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Stochastic Differential Equations (SDEs) are Everywhere
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PhysicsFinance Generative Modelling

Drift term Diffusion term

<latexit sha1_base64="hY6Au+O93iV7GC7u6zFnRak8njw="></latexit>

Itô SDE: dXt = µ (Xt, t) dt+ ω (Xt, t) dWt, X0 → p0



Computational Challenges of Neural SDEs
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Computational Challenges of Neural SDEs
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Costly for long horizons



Direct Modelling of Transition Distributions
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Direct Modelling of Transition Distributions
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Direct Modelling of Transition Distributions
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Mathematical Requirements for Weak Solutions
Properties of transition kernel 

1. Independence. 

For any                            ,                                              are independent.


2. Identity. 

When         , 


3. Flow property. 

For any                          ,


4. Stationarity (for autonomous SDEs). 

8

<latexit sha1_base64="hgv4pd+WeGMaJdYpxrCW8rd1Mj0="></latexit>

pω(xtk+1 | xtk ; tk, tk+1 → tk)
<latexit sha1_base64="mlqnAnF/JDJ3JkudkgWroQEnLbA=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVckWkZsLCOYByRLmJ3cTYbMPpi5K4QlhY2/YmOhiK34DXb+jZPNFpp44HIP59zLzD1eLIVG2/62VlbX1jc2C1vF7Z3dvf3SwWFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfH1zG/fg9IiCu9wEoMbsGEofMEZGqlfKtu0J4Fi38l6bxChzhXjVuyqnYEuEycnFZKj0S99mX2eBBAil0zrrmPH6KZMoeASpsVeoiFmfMyG0DU0ZAFoN82OmNITowyoHylTIdJM/b2RskDrSeCZyYDhSC96M/E/r5ugf+mmIowThJDPH/ITSTGis0ToQCjgKCeGMK6E+SvlI6YYR5Nb0YTgLJ68TFpnVadWrd2eV+pXn/M4CqRMjskpccgFqZMb0iBNwskDeSIv5NV6tJ6tN+t9Prpi5REekT+wPn4AcleXVQ==</latexit>

0 → t1 → · · · → tn

<latexit sha1_base64="KMZk8Msc+HlHt48JD4xQeFi3Zwo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CxIvHiOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6IX6DN//GyeOgiQUNRVU33V1BIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPzmI9dGxOoBRwn3I9pXIhSMopXu8cp0iyW37E5Blok3JyWYo9YtfnV6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrqmJxYpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDSz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2CDcFbfHmZNM7KXqVcuTsvVa8/Z3Hk4QiO4RQ8uIAq3EIN6sCgD0/wAq+OdJ6dN+d91ppz5hEewh84Hz9yO46G</latexit>

t = s
<latexit sha1_base64="ate6YOwa52Y5bvl/AU6LR/nJYcU="></latexit>

pω(xt | xs; s, 0) = ω(xt → xs)

<latexit sha1_base64="0InTl+0hZkZdbtSh2onJkX2gTpo="></latexit>

pω(xt | xs; s,!t = t→ s)

<latexit sha1_base64="0XwUi1i/V3emd3b0kG6fQcs2TI8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpipBqDAWsTAWiV6kNooc96Q1dZxgO0hV1IGFV2FhACFWxDOw8Ta4bQZoOZLlT/9/juzzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMLyd+6x6kYrG40aMEvIj0BQsZJdpIvl3CTpfDHdY+y+9bnMPQt8tOxZkWXgQ3hzLKq+7bX91eTNMIhKacKNVxnUR7GZGaUQ7jYjdVkBA6JH3oGBQkAuVl0yXG+MgoPRzG0hyh8VT9PZGRSKlRFJjOiOiBmvcm4n9eJ9XhuZcxkaQaBJ09FKYc6xhPEsE9JoFqPjJAqGTmr5gOiCRUm9yKJgR3fuVFaJ5U3Gqlen1arl18zuIooBI6RMfIRWeohq5QHTUQRQ/oCb2gV+vRerberPdZ65KVR3iA/pT18QNVR5fk</latexit>

0 → ti → tj → tk

<latexit sha1_base64="xI28NLG8f3ZZHD/fGSi8N9KFxW4="></latexit>

pω(xtk | xti ; ti, tk → ti) =

∫
pω(xtk | xtj ; tj , tk → tj) pω(xtj | xti ; ti, tj → ti) dxtj

<latexit sha1_base64="iShb/M2Q0I9yRs4UDwAD4JPv8BE="></latexit>

pω(xtj | xs; ti, tj → ti) = pω(xtj+r | xs; ti + r, tj → ti)



Mathematical Requirements for Weak Solutions
Properties of transition kernel 

1. Independence. ✓ Realised by non-overlapping sampling. 

For any                            ,                                              are independent.


