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Linear Inverse Problems (LIP)

• We are given measurement

• The goal is to reconstruct unknown signal

, where                   is a known measurement.

, 

• This leads to a Gaussian likelihood 



Background (Diffusion Models)
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Forward process is described by Ito stochastic differential equation (SDE):

noise schedule Wiener process

Backward process is the reverse of above SDE:

Reverse Wiener 

processThis term is called score function and is learned by a diffusion 

model: 



Conventional Methods for Solving LIP
Using Diffusion Models
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Noisy measurement

Known measurement 

𝑨 ∈ ℝ𝑚×𝑑

∼ 𝒩(𝟎, 𝜎2𝑰)

Unknown signal

This is an ill-posed problem with many solutions for 𝒙0. Thus, we need some kind 

of prior to obtain meaningful 𝒙0.

In Bayesian framework: 

Unconditional Reverse Path Conditional Reverse Path

Replaced with:
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Conditional Reverse Path

Conventional Methods for Solving LIP
Using Diffusion Models
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This term is estimated by a 

pre-trained diffusion model

This term is intractable and 

should be estimated.

Prior art assumed that 𝑝𝑡 𝒙𝟎 𝒙𝑡 ~𝒩( ෥𝒙0= 𝐸[𝑥0|𝑥𝑡] , 𝑟𝑡
2𝑰 ).

Heuristically selected the covariance 

𝑟𝑡
2 

This term is known 
This term should be estimated

Conventional Methods for Solving LIP
Using Diffusion Models



• Can we directly find a closed form formula for

• Our solution: We define forward stochastic process in the 
measurement space 

• By coupling the data-space process                                 we find a 
closed form formula for  

Our Approach (C-DPS)

How to eliminate the need for this 

approximation 𝑝𝑡 𝒙𝟎 𝒙𝑡 ~𝒩( ෥𝒙0= 𝐸[𝑥0|𝑥𝑡] , 𝑟𝑡
2𝑰 ) ?



Markov Chain in the Measurement Space

∼ 𝒩(𝟎, 𝜎2𝑰)

It is easy to check that the distribution of 𝒚𝒕 is a Gaussian 

whose mean and covariance at step t are given by:



• Initialization:

• Backward Recursion:

Generating {𝒙𝑡} Consistent with {𝒚𝑡}



Using this approximation, 𝜇𝒚|𝒙 becomes affine in 𝒙𝑡−1:

In this case                              becomes Gaussian with: 

Finding 

The first term is quadratic in 𝒙𝑡−1. However, the second term involves the score network 

𝑠𝜃 𝒙𝑡−1, 𝑡 − 1  making the conditional mean 𝜇𝒚|𝒙 a nonlinear function of 𝒙𝑡−1.



• Define the posterior precision operator

• Direct Cholesky on dense Σ𝐲|𝒙 is 𝑂(𝑑3) and impractical.

• We use two matrix-free conjugate gradient (CG) solves per reverse step:

• Step 1: mean solve

• Step 2: noise draw (PW-CG).

• Step 3: update

Efficient Sampling from 



Experiments



Experiments (Qualitative Results)
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