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Stochastic Differential Equations (SDEs) are Everywhere
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PhysicsFinance Generative Modelling

Drift term 
(deterministic)

Diffusion term 
(stochastic)

<latexit sha1_base64="GwVy+eaFJyrQEJ9kZQC+J1dcJzo="></latexit>

Itô SDE: dxt = µ (xt, t) dt+ ω (xt, t) dWt, x0 → p0

Figure adapted from [47]



<latexit sha1_base64="GwVy+eaFJyrQEJ9kZQC+J1dcJzo="></latexit>

Itô SDE: dxt = µ (xt, t) dt+ ω (xt, t) dWt, x0 → p0

Neural SDEs
Modelling SDE Terms using Neural Networks

3

Modelled by neural networks

<latexit sha1_base64="Iv6f4oUAlstMHwxYoKAAXOtwPfo="></latexit>

xtk+1 = xtk + µ (xtk , tk)!t+ ω (xtk , tk)!Wk

<latexit sha1_base64="/YUaSFXmbJNEwd4/1Y51RqClx28="></latexit>

tk = k!t, !Wk = Wtk+1 →Wtk ↑ N (0,!t)



Computational Challenges of Neural SDEs
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Computational Challenges of Neural SDEs
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Computational Challenges of Neural SDEs
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Costly for long horizons



<latexit sha1_base64="GwVy+eaFJyrQEJ9kZQC+J1dcJzo="></latexit>

Itô SDE: dxt = µ (xt, t) dt+ ω (xt, t) dWt, x0 → p0

Strong Solution and Weak Solution of the SDEs

Strong solution 

A solution  defined on a given probability space with a given Brownian motion. You do not 
change the noise;  must adapt to the fixed .


• Neural SDE: model sample paths w.r.t. a fixed Brownian motion.


Weak solution 

A solution  where the probability space and the Brownian motion are part of what you can 
choose. You only require that  and some Brownian motion satisfy the SDE and have the correct 
distribution.


• Our idea: SDE as a Markov model—characterised by the transition law .

xt
xt Wt

xt
xt

p(xt ∣ xs)
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Direct Modelling of Transition Distributions
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Direct Modelling of Transition Distributions
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Direct Modelling of Transition Distributions
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Mathematical Requirements for the Transition Kernel
Properties of 

1. Independence. 

For any                            ,                                              are independent.


2. Identity. 

When         , 


3. Flow property. 

For any                          ,


4. Stationarity (for autonomous SDEs). 

22

<latexit sha1_base64="hgv4pd+WeGMaJdYpxrCW8rd1Mj0="></latexit>

pω(xtk+1 | xtk ; tk, tk+1 → tk)
<latexit sha1_base64="mlqnAnF/JDJ3JkudkgWroQEnLbA=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVckWkZsLCOYByRLmJ3cTYbMPpi5K4QlhY2/YmOhiK34DXb+jZPNFpp44HIP59zLzD1eLIVG2/62VlbX1jc2C1vF7Z3dvf3SwWFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfH1zG/fg9IiCu9wEoMbsGEofMEZGqlfKtu0J4Fi38l6bxChzhXjVuyqnYEuEycnFZKj0S99mX2eBBAil0zrrmPH6KZMoeASpsVeoiFmfMyG0DU0ZAFoN82OmNITowyoHylTIdJM/b2RskDrSeCZyYDhSC96M/E/r5ugf+mmIowThJDPH/ITSTGis0ToQCjgKCeGMK6E+SvlI6YYR5Nb0YTgLJ68TFpnVadWrd2eV+pXn/M4CqRMjskpccgFqZMb0iBNwskDeSIv5NV6tJ6tN+t9Prpi5REekT+wPn4AcleXVQ==</latexit>

0 → t1 → · · · → tn

<latexit sha1_base64="KMZk8Msc+HlHt48JD4xQeFi3Zwo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CxIvHiOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6IX6DN//GyeOgiQUNRVU33V1BIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPzmI9dGxOoBRwn3I9pXIhSMopXu8cp0iyW37E5Blok3JyWYo9YtfnV6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrqmJxYpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDSz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2CDcFbfHmZNM7KXqVcuTsvVa8/Z3Hk4QiO4RQ8uIAq3EIN6sCgD0/wAq+OdJ6dN+d91ppz5hEewh84Hz9yO46G</latexit>

t = s
<latexit sha1_base64="ate6YOwa52Y5bvl/AU6LR/nJYcU="></latexit>

pω(xt | xs; s, 0) = ω(xt → xs)

