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Motivation & Contribution

* The Challenge: General Reasoning is the Bottleneck

« LLM reasoning capabilities are often siloed, failing to generalize
across domains.

* Raw code is a rich source of logic, but its reasoning signals are
implicit, noisy, and entangled, making direct training suboptimal.

We arque that converting each step of code execution into a CoT-style natural
language narration would produce data that is not only logically rigorous and well-
structured but also offers clearer, more interpretable reasoning traces.




Motivation & Contribution

 Our Solution: Chain of Execution (CoE) Supervision

« We introduce Chain of Execution (CoE), a novel method to distill
implicit code execution into explicit, step-by-step natural language
rationales.

« We built TracePile: a massive 2.6 Million sample corpus of CoE
traces, spanning mathematics, classical algorithms, and algorithmic
competition code.

 Our data is enriched with granular variable-tracing questions and
diverse code rewritings to promote deeper logical understanding



Core Concept: Chain of Execution (CoE)

 Turns code execution into explicit natural-language
rationales.

* Enables models to learn procedural reasoning instead of
memorizing I/0 pairs.

« Example: Trace variable states, predict intermediate steps,
and explain execution flow.



Overview
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Figure 1: The curation process of TracePile and training pipelines. The left part indicates the sources
of Tracepile include algorithmic competition, classical algorithm and mathematical code. The middle

part shows the strategies to enrich the data diversity and CoE-style data generation. The right part
includes the three different training paradigm in this work.



Building TracePile

* A 2.6M-sample corpus for reasoning supervision:
* Sources:

- Algorithmic competition (Codeforces)

- Classical algorithms (CLRS-style)

- Mathematical code (OpenMath)

Diversity augmentation:

- Query diversification (variable tracing)

- Code diversification (structure-preserving rewrites).



Generation Pipeline

* Data collection & filtering
* Few-shot prompting with Qwen-2.5-728B
 Execution verification with ground-truth traces

* Quality control (multi-path sampling, 8k-token limit).
Table 2: Statistics of TracePile.

Components Size Tokens

Algorithmic Competition 480,782 3,891,991,488
Classical Algorithm 949.088 7,024,210,656
Mathematical 1,170,836 7,105,488.,512

Total 2,600,706 19,380,461,000




CoE Cases

Given the code, trace the changes of specified variables We'll follow the execution step-by-step, highlighting when and how the pi array is updated.
pi during code execution. Explain the whole execution 1. Initialization:
process in natural language. pi=[0, 1,2, 3]

color = [0, 0, 0, 0] (all nodes atre initially unvisited)
A:[[1111],[0101],[1011],[1100]] time =0

Query 2. Starting the DFS Loop (u = 0):

Node 0 is unvisited (colot[0] == 0), so dfs_visit(0) is called.
def dfs(A: np.ndarray) -> np.ndarray: 3. Entering dfs_visit(0):

assert Andim==2 L L.
Exploring Neighbors of Node 0:

) (o.d int32) Neighbor v = 0:
colotr = np.zeros(n, dtype=np.in _ 3 __ g .
b A[0, 0] = 1 (self-loop), but colot[0] 1 (already visiting). No change to pi.

e 0 Neighbor v = 1:
def dfs_visit(u): / A0, 1] = 1 and color[1] == 0 (unvisited).

nonlocal time Update: pi[1] is set to 0.

n = A.shape[0]

color[u] =1 pi Changes to: [0, 0, 2, 3]
time +=1 dfs_visit(1) is called.
d[u] = time 4. Entering dfs_visit(1)

for v in range(n):
if A[u, v] != 0 and colot[v] == 0:
pi[vl]=u
dfs_visit(v)

10. Continuing the DFS Loop:
u = 1: colot[1] == 2 (finished). No action taken.

______ IX=) u = 2: color[2] == 2 (finished). No action taken. Chain-of-Execution
...... <12 o) u = 3: color[3] == 2 (finished). No action taken.
return pi Code Summary of pi Changes: Trace | pi: [0, 1, 2, 3] -> [0, 0, 2, 3] -> [0, 0, 2, 1] -> [0, 0, 0, 1]
\ J

Figure 2: A classical DFS algorithm example of CoE in TracePile. More cases are in Appendix C.




Training Paradigm
1. Continue-pretraining on TracePile;
« 2. Instruction tuning after pretraining;

+ 3. Two-stage instruction-tuning.



Model performances under continue-pretraining

Table 1: Model performances under continue-pretraining. L.C.Bench-O refers to the test-outp
subset of LiveCodeBench. The best results are in purple.

Type | Datasets | [1ama-3-8B | Llama-3.1-8B | Qwen-2.5-7B | Qwen-2.5-Coder

| | Base Ours | Base Ours | Base Ours | Base Ours
GSMEK 542 743 | 544 74.7 85.7 84.9 77.9 83.5
MATH 16.5 31.7 | 17.7 29.3 50.9 44 .8 47.2 52.3

GSM-H 261 362 | 27.1 369 | 63.3 63.1 | 55.1 59.8
SVAMP 68.8 812 | 710 81.1 894 89.6 | 8738 89.0
ASDIV 73.1 82.7 | 743 838 | 91.0 913 | 89.0 89.2
MAWPS 909 922 | 920 93.7 | 97.0 971 | 935 94.9
STEM 497 563 | 570 571 | 680 72.6 | 67.2 68.3
TABMWP 579 550 | 63.6 574 | 73.0 723 | 569 66.2
SAT 562 594 | 594 688 | 80.0 93.8 | 81.2 84.4

| Average | 548 634 | 574 648 | 776 788 | 729 76.4
Code | LCBench-O | 20 305 | 1.6 118 | 403 498 | 140 448