2. Identity. ✓ Realised by architecture. 

When         , 


3. Flow property.  ✓ Softly enforced by regularisation (flow loss). 

For any                          ,


4. Stationarity (for autonomous SDEs). ✓ Realised by architecture optionally. 
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<latexit sha1_base64="hgv4pd+WeGMaJdYpxrCW8rd1Mj0="></latexit>

pω(xtk+1 | xtk ; tk, tk+1 → tk)
<latexit sha1_base64="mlqnAnF/JDJ3JkudkgWroQEnLbA=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVckWkZsLCOYByRLmJ3cTYbMPpi5K4QlhY2/YmOhiK34DXb+jZPNFpp44HIP59zLzD1eLIVG2/62VlbX1jc2C1vF7Z3dvf3SwWFLR4ni0OSRjFTHYxqkCKGJAiV0YgUs8CS0vfH1zG/fg9IiCu9wEoMbsGEofMEZGqlfKtu0J4Fi38l6bxChzhXjVuyqnYEuEycnFZKj0S99mX2eBBAil0zrrmPH6KZMoeASpsVeoiFmfMyG0DU0ZAFoN82OmNITowyoHylTIdJM/b2RskDrSeCZyYDhSC96M/E/r5ugf+mmIowThJDPH/ITSTGis0ToQCjgKCeGMK6E+SvlI6YYR5Nb0YTgLJ68TFpnVadWrd2eV+pXn/M4CqRMjskpccgFqZMb0iBNwskDeSIv5NV6tJ6tN+t9Prpi5REekT+wPn4AcleXVQ==</latexit>

0 → t1 → · · · → tn

<latexit sha1_base64="KMZk8Msc+HlHt48JD4xQeFi3Zwo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CxIvHiOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6IX6DN//GyeOgiQUNRVU33V1BIoVB1/12ciura+sb+c3C1vbO7l5x/6Bh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTPzmI9dGxOoBRwn3I9pXIhSMopXu8cp0iyW37E5Blok3JyWYo9YtfnV6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrqmJxYpUfCWNtSSKbq74mMRsaMosB2RhQHZtGbiP957RTDSz8TKkmRKzZbFKaSYEwmf5Oe0JyhHFlCmRb2VsIGVFOGNp2CDcFbfHmZNM7KXqVcuTsvVa8/Z3Hk4QiO4RQ8uIAq3EIN6sCgD0/wAq+OdJ6dN+d91ppz5hEewh84Hz9yO46G</latexit>

t = s
<latexit sha1_base64="ate6YOwa52Y5bvl/AU6LR/nJYcU="></latexit>

pω(xt | xs; s, 0) = ω(xt → xs)

<latexit sha1_base64="0InTl+0hZkZdbtSh2onJkX2gTpo="></latexit>

pω(xt | xs; s,!t = t→ s)

<latexit sha1_base64="0XwUi1i/V3emd3b0kG6fQcs2TI8=">AAACBHicbZC7TsMwFIYdrqXcAoxdLCokpipBqDAWsTAWiV6kNooc96Q1dZxgO0hV1IGFV2FhACFWxDOw8Ta4bQZoOZLlT/9/juzzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMLyd+6x6kYrG40aMEvIj0BQsZJdpIvl3CTpfDHdY+y+9bnMPQt8tOxZkWXgQ3hzLKq+7bX91eTNMIhKacKNVxnUR7GZGaUQ7jYjdVkBA6JH3oGBQkAuVl0yXG+MgoPRzG0hyh8VT9PZGRSKlRFJjOiOiBmvcm4n9eJ9XhuZcxkaQaBJ09FKYc6xhPEsE9JoFqPjJAqGTmr5gOiCRUm9yKJgR3fuVFaJ5U3Gqlen1arl18zuIooBI6RMfIRWeohq5QHTUQRQ/oCb2gV+vRerberPdZ65KVR3iA/pT18QNVR5fk</latexit>

