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Linear Inverse Problems (LIP) £, SRR

4
PR

* We are given measurement ¥y € R™
* The goal is to reconstruct unknown signal z, € R?

, where A € R™*? is a known measurement.
Yy =Axy+n

» 11~ N(Oa En)
e This leads to a Gaussian likelithood
p(y|zo) = N(Axy, Xy,)

o o iy,
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Background (Diffusion Models) G, SRR

Forward process 1s described by Ito stochastic differential equation (SDE):

/
dax _ﬁam dt + /() d@
4 R

noise schedule Wiener process

x(0) ~ paganl—=>|z(T) ~ N(0,1I)
Backward process 1s the reverse of above SDE:

dr = [—%ﬂm—ﬁ( W e, log pe(xy ]dt—i—\/ d@
\ Reverse Wiener

process

This term is called score function and is learned by a diffusion

Vaz, logpi(x:) >~ so+ (4, 1)
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Using Diffusion Models "7'.&:.
Noisy measurement /ﬂ @W\,

Known measurement
A = ]Rmxd

~ N (0,00

Unknown signal

This 1s an 1ll-posed problem with many solutions for x,. Thus, we need some kind
of prior to obtain meaningful x,.
In Bayesian framework:

p(xoly) = ply|xo)p(xo)/p(y) Va, logpi(xi|y) = Vg, log pi(x:) + Va, log pe(y|z)

Unconditional Reverse Path Conditional Reverse Path
o= | -2 0~ plofatonpden)| dt-+ 0, e o = |- "D 50) Farlosrilwn) + Vo lowpalm) ]t + /E D

Replaced with: Ve, logpi(@i|y) = Vg, log pi(@:) + Va, log pe(yl|z:) 4
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Using Diffusion Models £

Conditional Reverse Path

der = [ — @ — B(t)(Va, logpi(xr) + Vg, 10gpt(3l|-’ﬂt))] dt + +/B(t)dw

Measurement T=1000 T=800 T=600 T=400

T=200 T=100 T=50 0 T=0 ) Ground Truth
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Using Diffusion Models iy

t
de = [ — @m — ,B(t)([Va,t logpt(mt)]—k[vmt log pi(y ]]dt + +/B(t)dw
— \4
This term 1s estimated by a This term 1s intractable and
pre-trained diffusion model should be estimated.

pule) = [ polao.zp(@olz)dzo = [(pulaop@oledizs

,//\

This term 1s known . .
This term should be estimated
p(ylao) = N (y|Amp, 0°T) -

Prior art assumed that p,(xg|x,)~N (%{= E[xo|x.],|rAI).
—

Fo = = (2 + (1 — G(t)) Vg, log pi(x:)) Heuristically selecged the covariance
i

[
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Our Approach (C-DPS) L RIS

How to eliminate the need for this
approximation py(xg|x:)~N (%o= E[xq|x;], 721)?

 Can we directly find a closed form formula for p(x+—1|T+, y;_1)

* Our solution: We define forward stochastic process in the
measurement space {y,};/_,

* By coupling the data-space process {x:};_, and {y,}{_, we find a
closed form formula for p(Ti—1|Tt, Y1)
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Markov Chain in the Measurement Space 7, ocsicssi:

Yo — AmO + n,

— T P + v1-—-a
v, = V/1- By, + VB 2 Y ’yo v Oth
& = [[;

Q' ~ N (0,00

j=1

It 1s easy to check that the distribution of y; 1s a Gaussian
whose mean and covariance at step t are given by:

M'y,t — \/atAwOa
Yyt = @3y + (1—ay)l



Generating {x;} Consistent with {y;}
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"1'.‘{;.
e Initialization: &7 ~ N(0,I)
e Backward Recursion: P(T:—1 ’ T, Y, 1) o |p( ’ mt—l)[p(yt—l | T 1) ]
p(xi|zi—1) = N (/1 — Bras_1, 5t1)"/
Yo = AXo+n i1+ (1 —ap—1)sg(xi—1,t — 1) :
_ — Qi 1,0 — —
Y = Var Yo + V91— »ytlz\/@t—l(A[ - \t/%g = ]—I—n)—l—\/l—at—lC
Zo(xe) = ZREC _\/(;i)sg(mt’t) = Ax; 1 + A((l — ay—1)89(Tp—1,t — 1)) +vVa_in+ /1 —a;_1¢.
| v
PWer|2i-1) ~ N (Hyjor Sy ).
where Pyl = Az, 1+ (1 —ai—1)Asp(xi_q,t — 1),
and 2y|$ = O_ét_lzn + (1 — @t—l)I-
J
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Finding p(CUt— 1 ‘wt ] yt— 1 ) i‘k PROCESSING SYSTEMS

p(Ti—1|®s, Yy 1) X BXP[—QL@”% — /1 — B ‘Bt—1||2 — %(yt—l — ﬂy\m)TE;ﬁn (’9'15—1 - p’y|m)]

The first term 1s quadratic in x;_;. However, the second term involves the score network
sg(xt_1,t — 1) making the conditional mean py, a nonlinear function of x;_;.

sp(xs_1,t —1) —> sg(ay, )

Using this approximation, |, becomes affine in x;_:

Hoylz = Az 4 —l-gl — @t—l)A Se(mt,t)J

Vo

A
=bi—1

In this case P(T¢—1|%¢, Y;_1) becomes Gaussian with:

=1l _Bt Tw—1
S =~ T+ AT A,
1 —
o = S [ AT (s 0
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Efficient Sampling from p(zt—1|Tt, Y1) f,&

* Define the posterior precision operator
A, = 300 = o T + Asz

post

_ 1-p5
mA Ct — 6tt

|
» Direct Cholesky on dense Xy, is 0(d*®) and impractical.

