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Shapley Values
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A (very) popular approach for explaining AI



Value Functions
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{2}

{1}{3}

Notation: 𝑑 = {1,2, … , 𝑑}

𝜈: 2["] → ℝ

Examples:
• 𝜈(𝑆) = Predictions when only given features in 𝑆
• 𝜈(𝑆) = Loss when only given features in 𝑆
• 𝜈(𝑆) = Predictions when only given points in 𝑆
• 𝜈(𝑆) = Loss when only given points in 𝑆

𝜈( 1,2 )



Shapley Values
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𝜙! 𝜈 = 𝔼" 𝜈 𝑆 ∪ {𝑖} − 𝜈 𝑆

= +
"⊆ $ ∖{!}

𝜈 𝑆 ∪ {𝑖} − 𝜈 𝑆 	𝑝 "

Challenge: 2$  subsets to evaluate!



Kernel SHAP
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Sample 𝑚 subsets 𝑆*, … , 𝑆+ ⊆ [𝑑]

Fit a linear function 𝑓: 2[-] → ℝ on samples

Return 𝜙* 𝑓 ,… , 𝜙-(𝑓)

Justification: When 𝑚 = 2- , 𝜙/ 𝑓 = 𝜙/(𝜈)



Guiding Question
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What if we used an even more expressive function 𝑓 to fit 𝜈?



Gradient Boosted Trees
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• Efficient (highly optimized) and interpretable

• SOTA on tabular data 2015 - 2025

• Easy to compute Shapley values

36
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Regression MSR
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Sample subsets, Fit gradient boosted trees

Challenge: Even with all samples, 𝜙/ 𝑓 ≠ 𝜙/ 𝜈

Return 𝜙/ 𝑓 + 5𝜙/ 𝜈 − 𝑓

Justification: With all samples, 5𝜙/ 𝜈 − 𝑓 = 𝜙/(𝜈 − 𝑓) and so

𝜙/ 𝑓 +	𝜙/ 𝜈 − 𝑓 = 𝜙/ 𝑓 + 𝜈 − 𝑓 = 𝜙/(𝜈)



Shapley Value MSE
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Algorithm 1 Regression Maximum Sample Reuse

1: Input: number of players n, number of samples m, value function v : 2[n] → R, probabilistic
weights p ↑ [0, 1]n, probability density function for sampling D : 2[n] → [0, 1], number of splits
k

2: Output: Estimated probabilistic values ω̃1, . . . , ω̃n

3: Sample S , consisting of m subsets drawn with (or without) replacement from D.
4: Randomly partition S into S(1)

, . . . , S(k).
5: for ε ↑ {1, . . . , k} do
6: For i ↑ [n], initialize ω̃

(ω)
i ↓ 0.

7: Learn f
(ω) : 2[n] → R to minimize loss

∑

S→↑ω→ ↑=ωS(ω→)

[v(S) ↔ f(S)]2.

8: For all i ↑ [n], compute probabilistic values ωi(f (ω)). ϑ Efficient for linear/tree-based models.

9: For all i ↑ [n], compute

ω̃
(ω)
i ↓ ωi(f

(ω)) +
1

|S(ω)|
∑

S→S(ω)

[v(S) ↔ f
(ω)(S)]

p|S|↓1 [i ↑ S] ↔ p|S| [i /↑ S]

D(S)
.

10: end for
11: For all i ↑ [n], compute final estimate ω̃i ↓ 1

k

∑
ω ω̃

(ω)
i .

12: return ω̃1, . . . , ω̃n

Table 1: Summary statistics of the average ε2-norm error between estimated and true Shapley values
for all datasets listed in Appendix G. All estimators are run with m = 40n samples. Tree MSR
achieves average error that is 6.5↗ lower than Permutation SHAP, 3.8↗ lower than Kernel SHAP,
and 2.6↗ lower than the prior state-of-the-art Leverage SHAP. We emphasize that Tree MSR gives
even better performance for larger sample sizes, as shown in Figure 2. We follow Olympic medal
convention: gold , silver and bronze signify first, second and third best performance, respectively.

