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Stochastic Differential Equations (SDEs) are Everywhere
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[to SDE: dX; =|u (X;,1) dt —|—LO' (X3¢, t)dWy,  Xo ~ po
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Drift term  Diffusion term
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Computational Challenges of Neural SDEs

Discretise time: t = 0, At, 2A¢t, ...

A Fach xj,1 needs xi: iterate step by step.
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Computational Challenges of Neural SDEs

State z =

Costly for long horizons
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Direct Modelling of Transition Distributions
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Direct Modelling of Transition Distributions

Distribution at t =0.71
p(x¢ | xo; At)
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Direct Modelling of Transition Distributions

One-step sampling at arbitrary time
Ty ~ po(xe | 53 Al)
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Mathematical Requirements for Weak Solutions
Properties of transition kernel po(x: | ©s;s, At =t — s)

1. Independence.
Forany 0 <t; <---<t,,po(Ts.,, | Tt,itk, tkr1 — tk) are independent.
2. ldentity.
When t = s, pe(x: | Ts; s, 0) = d(xy — )
3. Flow property.
Forany 0 <t; <t; <tg, po(®s, | Te;5 it — ;) = /Pe(ibtk | @y, 5t b — t5) pe (@, | @5 ti, by — t) Ay,

4. Stationarity (for autonomous SDEsSs).
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Mathematical Requirements for Weak Solutions
Properties of transition kernel po(x: | ©s;s, At =t — s)

1. Independence. v Realised by non-overlapping sampling.
Forany 0 <t; <---<t,,po(Ts.,, | Tt,itk, tkr1 — tk) are independent.
2. ldentity. v Realised by architecture.
When t = s, pe(x: | Ts; s, 0) = d(xy — )
3. Flow property. v Softly enforced by regularisation (flow loss).
Forany 0 <t; <t; <tg, po(®s, | Te;5ts, btk — ;) = /Pe(iﬂtk | @y, 5t b — t5) pe (@, | @5 ti, by — t) Ay,

4. Stationarity (for autonomous SDEs). v Realised by architecture optionally.
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Architectural Design

Conditional normalising flow for pe(x:, | ©:,;t;, At)

Base distribution
Using conditioning ¢ := (x:,, At, t;),
z =z, + At-MLP,(¢;0,) + VAt- MLP,(¢c;0,) ©e, e~ N(0,I)

Conditional affine coupling layers [4. 13, 28]
T, = fo(z,¢) = fr(5¢,0)0 fr_1(5¢,00-1)0---0f(z;¢,01)

With za, zg = Split(z), each layer is designed as:

scale scale

Concat (zA, zZpOexp (At MLP® (zA,C; 0'") )) + At MLPéQift (zA,C; Héfl)ift))



Architectural Design

Conditional normalising flow for pe(x:, | ©:,;t;, At)

Base distribution
Using conditioning ¢ := (x:,, At, t;),
z =z, + At-MLP,(¢;0,) + VAt- MLP,(¢c;0,) ©e, e~ N(0,I)

Conditional affine coupling layers [4. 13, 28]
T, = fo(z,¢) = fr(5¢,0)0 fr_1(5¢,00-1)0---0f(z;¢,01)

With za, zg = Split(z), each layer is designed as:

scale scale

Concat (zA, zZpOexp (At MLP® (zA,C; 0'") )) + At MLPéQift (zA,C; Hégift))

v ldentity when At = 0. v Stationary when we drop ¢; from c.
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x

S t U
Time
Two-step: y, ~ [ po(Ty | xe; u—t) po(xy | Ts; t — ) day
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Regularisation for Flow Consistency

One-step: x, ~ pg(Ty | Ts; u — 8)

State x
5 T't- u |\ Match these distribution
. _— by upper bound of KL
Two-step: y, ~ [ po(Ty | Te; u—t) po(xy | Ts; t — 5) day divergence

State 1 $~

S { (7
Time
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Variational State Space Model [8; 21, 22, 31]
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Latent Neural Stochastic Flows
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Experimental Results

o
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Stochastic Lorenz Attractor CMU Motion Capture (Latent NSF)
Ground truth  Latent SDE B3] SDE matching®l  NSF (ours) Methods Setup 1 Setup 2
P N ; npODE [17] 22.967 —
IR . : Neural ODE |[6] 22.49 + 0.887 —
ODE2VAE-KL [54] 8.09 + 1.951 —
; e Latent ODE [43] 5.98 £0.28*  31.62 & 0.05°
Two orders-of Latent SDE [33] 12.91 £2.90  9.52 £0.218
magnitude faster! [ atent Approx SDE [46]  7.55+£0.05%  10.50 & 0.86
Stochastic Moving MNIST (Latent NSF) ARCTA [9 7.62£0.93"  9.92+1.82
NCDSSM |[2] 5.69 £0.015  4.74 £+ 0.018
@ 1.5 1 {.%Oarfg_r;ielfﬁl? aiiiﬁgige%F* Latent SDE SDE matching [3] 5.20 + 0.432 4.20 = 0.35
E@ 7 2x faster! Latent NSF (OUI’S) 8.62 +0.32 3.41 + 0.27
% 10 i II 2 TUR Two orders of magnitude faster!
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Summary

« We proposed Neural Stochastic Flows, which enable solver-free
In both training and inference, with closed-form log-densities.

 Extended to Latent NSF: a variational state-space model using
NSF as the latent transition for partially-observed/high-
dimensional data.

Key Benefits:

* One-step prediction for arbitrary time gaps.

 Speed: up to two orders of magnitude faster.

« Stable training with tractable densities.

Limitations:

« Chapman-Kolmogorov relation is enforced approximately.
* Affine-coupling design constrains expressivity.
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