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Stochastic Differential Equations (SDEs) are Everywhere

B 1
[t6 SDE:  dx; =|p (x4, t) dtl+L (w¢,t) dWy,| @0 ~ Do
J

Drift term  Diffusion term
(deterministic) (stochastic)

Finance Physics Generative Modelling

Forward SDE (data — noise)
x(0) dx = f(x,t)dt + g(t)dw )@
e Exe o

Figure adapted from [47]



Neural SDEs

Modelling SDE Terms using Neural Networks

[t6 SDE:  dx; =|u (x4, t)|dt +|o (24, t)

!thv Lo ~ Po

H

Modelled by neural networks

——

Tty = Tty + (Tt tr) At + 0 (24, i) AW,

tr = kAL, AW =W, . — W, ~N(0,At)




Computational Challenges of Neural SDEs

Discretise time: t = 0, At, 2A¢t, ...

A Fach xj,1 needs xi: iterate step by step.

State x

Time ¢
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Computational Challenges of Neural SDEs
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Computational Challenges of Neural SDEs

State © =

Costly for long horizons

Time ¢



Strong Solution and Weak Solution of the SDEs

[to SDE:  dx; = p (x4, t)dt + o (x¢,t) dWy, 9 ~ po
Strong solution

A solution X, defined on a given probability space with a given Brownian motion. You do not
change the noise; x, must adapt to the fixed W..

 Neural SDE: model sample paths w.r.t. a fixed Brownian motion.

Weak solution

A solution x, where the probability space and the Brownian motion are part of what you can

choose. You only require that x, and some Brownian motion satisfy the SDE and have the correct
distribution.

» Our idea: SDE as a Markov model—characterised by the transition law p(x, | x,).
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Direct Modelling of Transition Distributions

State x

Time ¢



Direct Modelling of Transition Distributions

Distribution at ¢ =1.00
p(xs | xo; Al)
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Direct Modelling of Transition Distributions

Distribution at ¢ =0.85
p(xzs | xo; At)

) y A . 5

s ol ¥ ." x. '.‘) . ’ ; . .0 ~ ¢! o f
oh b ':v '.‘ . "'!l g » 4 w y . o) - ’ .
Al TE TN A r a1 , "

'y Y f," o e e A . Yo At el
1 e ';,“".;"'./l y '-. ’
J J/ . L N '0,‘- '0\0 et
Ny S < s
o

Time ¢

15



Direct Modelling of Transition Distributions

Distribution at ¢ =0.41
p(r¢ | wo; At)
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Direct Modelling of Transition Distributions

Distribution at t =0.04
p(xs | xo; At)
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Direct Modelling of Transition Distributions

One-step sampling at arbitrary time
Ty ~ po(xs | T5; At)

State x

Time ¢
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Direct Modelling of Transition Distributions

One-step sampling at arbitrary time
Ty ~ po(ze | T5; At)

State © ¢

Time ¢



Mathematical Requirements for the Transition Kernel
Properties of po(x: | zs;s, At =t —s)

1. Independence.
Forany 0 <t; <---<t,,po(Ts.,, | Tt,itk, tkr1 — tk) are independent.
2. ldentity.
When t = s, pe(x: | Ts; s, 0) = d(xy — )
3. Flow property.
Forany 0 <t; <t; <tg, po(®s, | Te;5 it — ;) = /Pe(ibtk | @y, 5t b — t5) pe (@, | @5 ti, by — t) Ay,

4. Stationarity (for autonomous SDEsSs).

pe(wtj ‘ w87t’b7t] D t”L) :pe(wtﬂ—r ‘ ‘rL‘S7tZ —I_fr7 t] D t’L)
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Mathematical Requirements for the Transition Kernel
Properties of po(x: | zs;s, At =t —s)