Adult Forest Fires Real Estate Bike Sharing Breast Cancer Independent NHANES Communities Mean
LinearMSR

Mean 1.18 ↗ 10↓3 3.07 ↗ 10↓5 2.00 ↗ 10↓7 5.07 ↗ 10↓3 1.09 ↗ 10↓3 9.49 ↗ 10↓5 2.73 ↗ 10↓5 1.17 ↗ 10↓4 9.51 ↗ 10↓4

1st Quartile 2.99 ↗ 10↓4 4.72 ↗ 10↓7 2.46 ↗ 10↓8 9.72 ↗ 10↓4 2.14 ↗ 10↓4 5.38 ↗ 10↓5 2.18 ↗ 10↓10 4.76 ↗ 10↓5 1.98 ↗ 10↓4

2nd Quartile 7.67 ↗ 10↓4 2.75 ↗ 10↓6 5.91 ↗ 10↓8 2.85 ↗ 10↓3 1.02 ↗ 10↓3 6.64 ↗ 10↓5 2.49 ↗ 10↓6 9.46 ↗ 10↓5 6.00 ↗ 10↓4

3rd Quartile 1.52 ↗ 10↓3 6.00 ↗ 10↓6 1.82 ↗ 10↓7 6.37 ↗ 10↓3 1.71 ↗ 10↓3 1.06 ↗ 10↓4 2.88 ↗ 10↓5 1.45 ↗ 10↓4 1.24 ↗ 10↓3

TreeMSR
Mean 6.77 ↗ 10↓5 1.45 ↗ 10↓5 1.07 ↗ 10↓6 2.04 ↗ 10↓3 1.08 ↗ 10↓3 1.47 ↗ 10↓4 1.95 ↗ 10↓7 7.93 ↗ 10↓5 4.29 ↗ 10↓4

1st Quartile 1.79 ↗ 10↓5 1.32 ↗ 10↓6 9.50 ↗ 10↓8 6.23 ↗ 10↓4 2.37 ↗ 10↓4 2.40 ↗ 10↓5 2.99 ↗ 10↓10 1.78 ↗ 10↓5 1.15 ↗ 10↓4

2nd Quartile 4.12 ↗ 10↓5 3.55 ↗ 10↓6 1.97 ↗ 10↓7 1.28 ↗ 10↓3 5.51 ↗ 10↓4 8.20 ↗ 10↓5 8.89 ↗ 10↓10 3.58 ↗ 10↓5 2.50 ↗ 10↓4

3rd Quartile 9.03 ↗ 10↓5 1.01 ↗ 10↓5 1.40 ↗ 10↓6 2.44 ↗ 10↓3 1.23 ↗ 10↓3 1.70 ↗ 10↓4 3.91 ↗ 10↓9 5.70 ↗ 10↓5 5.00 ↗ 10↓4

KernelSHAP
Mean 4.55 ↗ 10↓3 2.98 ↗ 10↓5 1.93 ↗ 10↓7 6.12 ↗ 10↓3 2.01 ↗ 10↓3 1.97 ↗ 10↓4 4.08 ↗ 10↓5 1.59 ↗ 10↓4 1.64 ↗ 10↓3

1st Quartile 5.14 ↗ 10↓4 3.08 ↗ 10↓7 1.04 ↗ 10↓9 1.40 ↗ 10↓3 6.87 ↗ 10↓4 1.09 ↗ 10↓4 1.60 ↗ 10↓16 7.03 ↗ 10↓5 3.47 ↗ 10↓4

2nd Quartile 8.59 ↗ 10↓4 3.05 ↗ 10↓6 3.50 ↗ 10↓8 4.00 ↗ 10↓3 1.89 ↗ 10↓3 1.64 ↗ 10↓4 3.10 ↗ 10↓6 1.27 ↗ 10↓4 8.81 ↗ 10↓4

