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Common ways to improve equivariant GNNs’
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Example 3.1 (Basis Set of Common Equivariant GNNs). The basis set for common equivariant
GNNs, such as EGNN [38], HEGNN [41], TEN [28], and MACE [30], can be unified into the
following form:

l v = =
By = {5 Xjentn ®lenmt Y @i /15, 1D)} ©
where v > 1 denotes the body order, 3 = (j1, ..., J,) represents all chosen ordered neighbors, and

Z;j, = T; — ;.. When only single-body neighbor is considered (i.e., v = 1), Eq. (3) forms the
basis set for EGNN [38] and HEGNN [41], applicable to degrees [ = 1 and [ > 1, respectively. In
contrast, for multi-body interactions, Eq. (3) corresponds to TFN [28] when the body order v =1, or
MACE [30] with higher body orders v > 1.

» Expanding from single-particle functions to multi-particle

Q) =TT b0 900 = L2 ©)p0(C) functions
O basis N » Extensions between function bases require tensor products
m\ » Requires extremely high order and model layers to improve
// m\ - expressiveness
& \w/ » Extremely computationally expensive
» Complete under ideal (but completely unrealistic)
(a) Current Methods (b) Our Method

circumstances
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Theorem 3.2 (Dynamic Method). Given a geometric graph G, suppose there is a matrix v (G)
with C channels of lth-degree steerable features denoted as o) (G) satisfying span(V D (G)) =
FO(G) = {fD(G) | fO e FOY c R+, Then for any lth-degree steerable function ¢ € F(®),
there always exists w'?) (G) := [wﬁo) (G)), with C-channel output scalars, such that

o0 (G) =3 w55 (9). 4)

» Is it possible, and under what conditions, to achieve
completeness (universal approximation)?
rG) =, p( 4, 0) » How can the required complete scalar function be efficiently

U1
- ; : (?
/ \ 7 /: \ implemented”

» How can the corresponding full-rank basis functions be

&, ¥, obtained?
G =G = I'(G1) =T1(G)

(a) Current Methods (b) Our Method
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» Transform the problem of complete scalar functions into determining geometric graph isomorphism.

» Further recast determining geometric graph isomorphism as constructing a canonical form for geometric
graphs.

Definition 3.3 (Geometric Isomorphism). Two geometric graphs g(X’ 9 A9  and

H(X ), AT are called geometrically isomorphic if they fulfill both of the following
isomorphisms

1. Point Cloud Isomorphism: The two point clouds X9 and X are isomorphic, 1.€.

Jdo € Sy, g9 € E(3), Vi, a:(g) =g- #M)  Here, all o, g) make a nonempty set M(G, H).
o (i)’

2. Topological Isomorphism: The topological graphs associated with the point clouds are

isomorphic, i.e., 3o, g) € M(G, H), Vi, V7, [Af)} [Ag;’é))g(j)]

Moreover, we denote the geometric isomorphism between G and H as G = H.

Definition 3.4 (Canonical Form of Geometric Graph). A canonical form of geometric graph is a
graph-level scalar function T : (RN>3 RNXN) o RY satisfy G 2 H < T'(G) = T'(H).
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Algorithm 3: A canonical form of geometric graphs.

Data: A geometric graph G, and {node, Yedge, Yeraph are DeepSet models.
Result: The canonical form I' € R of point clouds G.
// O(N%), traverse all permutations.
1 T+ &;
2 for any ordered set containing four non-coplanar points U — {t,,} inGdo

3 | for; € X9 do

// O(N), get a 4-channel scalar vector.

4 di < ([|ti — to, ||, [ti — o, ||, [|thi — Uas ||, |4 — ta
5 end

// O(N + N?), convert point sets and edge sets into scalar sets.
6 D« set([di]f\;l), E « set([di,dj, eij](i,j)eg);

// O(1), decentralization of the four reference points.

7 Ug « (Inxa — 31axa)Uqs;

// O(N + N?), get the embedding based on current four points.

'y + concat(lj‘;rﬁa, Unode (D), wedge(E));
T+ TU{Ta};

)

4

10 end
11 I ¢— Ygrapn(T);
12 return I;
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Using virtual nodes to bypass quadratic traversal, where the virtual nodes could be generated via models
like FastEGNN.

Algorithm 4: A faster method to construct canonical form.

Data: A geometric graph G, and {node, Yedge are DeepSet models.

Result: The canonical form I" € R* of point clouds G.
// Get four non-coplanar reference points via generation.

1V +((9);
2 for u; € X9 do
// O(N), get a 4-channel scalar vector.

30| di = ([ — o], [di — 02|, |0 — o3, [[ds — val]);
4 end

// O(N+N2), convert point sets and edge sets into scalar sets.
5 D« set([d;]Y,), E < set([d;, d;,eijlivee);

// O(1), decentralization of the four reference points.
6 Vi (Iyns — %14><4)‘7;

// O(N + N?), get the embedding based on current four points.

7 I + concat(VT‘?, Ynode (D), L/Jedge(E));
8 return [';
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Expressive Experiments of GWL-test and IASR test, together with the ability to determine chirality.

Table 1: The Completeness Test.

Table 2: The Chirality Test.