1. Independence. v Realised by non-overlapping sampling.
Forany 0 <t; <---<t,,po(Ts.,, | Tt,itk, tkr1 — tk) are independent.
2. ldentity.
When t = s, pe(x: | Ts; s, 0) = d(xy — )
3. Flow property.
Forany 0 <t; <t; <tg, po(®s, | Te;5 it — ;) = /Pe(ibtk | @y, 5t b — t5) pe (@, | @5 ti, by — t) Ay,

4. Stationarity (for autonomous SDEsSs).

p@(wtj ‘ w87t’b7t] o t@) :pe(wtﬂ—r ‘ ‘rL‘S7tZ —I_fr7 t] o tz)
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Architectural Design

Conditional normalising flow for pe(x:, | ©:,;t;, At)

Base distribution
Using conditioning ¢ := (x¢,, At, t;),
z=wxy, + At-MLP,(c;0,) + VAt-MLP,(c;0,) ©e, €~ N(0,I)

Conditional affine coupling layers [4 13, 28]
xy, = folz,¢) =fr(¢,00)0 fr_q(5¢,0L-1)0---0 f(z;¢,601)
With za, 2B = Split(z), each layer f is designed as:

scale scale

Concat <ZA7 zZp©exp (At MLP(i) (ZA, C, H(i) )) + At MLPéfl)ift (ZAv C, Héil)ift)>



Architectural Design

Conditional affine coupling part for pe(x:, | x;,;t;, At)

At Xi(, ti) Z
L B J

! N N r )
time condition masked input unmasked input

Yy Vv v

MLP
scale shift
l Y
> »PD
>»® X X
Y
oxp %
\ 4

unmasked output

unmasked output

L

_J

S

f(Z; At, Xi(, tz))
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Architectural Design

Conditional normalising flow for pe(x:, | ©:,;t;, At)

Base distribution
Using conditioning ¢ := (x¢,, At, t;),
z=wxy, + At-MLP,(c;0,) + VAt-MLP,(c;0,) ©e, €~ N(0,I)

Conditional affine coupling layers [4 13, 28]
xy, = folz,¢) =fr(¢,00)0 fr_q(5¢,0L-1)0---0 f(z;¢,601)
With za, 2B = Split(z), each layer f is designed as:

scale scale

Concat (ZAa zZp©exp (At MLP(i) (ZA7 C, H(i) )) + At MLPéQift (ZAv C, Hé?iff))

v Identity when Az = 0. v Stationary when we drop 7; from c.



Mathematical Requirements for the Transition Kernel
Properties of po(z: | xs; s, At =t — s)

1. Independence. v Realised by non-overlapping sampling.
Forany 0 <t; <--- <t,,pe(®Ts., | Ts,;tk, tkr1 — tk) are independent.
2. ldentity. v Realised by architecture.
When t = s, pe(x: | Ts; s, 0) = 0(xs — )
3. Flow property.
Forany 0 <t; <t; <tg, po(®s, | Te;5ts, btk — ;) = /Pe(iﬂtk | @y, 5t b — t5) pe (@, | @5 ti, by — t) Ay,

4. Stationarity (for autonomous SDEs). v Realised by architecture optionally.

p@(wtj ‘ w87t27t] o t?/) :pe(wtj—F’I“ ‘ ‘,L‘S7t2 —I_fr7 t] o tz)
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x

S { U
Time
Two-step: y, ~ [ po(Ty | ze; u—t) po(xy | Ts; t — ) day

State x

S T U
Time
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x

S { U
Time
Two-step: y, ~ [ po(Ty | Te; u—t) po(xy | Ts; t — ) day

State x
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 5)

State x

3 f U
Time
Two-step: x, ~ j po(xy | Te; u— 1) po(ze | 55 t — 5) day

State x §~

S f U
Time
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x

S t U
Time
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x

S t U
Time
Two-step: y, ~ [ po(Ty | Te; u—t) po(xy | Ts; t — ) day

State z $~
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Time
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x
S s U
Time Match these
Two-step: y, ~ [ po(Ty | Te; u—t) po(xy | Ts; t — ) day distributions

