̂) : monotone non-increasing

<latexit sha1_base64="IEpdjCK3E9w+pHmb+6+d3A8mjq0="></latexit>

A"(t; µ̂, ⌫̂) := inf
�̃2⇧(µ̂,⌫̂)

Z

Ĝ⇥Ĝ
�

✓
ĉ(x, y)

t

◆
d�̃(x, y)� "H(�̃)

�

<latexit sha1_base64="BALotGPVr2fZ3qsb3ZaPw6QsxhA="></latexit>

H(�̃) := �
Z

Ĝ⇥Ĝ
(log �̃(x, y)� 1)d�̃(x, y)where

<latexit sha1_base64="ej+NussYFbzmRmJXDSPZves1YZk="></latexit>

t 2 (0,+1) 7�! A"(t; µ̂, ⌫̂) : monotone non-increasing
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Orlicz-Sobolev Transport

Orlicz-Sobolev Transport: A scalable variant of Orlicz-EPT.

‣ We leverage dual EPT problem, and develop a novel 
regularization approach.

‣ OST adopts Orlicz geometric structure used in Orlicz-
EPT, but offers a much more efficient computation.
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Dual EPT
<latexit sha1_base64="Pl68zxI/kaGnbZsB4hVWrRx/PsQ="></latexit>

ET�(µ, ⌫) = sup
f2U

Z

G
f(µ� ⌫)� b�

2

⇥
µ(G) + ⌫(G)

⇤

<latexit sha1_base64="TZ7mDDN06YgQCkJvSzRaNOpCmuc="></latexit>

U :=
�
f 2 C(G) : �w2 �

b�

2
 f  w1 +

b�

2
, |f(x)� f(y)|  b dG(x, y)

 

Key insight:
<latexit sha1_base64="mSlO6xYVJZjVr8IxeuZPCOJvftk="></latexit>

f(x) = f(z0) +

Z

[z0,x]
f 0(y)!(dy), 8x 2 G

<latexit sha1_base64="sPKBh+ULy6HW7QG2Tuw7T6VFWXE="></latexit>Z

[z0,x]
f 0(y)!(dy)  2 kf 0kL 

��1[z0,x]

��
L�

 2b
��1[z0,x]

��
L�

 2b

��1(1/!(G))
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Orlicz-Sobolev Transport (OST)
<latexit sha1_base64="nHQPs/29RgDYRHQqSQuNQTw03JQ="></latexit>

OS�,↵(µ, ⌫) := sup
f2U ,↵

Z

G
f(x)µ(dx)�

Z

G
f(x)⌫(dx)

�

<latexit sha1_base64="V8r6DClegRmuTklAfsBKZ16vSTU="></latexit>

U ,↵ :=
�
f 2 WL (G,!) : kf 0kL  b, f(z0) 2 I↵

 
<latexit sha1_base64="hj6AKha4veRC7KnIDj4jECPGkII="></latexit>

I↵ :=


�w2(z0)�

b�

2
+ ↵, w1(z0) +

b�

2
� ↵

�

<latexit sha1_base64="w0kdTWOLCZcDr5UE456rfu3zF5Q="></latexit>

↵ 2 [0,
1

2
(b�+ w1(z0) + w2(z0))]

<latexit sha1_base64="T6hwlSCR+c+ZrNlDkTSq0pV8Wh8="></latexit>

WL (G,!) : graph-based Orlicz-Sobolev space.
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Univariate Optimization for OST

<latexit sha1_base64="/lVNTL/mur50flnoK1XqdLUDK+g="></latexit>

OS�,↵(µ, ⌫) = inf
k>0

1

k

 
1 +

X

e2E

we�(kb |µ(�e)� ⌫(�e)|)

!

+⇥|µ(G)� ⌫(G)|

<latexit sha1_base64="jGNwhcvmJMKYqnswuC5hLQFCnKI="></latexit>

⇥ :=

⇢
w1(z0) +

b�
2 � ↵ if µ(G) � ⌫(G),

w2(z0) +
b�
2 � ↵ if µ(G) < ⌫(G).
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Theoretical Properties

★Connection of OST with GST aaaaa:

★Connection of OST with ST aaa:

★Connection of OST with UST aaaaaaa:

Theorem (informal): aaaaaa is a metric if aaaaaaaaaaaaaaaa.
<latexit sha1_base64="YtnEJ0R6VOCej55FZMqLf1Ka/N4="></latexit>

OS�,↵
<latexit sha1_base64="1JzIyt0utl4+PepV55PW/DsTAL4="></latexit>

w1(z0) = w2(z0)

For aaaaaaaaaaaaaaaaaaa, then 
<latexit sha1_base64="xO04+rG2qXBTMEezDaJscanVfqc="></latexit>

µ(G) = ⌫(G), b = 1
<latexit sha1_base64="Ct2EamqAZh2oW3VkxjVyaFnCizA="></latexit>

OS�,↵(µ, ⌫) = GS�(µ, ⌫)

<latexit sha1_base64="BO/x3oK/XQtozY4UKS+TOCts3pQ="></latexit>

GS�

<latexit sha1_base64="GyGhTkcbGEhRnhxPdiRtfuBafgM="></latexit>

Sp

For 
<latexit sha1_base64="vSTCt6OPjbL7UJNqXsj7JPRE2TM="></latexit>

µ(G) = ⌫(G), b = 1,�(t) =
(p� 1)p�1

pp
tp

<latexit sha1_base64="BSvyQJVO8sU2WnJeH3bGXrrgLfM="></latexit>

OS�,↵(µ, ⌫) = Sp(µ, ⌫)
<latexit sha1_base64="q0+NYGH5Aq0qUiZlXe9+tlWkTvU="></latexit>

USp,↵

For aaaaaaaaaaaaaaaaaaaa, then 
<latexit sha1_base64="4RV/r46BLvaJQqKonGYO5fU0Pvk="></latexit>

�(t) =
(p� 1)p�1

pp
tp

<latexit sha1_base64="2sG+uQwFLtLMLOt++oOYyIw5GrU="></latexit>

OS�,↵(µ, ⌫) = USp,↵(µ, ⌫)
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Time Consumption
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Empirical Results
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Empirical Results
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Empirical Results (G_Sqrt)
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Empirical Results (G_Sqrt)
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Empirical Results (G_Sqrt)
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Empirical Results (G_Log)

(t) = t (t)=exp(t)-t-1 (t)=exp(t2)-1
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