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Background: Consistency Model

» Consistency Model (CM) maps any point (noisy data) on the ODE
trajectory (probability flow) directly to its original (clean data).

[f(Xtv t) — XO]
 Coreideas: [

* Onageneration trajectory, the prediction
should be consistent!

* With a consistent prediction, we can shortcut
the probability flow for few-step generations.

On any level of noisy data, the
prediction remains consistent.

Song, Yang, et al. "Consistency models." (2023).
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Riemannian Manifolds

« CM Parameterization: fo(X¢,t) = Csip(t) Xt + Cout(t) Fo(X¢, 1)

* CM Loss: argeminE w(t;)d(fo(Xe,,q 0 tit1)s fo- (RKey, ti))]

e Can we extend to Riemannian manifolds? | |
* Geology data on the , | M “‘ X %
* Torsion anglesin tori. g -
* Protein orientations in '-

* Challenges

* Euclidean CM parameterization may break the manifold constraint
* Euclidean CM loss is ill-defined for Riemannian manifolds
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Riemannian Consistency Model
* Our solution: Riemannian Consistency Model (RCM)
* Ensure manifold constraints by design
 Support both distillation (RCD) as well as training (RCT)
* Intuitive interpretation from a kinematics perspective TwM

e RCM Parameterization:

Exponential map Scheduler Vector field

Ensure manifold constraint M > TM
f@(wta _‘eX \a: K UH(CUt, ’Y(t)

Riemannian Distance
RCM Loss: geodesm distance)

ﬁ oM = NQIEt T wt fg T, t ZUHAt,tJF At))]

fo(x¢,t) == exp,, kivg(T4,1)
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Riemannian Consistency Model

Discrete-Time
RCM Loss

Lhon = N2Eyy, [wid? (fo (x6,t), fo- (Teras,t + At))]

Theorem 3.1

Continuous-Time

Loom = lim Loy = Eig, [w] d(exp,), (kv + £V;0) + d(exp u)q(4)]]

RCD Loss Nooo
Marginalization Stop-gradient is necessary
Theorem 3.2 for marginalization

Continuous-Time

RCT L oSS Lrom = Etg, [w<fe— — fo+ fo, f0—>g] ,  f=d(exp,), (kv + £V ;v) + d(expu), (&)
Approximation Circumvent the need to compute the
Proposition 3.1 differentials of the exponential map

Continuous-Time
Simplified RCT Loss LHhon =B, [wlvg- —vg+ 1,00 )|, o =& + kvg + £V 400
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Riemannian Consistency Model T M

* Riemannian Consistency Model (RCM)
* RCD: distill a pre-trained generative model
* RCT: standalone generative framework

fo(z¢,t) == exp,, kivg(T4,1)

Algorithm 1 Simplified Riemannian Consistency Algorithm 2 Simplified Riemannian Consistency
Training (sSRCT)

Distillation (SRCD)

1: Input: Pre-trained RFM s.
2: while not converged do
3: Sample data x1, noise g, and ¢.
Calculate z; = exp,,, (k¢ log, (x0)).
Calculate sy (x4, ).
Calculate 119 = s + rKvg + KV svg.
Optimize the loss with

Vow(vg- — vg + tg—, Ug- ) 4-
8: end while

AR Y

1: Input: None.
2: while not converged do

3:

AN

Sample data z, noise zg, and ¢.
Calculate x; = exp,, (k¢log, (x0)).
Calculate &; = £ log, 1/ky.
Calculate 19 = & + Kvg + KV ;0p.
Optimize the loss with

Vow(vg— — vy + Ug—, Ug-) 4.

8: end while
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Kinematics Perspective @ 77 orbit

* Uniform circular motion on the unit sphere S. Although /  Axis ~
the velocity is constant in some sense, the acceleration
is non-zero. The centripetal acceleration satisfies:

o +afu]’ =0) <

Kinematic Equation Geodesic Equation
Describe how a point moves Describe how probability mass
on a curved manifold transports on a curved manifold

* For non-flat Riemannian manifolds, there exists an
extrinsic acceleration due to the manifold constraint!

v, v = o* +[Fhiu Christoffel symbols that describe
T + ! the local geometry of the manifold.
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Kinematics Perspective
* The RCM Loss can be decomposed into three components:
=M T, M T, M

Tz M

v(t) v(t) v(t)
Vector field difference = — v Vector field derivative v Covariant derivative V ;v
The learning error The vector field should remain . +@Jiuj
should be small. constant if the manifold is flat.
Also appear in Euclidean cases Exclusive for non-flat

Riemannian manifolds!
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* For both distillation and training, RCM variants consistently achieve
better generation quality in the 2-step generation setup.
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Result

* For both distillation and training, RCM variants consistently achieve

better generation quality in the 2-step generation setup.
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