<latexit sha1_base64="0InTl+0hZkZdbtSh2onJkX2gTpo="></latexit>

pω(xt | xs; s,!t = t→ s)

<latexit sha1_base64="0XwUi1i/V3emd3b0kG6fQcs2TI8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpipBqDAWsTAWiV6kNooc96Q1dZxgO0hV1IGFV2FhACFWxDOw8Ta4bQZoOZLlT/9/juzzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMLyd+6x6kYrG40aMEvIj0BQsZJdpIvl3CTpfDHdY+y+9bnMPQt8tOxZkWXgQ3hzLKq+7bX91eTNMIhKacKNVxnUR7GZGaUQ7jYjdVkBA6JH3oGBQkAuVl0yXG+MgoPRzG0hyh8VT9PZGRSKlRFJjOiOiBmvcm4n9eJ9XhuZcxkaQaBJ09FKYc6xhPEsE9JoFqPjJAqGTmr5gOiCRUm9yKJgR3fuVFaJ5U3Gqlen1arl18zuIooBI6RMfIRWeohq5QHTUQRQ/oCb2gV+vRerberPdZ65KVR3iA/pT18QNVR5fk</latexit>

0 → ti → tj → tk

<latexit sha1_base64="xI28NLG8f3ZZHD/fGSi8N9KFxW4="></latexit>

pω(xtk | xti ; ti, tk → ti) =

∫
pω(xtk | xtj ; tj , tk → tj) pω(xtj | xti ; ti, tj → ti) dxtj

<latexit sha1_base64="iShb/M2Q0I9yRs4UDwAD4JPv8BE="></latexit>

pω(xtj | xs; ti, tj → ti) = pω(xtj+r | xs; ti + r, tj → ti)



Mathematical Requirements for the Transition Kernel
Properties of 

1. Independence. ✓ Realised by non-overlapping sampling. 

For any                            ,                                              are independent.


2. Identity. 

When         , 


3. Flow property. 

For any                          ,


4. Stationarity (for autonomous SDEs). 

23

<latexit sha1_base64="hgv4pd+WeGMaJdYpxrCW8rd1Mj0="></latexit>

pω(xtk+1 | xtk ; tk, tk+1 → tk)
<latexit sha1_base64="mlqnAnF/JDJ3JkudkgWroQEnLbA=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVckWkZsLCOYByRLmJ3cTYbMPpi5K4QlhY2/YmOhiK34DXb+jZPNFpp44HIP59zLzD1eLIVG2/62VlbX1jc2C1vF7Z3dvf3SwWFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfH1zG/fg9IiCu9wEoMbsGEofMEZGqlfKtu0J4Fi38l6bxChzhXjVuyqnYEuEycnFZKj0S99mX2eBBAil0zrrmPH6KZMoeASpsVeoiFmfMyG0DU0ZAFoN82OmNITowyoHylTIdJM/b2RskDrSeCZyYDhSC96M/E/r5ugf+mmIowThJDPH/ITSTGis0ToQCjgKCeGMK6E+SvlI6YYR5Nb0YTgLJ68TFpnVadWrd2eV+pXn/M4CqRMjskpccgFqZMb0iBNwskDeSIv5NV6tJ6tN+t9Prpi5REekT+wPn4AcleXVQ==</latexit>

0 → t1 → · · · → tn

<latexit sha1_base64="KMZk8Msc+HlHt48JD4xQeFi3Zwo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CxIvHiOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6IX6DN//GyeOgiQUNRVU33V1BIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPzmI9dGxOoBRwn3I9pXIhSMopXu8cp0iyW37E5Blok3JyWYo9YtfnV6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrqmJxYpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDSz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2CDcFbfHmZNM7KXqVcuTsvVa8/Z3Hk4QiO4RQ8uIAq3EIN6sCgD0/wAq+OdJ6dN+d91ppz5hEewh84Hz9yO46G</latexit>

t = s
<latexit sha1_base64="ate6YOwa52Y5bvl/AU6LR/nJYcU="></latexit>

pω(xt | xs; s, 0) = ω(xt → xs)

