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In shortcut learning, interesting phenomena occur such as …

Shortcut features are learned faster than other features

Shortcut features contribute more to the network output than other features after convergence

While data samples with no shortcut features can also be learned with near-zero loss during 

training, such data outside the training set are still not well-predicted

We analyze those phenomena upon the framework of Neural Tangent Kernel (NTK) theory

Case study: training a linear neural network on a dataset of an almost-separable Gaussian 

mixture model, of which the majority of the samples are clustered by a certain feature

Motivation
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We define a simple setting of training data distribution:

All samples 𝑥 are labelled as 𝑦 ∈ {−1, 1}

Data samples are clustered as a simple Gaussian 

mixture model based on the attributes of samples

Biased cluster: 𝐵𝑦,𝑖~𝑁(𝜇𝐵𝑦,𝑖 , 𝜎𝐵𝑦,𝑖
2 I),

Bias-conflicting cluster: 𝐶𝑦,𝑖~𝑁(𝜇𝐶𝑦,𝑖 , 𝜎𝐶𝑦,𝑖
2 I)

This setting resembles real-world scenarios

Problem formulation
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Proposition 3.1. Assume data 𝑥 ∈ ℝ𝑑 in a Gaussian Mixture Model of 𝑝 𝑥 = σ𝑘=1
𝐾 𝜋𝑘𝑁(𝜇𝑘 , 𝜎𝑘

2𝐼). The 

kernel 𝑘 𝑥, 𝑦 = 𝑥, 𝑦 has eigenfunctions 𝜙𝑖 and corresponding eigenvalues 𝜆𝑖as follows:

when (σ𝑘=1
𝐾 𝜋𝑘𝜇𝑘𝜇𝑘

⊤)𝑣𝑖 = 𝑎𝑖𝑣𝑖, 𝑣𝑖
⊥ is a vector perpendicular to 𝜇𝑘 for 𝑘 ∈ {1, … , 𝐾}, 𝑚=

rank σ𝑘=1
𝐾 𝜋𝑘𝜇𝑘𝜇𝑘

⊤ , |𝑣𝑖| = 1, |𝑣𝑖
⊥| = 1 and 𝑐𝑖 = 𝜆𝑖 .

𝝅𝑩𝒚,⋅ is much larger than 𝝅𝑪𝒚,⋅ , so we can expect that the inner products with data from these 

“shortcut clusters” will converge faster than others.

Spectral bias of NTK on biased dataset
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Spectral bias of NTK on biased dataset
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Proposition 3.2. Assume data 𝑥 ∈ 𝑅𝑑in a Gaussian Mixture Model of 𝑝 𝑥 = σ𝑘=1
𝐾 𝜋𝑘𝑁 𝜇𝑘 , 𝜎𝑘

2𝐼 . A 

binary label function 𝑦 𝑥 ∈ {−1,1} nearly separates the mixture model that data from clusters with 

mean 𝜇𝑐 𝑐 ∈ 𝒞 are labelled as 1 and otherwise -1. When the linear neural network is optimized for y(x) 

with the MSE loss and dissected into 𝑓 𝑥 = σ𝑘=1
𝑚 𝑤𝑘𝑓𝑘 𝑥 (𝑓𝑘 𝑥 = 𝑥⊤𝑣𝑘 ∝ 𝜙𝑘 𝑥 , |𝑣𝑘| = 1), and if 𝜇𝑖 ⊥

𝜇𝑗for 𝑖 ≠ 𝑗 and 𝑣𝑘 = 𝜇𝑘/|𝜇𝑘|, then

Data samples with biased attributes, 𝐵𝑦,⋅, belong to a larger cluster (𝜋𝐵𝑦,⋅), so biased features have 

large eigenvalues and a large influence on the output at the same time.

Such a dependency of 𝑤𝑘on cluster weights 𝜋𝑘originates from the existence of the variances, 𝜎𝑖, 

among data in the clusters.

Features after convergence
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The result on features after convergence is not due to max-margin bias.

In fact, max-margin bias alone cannot explain shortcut learning.

When NN is trained with SD (loss above) with a very strong regularization and margin is minimized 

(𝜆 → ∞), the decision boundary converges to the one of MSE loss, which is still affected by 

shortcut features. (𝑓 𝑥 = σ𝑘=1
𝑚 𝑤𝑘𝑓𝑘 𝑥 )

Features after convergence: max-margin bias
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We empirically extend theoretical results to the case of more complex networks.

Predictability measures how well a feature g is aligned with the ground-truth. 

• Predictability is 𝐲⊤𝐠/ X . 𝐲 = 𝑦 𝑥 for 𝑥 ∈ X ⊤is a vector of ground-truth labels, and 𝐠 = 𝑔 𝑥 for 𝑥 ∈ X ⊤is a 

vector of labels assigned by a certain feature 𝑔 𝑥 .

Availability measures how “easy” it is to learn a label for a neural network. For a discrete case, 

availability is an alignment of label 𝐠 to empirical NTK (eNTK) of 𝐾(𝑋, 𝑋)

Predictability and availability
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The availability of shortcut labels was 

larger than the availability of the 

ground-truth labels.

Since the availability measures the 

alignment of a label to top eigenvectors 

of eNTK, it is possible to say that the 

shortcut labels were more aligned with 

top eigenfunctions of eNTK.

Predictability and availability

Figure 4. (a) Availability and test accuracy of ground-truth 

labels and shortcut labels in two realistic datasets: 

Waterbirds and CelebA. The tested model was a pretrained 

ResNet-18. 
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