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Introduction
High-dimensional covariance matrices estimation

In high-dimension (number of feature d comparable to samples n), the
sample covariance Cy = n~'XXT, where X € R"*94, is a noisy estimate of
the population covariance X.

Random matrix theory explains this: as d,n — o with d/n -y, the
eigenvalue distribution of Cy converge to the Marchenko-Pastur distribution,
which differs from the eigenvalues distribution of X.

Eigenvalue spectra: empirical vs. true (y=0.50)
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Figure 1 -3 = Diag((2;)220°), where A; = 1+ /500, and Cx = n"*XXT, for X;. ~ N(0,%).

Shrinkage estimators

To alleviate the high-dimensional effects, and in a scarse data regime,
practitioners have developped so-called shrinkage estimators, which
involves a combinaison of a noisy (high-variance) estimate, typically Cy, with
a stable (low variance, high-bias) target T, of the form,

S(a) = (1—a) Cy + aT, or S(a)= Cyx+ aT.
Common choices for T include the identity matrix, or T = diag(Cx).

Data Augmentation as a natural way to shrink your
covariance

Consider an augmented dataset X U G, where G consists of artificial data.
Assuming X and G are both centered, we rewrite the augmented covariance,

Cxyuc= (1—a) Cx + aCg, with a = |G6|/(X] + |IG]).
Augmenting the dataset yields a shrinkage-like estimator, where T = C; .
Given a data augmentation scheme, can we optimize the induced

regularization to produce more robust estimates of the covariance and
precision matrices in the high-dimensional regime ?

Squared Error

Optimal shrinkage: Non Augmented case

Methodology

We consider a Ridge-like estimator of the precision matrix, define for 4 > 0:
Ry(M) = (Cx+Alg)",  E Q) =d7|Ry Q) —Z7|p

We estimate £y (A) up to an additive constant, and minimize our estimator
w.r.t. A. To this end, we define,

Ex(N) = % (tr( Ry (1)?) — 2(1;)/”) tr( Ry (0)) +

1

_ pz()t) tr( Ry (7\))>,

P = o T wmmy A/
Then,
/ Meta-Theorem 1: \

Assuming the samples of X are o sub-Gaussian, we have for all 1 = 0,
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\where n = min{ A, 1,,,; (%)}, and with probability > 1 — exp(—cn*c?n tz)J

Numerical results on MNIST & CIFAR10

We estimate ¥ using all the data (full curves) and simulate the high
dimensional scenario by keeping only n = d/y samples (dashed curved).
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Figure 2 — Simulation of theorem 1 on MNIST (left) and CIFAR10 (right).

Optimal shrinkage: Augmented case

We consider the augmented estimator, and its error,
RAug (M) = (Cxucg + 7\1(1)+; gAug (A) = d_lll RAug A) — D lE.

Where the artificial dataset G is obtained by either
« Randomly transforming the true samples in X.
« Sampling from a complex generative model, fitted on X.
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We make a sequence of assumption on the distribution of the artificial
dataset (fully detailed in the paper):

X is well conditionned.

Samples of X are sub-Gaussian, and of the ones of G are sub-gaussian
conditionally on X.

The distribution of the artificial data is stable under small perturbation of
X, and stable under removal of one of the samples of X.

The data augmentation scheme can be sampled conditionally to X.

Then, we provide a function &4, ,(1) computable up to an additive constant,
such that,

/ Meta-Theorem 2: \

Under the previous set of assumptions, we have for all 1 = 0,
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\where n = min{ 4, 4,,;,(£)}, and with probability goingto 1 as n —» +. /

Numerical results on MNIST & CIFAR10

We consider two data augmentation satisfying the previous assumption:
« A Gaussian noise injection, x » x + o ¢, where e ~ N(0,1).
« A Gaussian mixture model fitted on X using the EM-algorithm.

We optimize the data augmentation over a = |G|/(|X]| + |G]).
£x(A) vs £2(A) Gaussian mixture GDA Ex(A) vs £2(A) Gaussian Noise TDA
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Figure 2 — Simulation of theorem 2 on MNIST (up) and CIFAR10 (down), for the Gaussian noise injection (right) and

Gaussian mixture model (left)
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