<latexit sha1_base64="0XwUi1i/V3emd3b0kG6fQcs2TI8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpipBqDAWsTAWiV6kNooc96Q1dZxgO0hV1IGFV2FhACFWxDOw8Ta4bQZoOZLlT/9/juzzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMLyd+6x6kYrG40aMEvIj0BQsZJdpIvl3CTpfDHdY+y+9bnMPQt8tOxZkWXgQ3hzLKq+7bX91eTNMIhKacKNVxnUR7GZGaUQ7jYjdVkBA6JH3oGBQkAuVl0yXG+MgoPRzG0hyh8VT9PZGRSKlRFJjOiOiBmvcm4n9eJ9XhuZcxkaQaBJ09FKYc6xhPEsE9JoFqPjJAqGTmr5gOiCRUm9yKJgR3fuVFaJ5U3Gqlen1arl18zuIooBI6RMfIRWeohq5QHTUQRQ/oCb2gV+vRerberPdZ65KVR3iA/pT18QNVR5fk</latexit>

0 → ti → tj → tk

<latexit sha1_base64="xI28NLG8f3ZZHD/fGSi8N9KFxW4="></latexit>

pω(xtk | xti ; ti, tk → ti) =

∫
pω(xtk | xtj ; tj , tk → tj) pω(xtj | xti ; ti, tj → ti) dxtj

<latexit sha1_base64="iShb/M2Q0I9yRs4UDwAD4JPv8BE="></latexit>

pω(xtj | xs; ti, tj → ti) = pω(xtj+r | xs; ti + r, tj → ti)

<latexit sha1_base64="0InTl+0hZkZdbtSh2onJkX2gTpo="></latexit>

pω(xt | xs; s,!t = t→ s)



Architectural Design
Conditional normalising flow for 

Base distribution 
Using conditioning                           ,


Conditional affine coupling layers [4, 13, 28] 

With                             , each layer    is designed as:

24

<latexit sha1_base64="Ag1oM/wTnSpipbsHDzddNJTJams="></latexit>

pω(xtj | xti ; ti,!t)

<latexit sha1_base64="/FS5hDqKGMFtlrEKUCYUE0XRPSM=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUKGVGtIogFHTRZQX7gE4ZMmnahmYeJHfEMsyXuPFX3LhQRHClf2Om7UJbD4ScnHMvufe4oeAKTPPbyCwtr6yuZddzG5tb2zv53b2mCiJJWYMGIpBtlygmuM8awEGwdigZ8VzBWu7oOvVb90wqHvh3MA5Z1yMDn/c5JaAlJ39mu4HoqbGnr5gml1fF38JD4sTg8KSE7RsmgGAoYf0+dvIFs2xOgBeJNSMFNEPdyX/avYBGHvOBCqJUxzJD6MZEAqeCJTk7UiwkdEQGrKOpTzymuvFkvQQfaaWH+4HUxwc8UX93xMRT6cC60iMwVPNeKv7ndSLoX3Rj7ocRMJ9OP+pHAkOA06xwj0tGQYw1IVRyPSumQyIJBZ1oTodgza+8SJonZatSrtyeFqq1WRxZdIAOURFZ6BxVUQ3VUQNR9Iie0St6M56MF+Pd+JiWZoxZzz76A+PrB6Rgosg=</latexit>

c := (xti ,!t, ti)

<latexit sha1_base64="0UOzkVrHo49J1US+h0tmG1gn7uw="></latexit>

zA, zB = Split(z)
<latexit sha1_base64="4g5Cb6tgEiJCDOm87JF7RlwW5Ys=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgpssK9gHtWDKZTBuaSYYko5Sh/+HGhSJu/Rd3/o2ZdhbaeiDkcM695OQECWfauO63s7a+sbm1Xdop7+7tHxxWjo47WqaK0DaRXKpegDXlTNC2YYbTXqIojgNOu8HkNve7j1RpJsW9mSbUj/FIsIgRbKz0MAgkD/U0tlcWzYaVqltz50CrxCtIFQq0hpWvQShJGlNhCMda9z03MX6GlWGE01l5kGqaYDLBI9q3VOCYaj+bp56hc6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdONnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qbEvwlr+8SjqXNa9eq99dVRvNoo4SnMIZXIAH19CAJrSgDQQUPMMrvDlPzovz7nwsRtecYucE/sD5/AE9UpMI</latexit>

f
<latexit sha1_base64="+4JRVPDDTWpbA7zyWk0YqDDr2Wk="></latexit>

Concat
(
zA, zB→exp

(
!tMLP(i)

scale(zA, c;ω
(i)
scale)