Zebra Puzzle | 0.1 7.4 2.3 7.4 29 2.0 3.0 4.0
Logical KORBench | 21.8 218 | 21.9 206 | 334 354 | 32.0 30.0
Ruletaker 28 424 | 53 45.6 | 61.2 63.5 | 46.1 60.2

Graphwiz 45 46.0 | 1.9 339 | 366 505 | 385 43.8
Graphlnstruct | 35.2 735 | 33.0 69.2 | 33.1 335 | 338 53.7

Math

Algorithm




Model performances under two-stage fine-tuning

Table 3: Model performances under two-stage fine-tuning. The base models are trained solely o
TuluSFT datasets. L.C.Bench refers to LiveCodeBench. The best results are in purple.

Type | Datasets | Llama-3-8B | Llama-3.1-8B | Qwen-2.5-7B | Qwen-2.5-Coder
| | Base Ours | Base Ours | Base Ours | Base Ours

GSMBK 70.7 74.0 | 73.8  76.1 769 710 | 743 80.8
MinMath 28.8 338 | 30.2 332 | 472 518 | 47.6 48.2
MATH 286 306 | 308 342 | 496 515 | 450 50.8
GSM-H 350 35.6 | 393 353 550 55.6 | 554 59.8
SVAMP 830 794 | 796 834 | 79.7 83.6 | 8l.1 85.3
ASDIV 814 819 | 823 857 | 8.5 863 | 869 88.9

Math MAWPS 939 935 | 943 93.1 956 959 | 954 96.6
STEM 428 529 | 50.2 58.9 70.1 719 | 69.3 66.2

TABMWP 65.8 67.1 | 69.6 57.2 713 789 | 80.5 78.3

MATHQA 377 54.7 | 44.7 60.2 80.7 80.2 | 75.3 77.2

SAT 40.6 175.0 | 65.6 68.8 90.6 969 | 87.5 84.4

| Average | 553 61.7 | 60.0 624 | 73.6 754 | 72.6 74.2

Code CRUX 329 421 | 335 49.9 46.5 494 | 52.8 56.4
L.C.Bench 98 142 | 7.6 11.3 258 235 | 272 29.9
ZebraLogic | 7.7 105 | 8.1 9.4 9.4 8.8 9.2 10.8

Logical KORBench 270 272 | 27.0 24.7 404 41.0 | 34.6 394

Mmlu-Redux | 51.8 56.3 | 53.8 54.3 64.2 69.7 66.5 64.2
Ruletaker 604 66.2 | 61.5 67.0 732 744 | 73.1 73.9

Graphwiz 44.0 396 | 445 392 | 290 33.2 | 339 354
Algorithm | Graphlnstruct | 27.5 36.0 | 29.8 559 | 324 358 | 315 40.9
CLRS 172 245 | 16.8 258 | 36.0 43.6 | 422 49.4




RQ1

How important is the Chain of Execution (CoE) format compared to traditional I/0 or

solution-style supervision?

Table 4: Comparison of TracePile with alternative supervision strategies
under two-stage fine-tuning on Qwen-2.5-Coder 7B. LC-O and Z.L denote
LiveCodeBench-Output and Zebra Logic.

Methods Stage-1 Data GSMSK MATH LC-O Z.L
Baseline — 74.3 45.0 29.8 9.2
Pure Code Solution = OpenMathlns. 1 80.1 46.1 19.4 5.6
Pure Math Solution = OpenMathlns. 2 82.1 51.1 17.4 6.6
Generic Instruction  Weblnstruct 81.3 49.0 18.8 9.1
Codel/O Codel/O 79.3 39.8 17.6 8.6
Ours TracePile 80.8 50.8 355 108




RQ2

What components contribute most to TracePile's effectiveness?

Table 5: Ablation studies under two-stage fine-tuning. Average
performances of each category are reported.

Methods Mathematical Code Logical Algorithm
Ours 62.4 30.6 38.9 40.3
w/0 mathematical 60.6 26.2 38.4 40.6
w/o algorithm 61.5 23.1 38.0 33.2
w/0 competition 62.0 24.9 37.8 35.0
w/o diversification 61.8 27.6 38.0 372
w/0 query 62.0 30.0 38.7 379
w/o code 62.2 28.2 38.3 39.5
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RQ3

Does performance scale with more TracePile data?
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Figure 3: Model performances with scaling the size of CoE samples.




RQ4

What types of reasoning are improved by TracePile? Does it enhance robustness, reduce
typical reasoning errors, and generalize?

Table 6: Compare ours with Qwen-2.5-base under two-stage fine-
tuning in BBH subsets.

Tracking Shuffled

Logical Web of

Modelsm Objects Arithmetic Deduction Lies
Base 68.4 72.0 78.4 87.2
Ours 87.6 82.0 83.6 92.8




Takeaways

» CoE supervision bridges code and reasoning.

 TracePile provides large-scale procedural supervision.

* Enables transferable reasoning across math, code, and logic.
* A step toward general reasoning in LLMs.