State T ~_

Time
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Regularisation for Flow Consistency

Liow = D |pg (xt, \Xti)»/l?g (xt, | xt,) P (Xt | x¢,) dxy,

Challenges in computing the flow loss

* [he marginalisation is generally intractable
— Direct access to the marginalised density is not available

* Naive Monte Carlo estimation would require many samples

—~—

We derive the upper bounds for KL divergences

34



Regularisation for Flow Consistency

Upper bounds for KL divergences

1-step — 2-step KL divergence

/pg (iEtk \ iEtj) Po (wtj \ wti) dil?tj>

Dk (pe(wtk | xy,)

<

4‘|

‘Lt NP9(°|€Bti)

ty

([ pe(xy, | T, |
log i —. »Cﬂow, 1—t0—2(07 f; ti, tj, tk) .
Pe (wtk | $tj) Pe (wtj | «”Bti) ]

2-step — 1-ste_p KL divergénce
D1, (/pe (wtk | wtj) Peo (wtj ‘ xti) dwtj pQ(mtk ‘ mtz)>

<

_4‘|

‘Lt Np9(°|€13ti)

£ﬂOW(07 5) . —

_4‘|

.4‘1

A

‘Tt Npe('|il3tj)

-log( pg(aztj |mti) pO(wtk |f’3tj) )

pQ(mtk ‘ajtz) |-

—: »Cﬂow, 2—to—1(97 &;ti, Ly, tk) '

[Lﬂow, 1—to—2(97 5; tia tja tk) + [fﬂow, 2-to-1 (97 5; tia tja tk)]
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Mathematical Requirements for the Transition Kernel
Properties of po(x: | zs;s, At =t —s)

1. Independence. v Realised by non-overlapping sampling.
Forany 0 <t; <---<t,,po(Ts.,, | Tt,itk, tkr1 — tk) are independent.
2. ldentity. v Realised by architecture.
When t = s, pe(x: | Ts; s, 0) = d(xy — )
3. Flow property. v Approximately realised by flow loss.
Forany 0 <t; <t; <tg, po(®s, | Te;5ts, btk — ;) = /Pe(iﬂtk | @y, 5t b — t5) pe (@, | @5 ti, by — t) Ay,

4. Stationarity (for autonomous SDEs). v Realised by architecture optionally.

p@(wtj ‘ w87t17t] o t@) :pe(wtj—F’I“ ‘ ‘,L‘S7t2 —I_fr7 t] o tz)
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Training Objective

L = { :lngg(ZBtj | "L‘tz) + )\Lﬂow(ev ‘5)

mtjy wti ~D

Negative log likelihood Flow loss



Experimental Configurations

Chaotic dynamics—Stochastic Lorenz Attractor

Ground truth trajectories dr

8 = o(y — x)dt + o, dW;

@7 2 dy = (z(p — ) — y)dt + o, AW
[ dz = (xy — Bz)dt + a, dW3

S o =10,p=28,8=8/3,a = (0.15,0.15,0.15)
e Initial state: N(0,I); Duration: ¢ € [0, 1]

Trained on 1,024 trajectories, tested on 1,024 trajectories.



Experimental Results

With a comparable network size

Ground truth  Latent SDE B3I SDE matching8l  NSF (ours)

F 50 I: 50 hr 50 -( 50
t=0.25 t=0.5 t=0.75 t=1.0
Method
KL | kFLOPs 1 KL | kFLOPs | KL | kFLOPs 1 KL ! kFLOPs 1
Latent SDE [33] 2.1 +£0.9 959 1.8 £ 0.1 1,917 0.9+0.3 2,839 1.5+ 0.5 3,760
SDE matching [3] | 6.3 £ 0.4 1,917 11.7 £ 0.5 3,834 7.9+0.3 5,677 6.0 + 0.3 7,520
NSF (ours) 0.8 + 0.7 53 1.3 + 0.1 53 0.6 0.3 53 0.2 +0.6 53




Latent SDEs and Latent Neural Stochastic Flows

Extension for partially-observed/high-dimensional data
Latent SDE

Real-world time-series data
IS often:

Decode

l
j I

(Figure adapted from github.com/jutanke/mocap)

Latent SDEs are powerful tools, but
they require high computational costs.