)
+!tMLP(i)

shift(zA, c;ω
(i)
shift)

)

<latexit sha1_base64="A+ZYCbc/lMMPZZXlV5YLT2XmsTw="></latexit>

z = xti +!t ·MLPµ(c;ωµ) +
→
!t ·MLPω(c;ωω)↑ ε, ε ↓ N (0, I)

<latexit sha1_base64="zacveMBpLNTQnkBFusfjVRIvm6Y="></latexit>

xtj = fω(z, c) = fL(·; c,ωL) → fL→1(·; c,ωL→1) → · · · → f1(z; c,ω1)



Architectural Design
Conditional affine coupling part for 

25

<latexit sha1_base64="Ag1oM/wTnSpipbsHDzddNJTJams="></latexit>

pω(xtj | xti ; ti,!t)

masked input unmasked input

MLP

exp

scale shift

time

unmasked outputunmasked output

condition



Architectural Design
Conditional normalising flow for 

Base distribution 
Using conditioning                           ,


Conditional affine coupling layers [4, 13, 28] 

With                             , each layer    is designed as:
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<latexit sha1_base64="Ag1oM/wTnSpipbsHDzddNJTJams="></latexit>

pω(xtj | xti ; ti,!t)

<latexit sha1_base64="/FS5hDqKGMFtlrEKUCYUE0XRPSM=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUKGVGtIogFHTRZQX7gE4ZMmnahmYeJHfEMsyXuPFX3LhQRHClf2Om7UJbD4ScnHMvufe4oeAKTPPbyCwtr6yuZddzG5tb2zv53b2mCiJJWYMGIpBtlygmuM8awEGwdigZ8VzBWu7oOvVb90wqHvh3MA5Z1yMDn/c5JaAlJ39mu4HoqbGnr5gml1fF38JD4sTg8KSE7RsmgGAoYf0+dvIFs2xOgBeJNSMFNEPdyX/avYBGHvOBCqJUxzJD6MZEAqeCJTk7UiwkdEQGrKOpTzymuvFkvQQfaaWH+4HUxwc8UX93xMRT6cC60iMwVPNeKv7ndSLoX3Rj7ocRMJ9OP+pHAkOA06xwj0tGQYw1IVRyPSumQyIJBZ1oTodgza+8SJonZatSrtyeFqq1WRxZdIAOURFZ6BxVUQ3VUQNR9Iie0St6M56MF+Pd+JiWZoxZzz76A+PrB6Rgosg=</latexit>

c := (xti ,!t, ti)
<latexit sha1_base64="A+ZYCbc/lMMPZZXlV5YLT2XmsTw="></latexit>

z = xti +!t ·MLPµ(c;ωµ) +
→
!t ·MLPω(c;ωω)↑ ε, ε ↓ N (0, I)

<latexit sha1_base64="zacveMBpLNTQnkBFusfjVRIvm6Y="></latexit>

xtj = fω(z, c) = fL(·; c,ωL) → fL→1(·; c,ωL→1) → · · · → f1(z; c,ω1)
<latexit sha1_base64="0UOzkVrHo49J1US+h0tmG1gn7uw="></latexit>

zA, zB = Split(z)
<latexit sha1_base64="4g5Cb6tgEiJCDOm87JF7RlwW5Ys=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgpssK9gHtWDKZTBuaSYYko5Sh/+HGhSJu/Rd3/o2ZdhbaeiDkcM695OQECWfauO63s7a+sbm1Xdop7+7tHxxWjo47WqaK0DaRXKpegDXlTNC2YYbTXqIojgNOu8HkNve7j1RpJsW9mSbUj/FIsIgRbKz0MAgkD/U0tlcWzYaVqltz50CrxCtIFQq0hpWvQShJGlNhCMda9z03MX6GlWGE01l5kGqaYDLBI9q3VOCYaj+bp56hc6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdONnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qbEvwlr+8SjqXNa9eq99dVRvNoo4SnMIZXIAH19CAJrSgDQQUPMMrvDlPzovz7nwsRtecYucE/sD5/AE9UpMI</latexit>

f
<latexit sha1_base64="+4JRVPDDTWpbA7zyWk0YqDDr2Wk="></latexit>

Concat
(
zA, zB→exp

(
!tMLP(i)

scale(zA, c;ω
(i)
scale)

