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Stochastic Process Learning

Stochastic processes are foundational to many domains
Serve as prior over functions, and provide density of any finite

collections of points

Many processes are not well described by Gaussian Processes
(GP) ->we need more general stochastic process learning (SPL)
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General stochastic process regression

» A long-standing challenge kept researchers busy for decades
» Core difficulties :

(1) Learning a general stochastic-process prior from historical data
with an expressive enough model

(2) Deriving both the exact posterior distribution and an efficient
sampling scheme

» Prior work :
(1) GPs : not expressive, limited to GP case
(2) Deep GPs & Neural Process (NPs) : expressive but



Two-phase strategy

Prior learning over stochastic process Posterior sampling given partial observations
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Prior Learning — Flow Matching in Hilbert Space

» Traditional flow matching :

(1) learninvertible mapping between q, = N (0,1) and the target data
distribution g4

(2) Lebegue measure involved, no restriction to the modal architecture for learning
the vector field

» Infinite-dimensional Flow Matching:

(1) learninvertible mapping between a Gaussian measure vy, = N'(0,C) and the
target data measure v,

(2) Probability measure defined in Hilbert space involved, neural operatoris is
required for learning the vector field

(3) The covariance operator C is trace-class, ( )



Generalizing FM to Stochastic Process

» Extend neural operator to maps between collections of points

»Generalizing FM to stochastic process is naturally induced from
FM in Hilbert space

» Kolmogorov extension theorem (KET) is satisfied
» Intuitive explanation :

For any n and points {x{, x5, ..., x,,} € D, the flow transports reference finite-
dimensional distribution p, = N(0, K({x4,..,x,}) tothe p;, where p, is the
marginalization of v; on points {xl,xz, ...,xn}



Likelihood Estimation and Bayesian Universal
Functional Regression

> Likelihood estimation 1
log P(u;) = log P(ug) — /0 (V- Gp)(uy)dt r—

» Hutchinson Trace estimator (unbiased)
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> Posterior distribution

Proposition 3.1. Given noisy observations {u(x;)}"_,, the posterior distribution is
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Posterior Sampling with Stochastic Gradient

Langevin Dynamic

Posterior sampling given partial observations
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Algorithm 1 Posterior sampling with SGLD

Input and Parameters: Logarithmic posterior distribution log [Pp, temperature T°, learning rate 7,

MAP ayp, burn-in iteration b, sampling iteration ¢, total iteration N.
1: Initialization: a) = @
2: fort =0,1,2,..., N do
3:  Compute gradient of the posterior: V,, log Py

4: Update ajt: aft' = af + LV 1og Py + v TN(0,1)

5: ift > b then

6: Every ¢ iterations: obtain new sample af;rl, and corresponding ug.ﬂ
7:  endif

8: end for

» Sample in the GP space U, rather than
the data sample U4

» Rely on the Hutchinson trace estimator,
which requires many noise samples for
divergence evaluation

» Requires integration over the entire ODE
trajectory and can be GPU-memory
intensive



Results : Zero-shot Generation with Learnt Prior

Generated : 160x160

Generated : 128x128
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Results — Functional Regression Performance

» Reproduce exact GP regression if prior is Gaussian, provide
correct posterior for non-GP case
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Results — Functional Regression Performance
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Results — Functional Regression Performance

»Performance against baslines

Dataset — 1D GP 2D GP 1D TGP
Algorithm | Metric =  SMSE MSLL SMSE MSLL i ”

GP prior - - - - 6.4-107% 1.6-10°
NP 61-10°Y 45.10° 1.7-107°Y 21-10° 10-107Y 19.10°2
ANP 51-100Y 98-100' 16-100Y 1.1-10° 14-107%Y 1.7-10°2
ConvCNP 56-100 27-100 17-100' 45.100' 16-107% 21.107°
DGP 41-107 68-107% 1.8-10" 42-10" 49-107Y 14.10°°
DSPP 47-100Y 65-10° 19.100' 66-10" 1.1-107% 131072
OpFlow 50-10°Y 20-100" 14.100" 11-100% 13-100° 3.9.10°
OFM/(Ours) 41-107' 55-10% 1.3-100' 16-100' 52-10°% 95-10°¢
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Summary and conclusion

» Expressive prior over functions: A neural operator learns a
continuous flow that transports a reference GP to data-like
functions, giving an explicit, tractable-density prior.

»Function-level regression: treat functions as first-class objects
rather than mere pointwise values (unlike NPs), predictions are
consistent across resolutions and arbitrary query sets.

»Invertible & Bayesian: The flow is invertible, enabling change-of-
variables likelihoods and principled Bayesian regression with
calibrated uncertainty from few observations.
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