* We use two matrix-free conjugate gradient (CQG) solves per reverse step:

* Step 1: mean solve
Ay Hpost = Ct Ty + ATEmm(yt 1 bt—l)a by 1 = (1-x-1)As
* Step 2: noise draw (PW-CGQG).

Algorithm 3 PW-CG (draw v ~ N (0, X,,s;) without Cholesky)
Input: precision operator A;, matrix A, action of E;|1m (or its square root), scalar c;
1: Draw e; ~ N (0,1,), €2 ~N(0,I,,), independent
2: (Prewhiten) define a whitening operator W with W'W = E;ﬁc, andset A=WA
~T
3: Form z < /cie1 + A e

4: Solve v <— CG-solve(A4, 2) (that is, solve Ayv = 2)
Output: v (then cov(v) = A; ! = Yost)

« Step 3: update |Lt—1 = Mpoy + ©
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Table 1: Quantitative results on the 1k validation sets of FFHQ 256 x 256 and ImageNet 256 x 256.

Bold and underline indicate the best and second-best results, respectively. Green and red denote

performance improvements and degradations relative to the best baseline.

Pixel-Domain Methods
Inpaint (Random) Inpaint (Box) Deblur (Gaussian) Deblur (Motion) SR (4x)

FID | LPIPS | SSIM+ FID | LPIPS | SSIM+ FID | LPIPS | SSIM 4 FID | LPIPS | SSIM+ FID | LPIPS | SSIM *

DPS 21.19 0.212 0.851 3312 0.168 0.873 4405 0.257 0811 3992 0242 0.859 3935 0214 0852
IIGDM  21.27 0221 0.840 3479 0.179 0860 40.21 0.242 0.825 3324 0221 0.887 3498 0.202 0.854

Dataset Method

DDRM  69.71 0.587 0319 4293 0.204 0.869 7492 0.332 0.767 - - - 62.15 0294 0.835

MCG 2926 0.286 0.751 40.11 0309 0.703 101.2 0.340 0.051 - - - 87.64 0.520 0.559

o ILVR 2574 0231 0672 3724 0.175 0.854 5293 0297 0.784 - - - 47.59 0253 0.844
E ReSample 21.25 0202 0847 3351 0.160 0866 37.05 0251 0.822 31.19 0.220 0892 3048 0204 0.851
. PnP-ADMM 123.6 0692 0325 1519 0406 0.642 9042 0441 0812 - - - 66.52 0353 0.855
Score-SDE  76.54 0.612 0437 60.06 0331 0.678 109.0 0403 0.109 - - - 96.72 0563 0.617
ADMM-TV 1815 0463 0.784 6894 0322 0.814 186.7 0.507 0.801 - - - 110.6 0428 0.803
PnP-DM  21.15 0208 0.858 3221 0.155 0877 4192 0251 0816 3721 0233 0871 3621 0210 0.859

DAPS 2077 0201  0.869 2944 0.144 0.882 3584 0242 0830 3026 0215 0911 3015 0202 0854

DMPlug 20.12 0.197 0877 27.12 0.140 0.888 3244 0.230 0.830 27.55 0.210 0925 28.55 0.199 0.862

C-DPS  20.14 0.195 0.881 2633 0.132 0.871 32.24 0.238 0.832 27.29 0.217 0921 2841 0.196 0.855

DPS 3587 0303 0.739 3882 0.262 0.794 6272 0444 0706 56.08 0389 0.634 5066 0337 0.781

IIGDM  41.82 0356 0705 4226 0284 0.752 59.79 0425 0717 54.18 0373 0.675 5426 0352 0.765

DDRM 1149 0.665 0403 4595 0.245 0.814 63.02 0427 0.705 - - - 59.57 0339 0.790

b MCG 39.19 0414 0546 3974 0330 0.633 95.04 0.550 0441 - - - 1445 0.637 0.227
Z ILVR 38.27 0372 0656 3951 0278 0.726 71.24 0421 0.662 - - - 95.3 0532 0.498
2 ReSample 33.47 0289 0.730 3954 0.259 0.799 61.24 0439 0.708 5576 0.370 0.637 49.19 0339 0.777
£ PoP-ADMM 1147 0.677 0300 7824 0367 0.657 100.6 0519 0.669 - - - 97.27 0433 0.761
Score-SDE 127.1 0.659 0517 5407 0354 0612 1203 0.667 0.436 — — — 170.7 0.701 0.256
ADMM-TV 1893 0510 0676 87.69 0319 0.785 1557 0.588 0.634 — — — 130.9 0523  0.679

PnP-DM 3492 0296 0.736 37.67 0.258 0.797 61.06 0433 0.707 5533 0372 0.636 50.10 0336 0.786
DAPS 3394 0.282 0.741 3546 0248 0.801 60.12 0419 0709 5482 0365 0.639 4962 0333 0.789
DMPlug 32.85 0.226 0.748 3428 0.247 0.804 5742 0407 0714 53.13 0366 0642 4896 0324 0.793
C-DPS 3237 0.214 0.755 33.24 0.236 0.807 56.36 0.391 0712 52.06 0352 0.644 4730 0316 0.795
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Experiments (Qualitative Results) Mt

Measurement Ground truth DPS | DPS Re-Sample

SR (x 8) Deblur (Motior!) Deblur (Gaussian)

Inpaint (Random)
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