)
+!tMLP(i)

shift(zA, c;ω
(i)
shift)

)

✓ Identity when .Δt = 0 ✓ Stationary when we drop  from .ti c



Mathematical Requirements for the Transition Kernel
Properties of 

1. Independence. ✓ Realised by non-overlapping sampling. 

For any                            ,                                              are independent.


2. Identity. ✓ Realised by architecture. 

When         , 


3. Flow property. 

For any                          ,


4. Stationarity (for autonomous SDEs). ✓ Realised by architecture optionally. 

27

<latexit sha1_base64="hgv4pd+WeGMaJdYpxrCW8rd1Mj0="></latexit>

pω(xtk+1 | xtk ; tk, tk+1 → tk)
<latexit sha1_base64="mlqnAnF/JDJ3JkudkgWroQEnLbA=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVckWkZsLCOYByRLmJ3cTYbMPpi5K4QlhY2/YmOhiK34DXb+jZPNFpp44HIP59zLzD1eLIVG2/62VlbX1jc2C1vF7Z3dvf3SwWFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfH1zG/fg9IiCu9wEoMbsGEofMEZGqlfKtu0J4Fi38l6bxChzhXjVuyqnYEuEycnFZKj0S99mX2eBBAil0zrrmPH6KZMoeASpsVeoiFmfMyG0DU0ZAFoN82OmNITowyoHylTIdJM/b2RskDrSeCZyYDhSC96M/E/r5ugf+mmIowThJDPH/ITSTGis0ToQCjgKCeGMK6E+SvlI6YYR5Nb0YTgLJ68TFpnVadWrd2eV+pXn/M4CqRMjskpccgFqZMb0iBNwskDeSIv5NV6tJ6tN+t9Prpi5REekT+wPn4AcleXVQ==</latexit>

0 → t1 → · · · → tn

<latexit sha1_base64="KMZk8Msc+HlHt48JD4xQeFi3Zwo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CxIvHiOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6IX6DN//GyeOgiQUNRVU33V1BIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPzmI9dGxOoBRwn3I9pXIhSMopXu8cp0iyW37E5Blok3JyWYo9YtfnV6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrqmJxYpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDSz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2CDcFbfHmZNM7KXqVcuTsvVa8/Z3Hk4QiO4RQ8uIAq3EIN6sCgD0/wAq+OdJ6dN+d91ppz5hEewh84Hz9yO46G</latexit>

t = s
<latexit sha1_base64="ate6YOwa52Y5bvl/AU6LR/nJYcU="></latexit>

pω(xt | xs; s, 0) = ω(xt → xs)

<latexit sha1_base64="0XwUi1i/V3emd3b0kG6fQcs2TI8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpipBqDAWsTAWiV6kNooc96Q1dZxgO0hV1IGFV2FhACFWxDOw8Ta4bQZoOZLlT/9/juzzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMLyd+6x6kYrG40aMEvIj0BQsZJdpIvl3CTpfDHdY+y+9bnMPQt8tOxZkWXgQ3hzLKq+7bX91eTNMIhKacKNVxnUR7GZGaUQ7jYjdVkBA6JH3oGBQkAuVl0yXG+MgoPRzG0hyh8VT9PZGRSKlRFJjOiOiBmvcm4n9eJ9XhuZcxkaQaBJ09FKYc6xhPEsE9JoFqPjJAqGTmr5gOiCRUm9yKJgR3fuVFaJ5U3Gqlen1arl18zuIooBI6RMfIRWeohq5QHTUQRQ/oCb2gV+vRerberPdZ65KVR3iA/pT18QNVR5fk</latexit>