3rd Quartile 2.84 ↗ 10↓3 7.30 ↗ 10↓6 1.59 ↗ 10↓7 7.91 ↗ 10↓3 2.98 ↗ 10↓3 2.80 ↗ 10↓4 3.97 ↗ 10↓5 2.25 ↗ 10↓4 1.79 ↗ 10↓3

PermutationSHAP
Mean 4.86 ↗ 10↓3 1.25 ↗ 10↓4 5.58 ↗ 10↓7 1.51 ↗ 10↓2 1.73 ↗ 10↓3 1.96 ↗ 10↓4 3.43 ↗ 10↓5 2.14 ↗ 10↓4 2.78 ↗ 10↓3

1st Quartile 1.65 ↗ 10↓3 8.54 ↗ 10↓7 3.64 ↗ 10↓9 3.13 ↗ 10↓3 2.97 ↗ 10↓4 6.96 ↗ 10↓5 1.60 ↗ 10↓16 5.87 ↗ 10↓5 6.50 ↗ 10↓4

2nd Quartile 3.84 ↗ 10↓3 4.83 ↗ 10↓6 4.90 ↗ 10↓8 5.97 ↗ 10↓3 1.05 ↗ 10↓3 1.70 ↗ 10↓4 2.10 ↗ 10↓6 1.61 ↗ 10↓4 1.40 ↗ 10↓3

3rd Quartile 7.68 ↗ 10↓3 1.52 ↗ 10↓5 2.69 ↗ 10↓7 1.92 ↗ 10↓2 1.97 ↗ 10↓3 2.77 ↗ 10↓4 2.09 ↗ 10↓5 2.78 ↗ 10↓4 3.68 ↗ 10↓3

LeverageSHAP
Mean 1.38 ↗ 10↓3 3.71 ↗ 10↓5 1.44 ↗ 10↓7 6.32 ↗ 10↓3 1.08 ↗ 10↓3 9.62 ↗ 10↓5 2.83 ↗ 10↓5 1.15 ↗ 10↓4 1.13 ↗ 10↓3

1st Quartile 3.35 ↗ 10↓4 3.07 ↗ 10↓7 7.88 ↗ 10↓10 1.05 ↗ 10↓3 2.74 ↗ 10↓4 5.32 ↗ 10↓5 1.60 ↗ 10↓16 4.41 ↗ 10↓5 2.20 ↗ 10↓4

2nd Quartile 6.62 ↗ 10↓4 2.22 ↗ 10↓6 3.21 ↗ 10↓8 2.73 ↗ 10↓3 1.09 ↗ 10↓3 7.30 ↗ 10↓5 2.70 ↗ 10↓6 9.36 ↗ 10↓5 5.81 ↗ 10↓4

3rd Quartile 1.62 ↗ 10↓3 5.13 ↗ 10↓6 1.29 ↗ 10↓7 7.03 ↗ 10↓3 1.46 ↗ 10↓3 1.08 ↗ 10↓4 2.62 ↗ 10↓5 1.52 ↗ 10↓4 1.30 ↗ 10↓3

CL21, MW25]. Using a linear function for variance reduction in MSR offers a natural alternative to
these methods, and adds negligible computational overhead, yet tends to show superior performance
on most datasets (see, e.g., Table 1). When applying the method to Shapley values specifically, we
use the existing state-of-the art Leverage SHAP method (which samples via leverage scores) to fit the
learned function. We similarly use the linear regression-based Kernel Banzhaf algorithm [LWK+25]
when estimating Banzhaf values. For general probabilistic values, Linear MSR fits a linear model
with the sampling distribution described below, and uses its predictions to adjust the final estimates.
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Let’s Chat!
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rtealwitter@cmc.edu