» Partially-observed

* |rregularly-sampled

 High-dimensional

We replace SDEs with Neural Stochastic Flows.

40


http://github.com/jutanke/mocap

Latent Neural Stochastic Flows

Extension for partially-observed/high-dimensional data

Variational State Space Model [8: 21,22, 31] Latent NSF (ours)
Aty At
@ @ @ Lt >\Cl3t >\Cl3t
A proven template for sequential v VSSM structure remains the same
modelling, including RL (PlaNet!'él, by NSF’s closed-form log density

Dreamer, etc.) v One-step transition for arbitrary At



Experimental Results with Latent NSF

Real-world/high-dimensional sequential prediction

CMU Motion Capture (50-dims.) Stochastic Moving MNIST (64x64 px)

130
25

20
15

10

E

-0

<10
=410 0 e .
_ 10 20 0
Figure adapted from [54] = 30 -2

Setup 1: The same length for train/test

Setup 2: Training length < Test length



Experimental Results with Latent NSF

Real-world/high-dimensional sequential prediction

CMU Motion Capture (50-dims.) Stochastic Moving MNIST (64x64 px)

Compared by mean square error

Methods Setup 1 Setup 2 i Latent NSF - Latent NSF

npODE [17] 2,067 - §1'5 ¥ (one-step) F (recursive) 7 Latent SDE
Neural ODE [6] 22.49 4 0.88T = =

ODE2VAE-KL [54] 8.09 + 1.95' - = 1.0~

Latent ODE [43] 5.98 +£0.28* 31.62+0.05%

Latent SDE [33] 12.91 +£2.90" 952+0.21%8 & 0.5 -

Latent Approx SDE [46] ~ 7.55£0.05°  10.50 £0.86 &

ARCTA [9] 7.624+0.93% 9924+1.82 M

NCDSSM |[2] 5.69 £0.018  4.7440.018 0.0 43 | | | |
SDE matching [3] 5.20 £0.43% 4.26+0.35 25 30 35 40 45
Latent NSF (OUI‘S) 8.02 £+ 0.32 3.41 + 0.27 Time step

v Best/tied-best performance v Comparable performance

v Two orders of magnitude faster v 2x faster



Position of Our Work

Method(s) Target dynamics Solvc_er_—free §olver—free
training inference
Neural ODEs [O] General ODEs X X
Neural flows [4] General ODEs v v
Score-based diffusion via reverse SDEs/PF-ODEs | Pre-defined diffusion SDEs/ v X
[47]; flow matching [34] ODEs
Progressive distillation [44] Pre-defined diffusion SDEs/ X v
ODEs
Consistency models [26, 48]; rectified flows [39] (I;rsl—ziefined diffusion SDEs/ v v
Neural (latent) SDEs [25, 33, 38, 46, 50] General I1t6 SDEs X X
ARCTA [9]; SDE matching [3] General It6 SDEs v X
Neural Stochastic Flows (ours) General I1t6 SDEs v v
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Summary

« We proposed Neural Stochastic Flows, which enable solver-free
In both training and inference, with closed-form log-densities.

 Extended to Latent NSF: a variational state-space model using
NSF as the latent transition for partially-observed/high-
dimensional data.

Key Benefits:

* One-step prediction for arbitrary time gaps.

 Speed: up to two orders of magnitude faster.

« Stable training with tractable densities.

Limitations:

« Chapman-Kolmogorov relation is enforced approximately.
* Affine-coupling design constrains expressivity.
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