0 → ti → tj → tk

<latexit sha1_base64="xI28NLG8f3ZZHD/fGSi8N9KFxW4="></latexit>

pω(xtk | xti ; ti, tk → ti) =

∫
pω(xtk | xtj ; tj , tk → tj) pω(xtj | xti ; ti, tj → ti) dxtj

<latexit sha1_base64="iShb/M2Q0I9yRs4UDwAD4JPv8BE="></latexit>

pω(xtj | xs; ti, tj → ti) = pω(xtj+r | xs; ti + r, tj → ti)

<latexit sha1_base64="0InTl+0hZkZdbtSh2onJkX2gTpo="></latexit>

pω(xt | xs; s,!t = t→ s)



Regularisation for Flow Consistency
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Regularisation for Flow Consistency

Challenges in computing the flow loss 

• The marginalisation is generally intractable 
→ Direct access to the marginalised density is not available 

• Naive Monte Carlo estimation would require many samples

34

<latexit sha1_base64="ZRkM2YAJepcox2Eh0WGW0YmrVp0="></latexit>

Lflow = D

[
p1ω (xtk | xti) ,

∫
p2ω

(
xtk | xtj

)
p2ω

(
xtj | xti

)
dxtj

]

We derive the upper bounds for KL divergences



1-step → 2-step KL divergence 

2-step → 1-step KL divergence

Regularisation for Flow Consistency
Upper bounds for KL divergences
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<latexit sha1_base64="htymB987QUGkjqGJVjtjWGDy3qo="></latexit>

DKL

(
pω(xtk | xti)

∥∥∥∥
∫

pω
(
xtk | xtj

)
pω

(
xtj | xti

)
dxtj

)

→ Extk
→pω(·|xti )

[
Extj→bε(·|xti ,xtk

)

[
log

(
pω(xtk | xti) bε

(
xtj | xti ,xtk

)

pω
(
xtk | xtj

)
pω

(
xtj | xti

)
)]]

=: Lflow, 1-to-2(ω, ε; ti, tj , tk) .

<latexit sha1_base64="yUShiXchg34JbJvpcqi+xbZFcpE="></latexit>

DKL

(∫
pω

(
xtk | xtj

)
pω

(
xtj | xti

)
dxtj

∥∥∥∥ pω(xtk | xti)

)

→ Extj→pω(·|xti )

[
Extk

→pω(·|xtj )

[
log

(
pω

(
xtj | xti

)
pω

(
xtk | xtj

)

bε
(
xtj | xti ,xtk

)
pω(xtk | xti)

)]]
=: Lflow, 2-to-1(ω, ε; ti, tj , tk) .

<latexit sha1_base64="jTxn7FydMrWNNqu9PzrQGYxa7So="></latexit>

Lflow(ω, ε) := E
p(ti,tj ,tk)

[Lflow, 1-to-2(ω, ε; ti, tj , tk) + Lflow, 2-to-1(ω, ε; ti, tj , tk)]



Mathematical Requirements for the Transition Kernel
Properties of 

1. Independence. ✓ Realised by non-overlapping sampling. 

For any                            ,                                              are independent.


2. Identity. ✓ Realised by architecture. 

When         , 


3. Flow property. ✓ Approximately realised by flow loss. 

For any                          ,


4. Stationarity (for autonomous SDEs). ✓ Realised by architecture optionally. 
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<latexit sha1_base64="hgv4pd+WeGMaJdYpxrCW8rd1Mj0="></latexit>

pω(xtk+1 | xtk ; tk, tk+1 → tk)
<latexit sha1_base64="mlqnAnF/JDJ3JkudkgWroQEnLbA=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVckWkZsLCOYByRLmJ3cTYbMPpi5K4QlhY2/YmOhiK34DXb+jZPNFpp44HIP59zLzD1eLIVG2/62VlbX1jc2C1vF7Z3dvf3SwWFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfH1zG/fg9IiCu9wEoMbsGEofMEZGqlfKtu0J4Fi38l6bxChzhXjVuyqnYEuEycnFZKj0S99mX2eBBAil0zrrmPH6KZMoeASpsVeoiFmfMyG0DU0ZAFoN82OmNITowyoHylTIdJM/b2RskDrSeCZyYDhSC96M/E/r5ugf+mmIowThJDPH/ITSTGis0ToQCjgKCeGMK6E+SvlI6YYR5Nb0YTgLJ68TFpnVadWrd2eV+pXn/M4CqRMjskpccgFqZMb0iBNwskDeSIv5NV6tJ6tN+t9Prpi5REekT+wPn4AcleXVQ==</latexit>