The Completeness Test
2-body 3-body

GNN Layer (Table. 3in GWL) (Fig. 2(b) in IASR)
SchNets.pody 50.0 0.0 50.0 0.0
EGNN2_poqy 50.0 £0.0 50.0 £0.0
GVP-GNN3_04y 100.0 = 0.0 50.0 0.0
TFNZ-body 50.0 £0.0 50.0 £0.0
MACE3_b0dy 100.0 0.0 50.0 0.0
MACE4-pody 100.0 + 0.0 100.0 = 0.0
Basicp) 100.0 +0.0 100.0 = 0.0
SchNet, 100.0 0.0 100.0 +o0.0
EGNN_pi 100.0 = 0.0 100.0 + 0.0
GVP-GNN, 100.0 0.0 100.0 = 0.0
TFNcp1 100.0 0.0 100.0 = 0.0

The Chirality Test

# Color #TP  Fig 4(a) Fig. 4(b) Fig. 4(c)

%) 50.0 0.0 50.0 0.0 50.0 0.0

D 100.0 t00 100.0 0.0 50.0 0.0
-2 ® 100.0 00  100.0 z00  100.0 +0.0
= & v 75.0 £15.0 95.0 £15.0 100.0 £ 0.0
D v 100.0 00 100.0 £000 100.0 +o0.0
® v 100.0 t00 100.0 x00 100.0 +0.0

%) 50.0 0.0 50.0 0.0 50.0 0.0

D 100.0 t00 100.0 0.0 50.0 0.0
2R 100.0 z00  100.0 00  100.0 200
8 %) v 100.0 00 100.0 x00 100.0 0.0
D v 100.0 00 100.0 £000 100.0 +o0.0
& v 100.0 t0.0 100.0 x00 100.0 +0.0
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A dataset with graph-level target (Tetrahedron Center Prediction) & A dataset with node-level target (5-body).

Table 4: MSE loss on 5-body system.

MSE Loss on 5-body system (x 10~ 2)
i 1-layer 2-layer 3-layer  4-layer

D . EGNN 4214 0.780 0.710 0.712
i B e FastEGNN 3.983 0.705 0.640 0.509

TFN_,-global

g HEGNN 4.114  0.801 0.561 0.489

r TFNGrlocal

(1) Tet. Incenter

TFN 2411 1.758 1.758 1.739
MACE 2.403 1.754 1.746 1.746
Equiformer 0.805 0.682  0.465 0.657

EGNNy-global 0943 0546 0530  0.492
EGNNZ -global 0985 0554 0533  0.498
EGNNy-local 0768 0537 0481  0.458

EGNN:p] -local 0.703 0.513 0.455 0.450

TFN_pi-global 2.144 0.934 0916 0.708

Fo TFN;,-global 2163 0910 0825  0.734
(a) EGNNcpl Model (b) TFNCpl Model TFNCP]-IOCEII 0988 0766 0738 0761

TFN;,,-local 0.883  0.792 0734  0.746

(ii) 5-body

Figure 3: Visualization of MSE loss.



Geometric

Learning Large-scale & Real-world Dataset

And Oiscovery

P &) AR KR

RENMIN UNIVERSITY OF CHINA

Table 5: 100-body dataset. Table 6: Prediction error (x10~2) on MD17 dataset (3 runs).

MSE Loss (x1072) Aspirin  Benzene  Ethanol  Malonal. Naph. Salicylic Toluene Uracil
EGNN 1.36 EGNN 14414015 62404053 4.64+001 13.641000 0474002  1.02+002 11.78+007  0.64+001
FastEGNN 1.10 FastEGNN 9.81+to11  60.84+014 4.65+t000 12.821002 0.38+too0  1.05+to0s 10.88100s 0.56+00m
TFN,; <2 3.77 TFN;<2 12371018 58.48+198  4.81+004  13.62+008 0.49+001  1.03+002  10.89+001  0.841002
MACE, <5 3.83 MACE; <2 10434044 59714221 4.831003 13.78+00¢ 0.44+002 0941000 10.20x011  0.74+001
Equiformer;< 0.90 Equiformer; < 9.841010 33.28+015 4.69+003  13.06100¢ 0341001 0.86x000  9.50+000 0.57 1001
HEGNN;« 1.13 HEGNN;<; 10.32+0ss 62531762 4.63+001  12.85+001 0.38+001  0.90+00s 10.562010 0.56+00
HEGNNI;2 0.97 HEGNN; <5 10.04104s  61.80+£s592 4.63+t001 12.85+000 0.391t001 0.91to06 10.56x005 0.5510m
HEGNN; <3 0.94 HEGNN; <3 10.20t023  62.82+42s 4.63+1000 12.85+002 0371000 0941010 10.55+016 0.5210m
HEGNN, <4 0.86 HEGNN; <6 994100 59.93+521 4.62+000  12.85+001 037002 0.88+002  10.56+033  0.54+001
EGNN_-global 0.98 EGNN¢p-global 9.60+000 58.24+140 4.641001 12.85+001 0.39+001  0.95+00s 10.37+016  0.56+002
EGNN_,-local 0.73 EGNN-local 9.52+042 44.90+153 4.62+000 12.80+002 0364002  0.941005 10.21+006 0.57+000
TEN,p-global; <5 1.78 TFN_p-global; <2 949004 58241042 4.63+000 12.82+000 0.331000 0.80+to00 10.241002 0.53+0.00
TFN,pi-local;<2 1.73 TEN,pi-local;<o 9524007 48.77+6s51  4.641000 12.83+1002 0.341000 0.811000 10951000  0.53+000

Table 7: Results on Water-3D-mini.

» Large-scale Dataset: 100-body, Water-3D-mini

MSE Loss on Water-3D-mini (x10~%) >

1-layer 2-layer 3-layer  4-layer (>8,000 nodes)
EGNN 4.904 4.323 3.649 3.338 ) ..
FastEGNN 4385 4330 3782 39509 » Real-world Dataset: MD-17, Water-3D-mini
HEGNN 4.885 4.138 3.519 3.287

EGNN(-global ~ 4.368 3.711 3.294 3.248
EGNN(-local 3.611 3320 2.803 2.495
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