
In-context Learning of Linear Dynamical Systems with 
Transformers: Approximation Bounds and Depth Separation

Setup:
Model input: noisy LDS , where , 

, , and  

Model output: estimate of the conditional mean of : 
 

Linear transformer layers:  

where  

Question: How well can linear transformers in-context learn linear 
dynamical systems, as measured by the worst-case loss function: 
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Results:
Theorem 1: There exists a linear transformer 
with  layers that satisfies: 

 

Interpretation:  Transformers with  
depth can in-context learn linear dynamical 
systems, with approximation error matching 
that of the least-squares predictor. 

Theorem 2: Take . Then single-layer 
transformers cannot in-context learn linear 
dynamical systems: there is a  such that 

. 

Interpretation: A single linear attention layer 
is fundamentally limited in its ability to in-
context learn linear dynamical systems, even 
with arbitrarily long context. This result 
uncovers a surprising distinction between in-
context learning with IID and non-IID data. 
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Proof techniques:
Theorem 1: we construct a transformer to 
implement the predictor , 

where  is the least-squares matrix: 

. 

To approximate the inverse covariance, and 
drawing inspiration from [1], we construct a 
transformer to implement one step of the 
modified Richardson iteration 

, which is used to 

solve the linear equation . To prove 
our approximation bound, we combine the 
fast convergence of the Richardson iteration 
with statistical guarantees of the least 
squares matrix [2].  

Theorem 2: To prove the lower bound in 1D, 
we directly compute the limit of the 
individual loss function 

. We then 

prove that  for some 

. Finally, we use the regularity of the 
loss to exchange limits and supreme. 
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Figure: plotting test error of deep transformers, with and 
without softmax, as a function of the number of layers.

Future directions: Reduce 
number of layers required 
for upper bound, extend 
theory to nonlinear 
dynamical systems.
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