0 → t1 → · · · → tn

<latexit sha1_base64="KMZk8Msc+HlHt48JD4xQeFi3Zwo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CxIvHiOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6IX6DN//GyeOgiQUNRVU33V1BIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPzmI9dGxOoBRwn3I9pXIhSMopXu8cp0iyW37E5Blok3JyWYo9YtfnV6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrqmJxYpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDSz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2CDcFbfHmZNM7KXqVcuTsvVa8/Z3Hk4QiO4RQ8uIAq3EIN6sCgD0/wAq+OdJ6dN+d91ppz5hEewh84Hz9yO46G</latexit>

t = s
<latexit sha1_base64="ate6YOwa52Y5bvl/AU6LR/nJYcU="></latexit>

pω(xt | xs; s, 0) = ω(xt → xs)

<latexit sha1_base64="0XwUi1i/V3emd3b0kG6fQcs2TI8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpipBqDAWsTAWiV6kNooc96Q1dZxgO0hV1IGFV2FhACFWxDOw8Ta4bQZoOZLlT/9/juzzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMLyd+6x6kYrG40aMEvIj0BQsZJdpIvl3CTpfDHdY+y+9bnMPQt8tOxZkWXgQ3hzLKq+7bX91eTNMIhKacKNVxnUR7GZGaUQ7jYjdVkBA6JH3oGBQkAuVl0yXG+MgoPRzG0hyh8VT9PZGRSKlRFJjOiOiBmvcm4n9eJ9XhuZcxkaQaBJ09FKYc6xhPEsE9JoFqPjJAqGTmr5gOiCRUm9yKJgR3fuVFaJ5U3Gqlen1arl18zuIooBI6RMfIRWeohq5QHTUQRQ/oCb2gV+vRerberPdZ65KVR3iA/pT18QNVR5fk</latexit>

0 → ti → tj → tk

<latexit sha1_base64="xI28NLG8f3ZZHD/fGSi8N9KFxW4="></latexit>

pω(xtk | xti ; ti, tk → ti) =

∫
pω(xtk | xtj ; tj , tk → tj) pω(xtj | xti ; ti, tj → ti) dxtj

<latexit sha1_base64="iShb/M2Q0I9yRs4UDwAD4JPv8BE="></latexit>

pω(xtj | xs; ti, tj → ti) = pω(xtj+r | xs; ti + r, tj → ti)

<latexit sha1_base64="0InTl+0hZkZdbtSh2onJkX2gTpo="></latexit>

pω(xt | xs; s,!t = t→ s)



Training Objective
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<latexit sha1_base64="Oaq7Ciumzl7GigNX5cGjZIRINZM="></latexit>

L = E
xtj,xti→D

[
log pω(xtj | xti)

]
+ ωLflow(ω, ε)

Negative log likelihood Flow loss



Experimental Configurations
Chaotic dynamics—Stochastic Lorenz Attractor

38

<latexit sha1_base64="WOUGv9Rbv23p7aGrrzJehj5+yug="></latexit>

dx = ω(y → x)dt+ εx dW1

dy = (x(ϑ→ z)→ y)dt+ εy dW2

dz = (xy → ϖz)dt+ εz dW3
<latexit sha1_base64="t3cP1Xo9cndevei3CQpC6G6tjmA="></latexit>

ω = 10, ε = 28,ϑ = 8/3,ϖ = (0.15, 0.15, 0.15)

Ground truth trajectories

<latexit sha1_base64="FHjwwEliytzy5PSUhPFiNah9wgU="></latexit>

Initial state: N (0, I); Duration: t → [0, 1]

Trained on 1,024 trajectories, tested on 1,024 trajectories.



Experimental Results
With a comparable network size
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Ground truth Latent SDE [33] SDE matching [3] NSF (ours)

Method
t = 0.25 t = 0.5 t = 0.75 t = 1.0

KL ↓ kFLOPs ↓ KL ↓ kFLOPs ↓ KL ↓ kFLOPs ↓ KL ↓ kFLOPs ↓
Latent SDE [33] 2.1 ± 0.9 959 1.8 ± 0.1 1,917 0.9 ± 0.3 2,839 1.5 ± 0.5 3,760

SDE matching [3] 6.3 ± 0.4 1,917 11.7 ± 0.5 3,834 7.9 ± 0.3 5,677 6.0 ± 0.3 7,520

NSF (ours) 0.8 ± 0.7 53 1.3 ± 0.1 53 0.6 ± 0.3 53 0.2 ± 0.6 53



Latent SDEs and Latent Neural Stochastic Flows
Extension for partially-observed/high-dimensional data

Real-world time-series data 
is often: 

• Partially-observed


• Irregularly-sampled


• High-dimensional

40

Latent SDE

Decode

Latent SDEs are powerful tools, but 
they require high computational costs.

We replace SDEs with Neural Stochastic Flows.

(Figure adapted from github.com/jutanke/mocap)

http://github.com/jutanke/mocap


Latent Neural Stochastic Flows
Extension for partially-observed/high-dimensional data
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Variational State Space Model [8, 21, 22, 31] Latent NSF (ours)

A proven template for sequential 
modelling, including RL (PlaNet[16], 
Dreamer, etc.)

✓ VSSM structure remains the same 
by NSF’s closed-form log density 

✓ One-step transition for arbitrary Δt



Experimental Results with Latent NSF
 Real-world/high-dimensional sequential prediction

CMU Motion Capture (50-dims.) Stochastic Moving MNIST (64x64 px)

Setup 1: The same length for train/test


Setup 2: Training length < Test length

Figure adapted from [54]



Experimental Results with Latent NSF
 Real-world/high-dimensional sequential prediction
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CMU Motion Capture (50-dims.) 
Compared by mean square error

Stochastic Moving MNIST (64x64 px)
<latexit sha1_base64="2V4QZqFrUe5DdwMOIcXdz4K3olk="></latexit>

Methods Setup 1 Setup 2

npODE [17] 22.96† →
Neural ODE [6] 22.49± 0.88† →
ODE2VAE-KL [54] 8.09± 1.95† →
Latent ODE [43] 5.98± 0.28→ 31.62± 0.05§

Latent SDE [33] 12.91± 2.901 9.52± 0.21§

Latent Approx SDE [46] 7.55± 0.05§ 10.50± 0.86
ARCTA [9] 7.62± 0.93‡ 9.92± 1.82
NCDSSM [2] 5.69± 0.01§ 4.74± 0.01§

SDE matching [3] 5.20± 0.432
4.26± 0.35

Latent NSF (ours) 8.62± 0.32 3.41± 0.27

✔︎ Comparable performance 
✔︎ 2x faster

✔︎ Best/tied-best performance 
✔︎ Two orders of magnitude faster



Method(s) Target dynamics Solver-free 
training

Solver-free 
inference

Neural ODEs [6] General ODEs ✗ ✗

Neural flows [4] General ODEs ✓ ✓

Score-based diffusion via reverse SDEs/PF-ODEs 
[47]; flow matching [34]

Pre-defined diffusion SDEs/
ODEs ✓ ✗

Progressive distillation [44] Pre-defined diffusion SDEs/
ODEs ✗ ✓

Consistency models [26, 48]; rectified flows [35] Pre-defined diffusion SDEs/
ODEs ✓ ✓

Neural (latent) SDEs [25, 33, 38, 46, 50] General Itô SDEs ✗ ✗

ARCTA [9]; SDE matching [3] General Itô SDEs ✓ ✗

Neural Stochastic Flows (ours) General Itô SDEs ✓ ✓

Position of Our Work
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Summary

• We proposed Neural Stochastic Flows, which enable solver-free 
in both training and inference, with closed-form log-densities. 

• Extended to Latent NSF: a variational state-space model using 
NSF as the latent transition for partially-observed/high-
dimensional data. 

Key Benefits: 
• One-step prediction for arbitrary time gaps.

• Speed: up to two orders of magnitude faster.

• Stable training with tractable densities.

Limitations: 
• Chapman–Kolmogorov relation is enforced approximately. 
• Affine-coupling design constrains expressivity.
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