0 → ti → tj → tk

<latexit sha1_base64="xI28NLG8f3ZZHD/fGSi8N9KFxW4="></latexit>

pω(xtk | xti ; ti, tk → ti) =

∫
pω(xtk | xtj ; tj , tk → tj) pω(xtj | xti ; ti, tj → ti) dxtj

<latexit sha1_base64="iShb/M2Q0I9yRs4UDwAD4JPv8BE="></latexit>

pω(xtj | xs; ti, tj → ti) = pω(xtj+r | xs; ti + r, tj → ti)



Architectural Design
Conditional normalising flow for 

Base distribution 

Using conditioning                           ,


Conditional affine coupling layers [4, 13, 28] 

With                             , each layer is designed as:
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<latexit sha1_base64="ftU4Y22NCf2aqVkNDYdnU3HJQ7o=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoUMqMaBVBqOjCZQX7gLYMmTRtQzMPkjtiGeZL3PgpunGhiOBK/8b0saitB0JOzrmX3HvcUHAFlvVjpBYWl5ZX0quZtfWNzS1ze6eqgkhSVqGBCGTdJYoJ7rMKcBCsHkpGPFewmtu/Gvq1eyYVD/w7GISs5ZGuzzucEtCSY5403UC01cDTV0yT84vctPCQODE4PMnj5jUTQDDksX4fOmbWKlgj4HliT0gWTVB2zK9mO6CRx3yggijVsK0QWjGRwKlgSaYZKRYS2idd1tDUJx5TrXi0XoIPtNLGnUDq4wMeqdMdMfHUcGBd6RHoqVlvKP7nNSLonLVi7ocRMJ+OP+pEAkOAh1nhNpeMghhoQqjkelZMe0QSCjrRjA7Bnl15nlSPCnaxULw9zpYun8dxpNEe2kc5ZKNTVEI3qIwqiKJH9ILe0LvxZLwaH8bnuDRlTCLcRX9gfP8C20WjgQ==</latexit>

c := (xti ,!t, ti)
<latexit sha1_base64="zQ41WExRkR62ruGGdCXjGjWynzo="></latexit>

z = xti +!t ·MLPµ(c;ωµ) +
→
!t ·MLPω(c;ωω)↑ ε, ε ↓ N (0, I)

<latexit sha1_base64="IBZUy7cdpp5ECef7tDYB28H7Umo="></latexit>

xtj = fω(z, c) = fL(·; c,ωL) → fL→1(·; c,ωL→1) → · · · → f1(z; c,ω1)

<latexit sha1_base64="ThtCG+tkclKDwPcysZ6AX1rRqj8="></latexit>

zA, zB = Split(z)
<latexit sha1_base64="N9gfSqoT+v0MX5Q9riwal9NkAR8="></latexit>

Concat
(
zA, zB→exp

(
!tMLP(i)

scale(zA, c;ω
(i)
scale)

)
+!tMLP(i)

shift(zA, c;ω
(i)
shift)

)

<latexit sha1_base64="Ag1oM/wTnSpipbsHDzddNJTJams="></latexit>

pω(xtj | xti ; ti,!t)



Architectural Design
Conditional normalising flow for

Base distribution 

Using conditioning                           ,


Conditional affine coupling layers [4, 13, 28] 

With                             , each layer is designed as:
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<latexit sha1_base64="ftU4Y22NCf2aqVkNDYdnU3HJQ7o=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoUMqMaBVBqOjCZQX7gLYMmTRtQzMPkjtiGeZL3PgpunGhiOBK/8b0saitB0JOzrmX3HvcUHAFlvVjpBYWl5ZX0quZtfWNzS1ze6eqgkhSVqGBCGTdJYoJ7rMKcBCsHkpGPFewmtu/Gvq1eyYVD/w7GISs5ZGuzzucEtCSY5403UC01cDTV0yT84vctPCQODE4PMnj5jUTQDDksX4fOmbWKlgj4HliT0gWTVB2zK9mO6CRx3yggijVsK0QWjGRwKlgSaYZKRYS2idd1tDUJx5TrXi0XoIPtNLGnUDq4wMeqdMdMfHUcGBd6RHoqVlvKP7nNSLonLVi7ocRMJ+OP+pEAkOAh1nhNpeMghhoQqjkelZMe0QSCjrRjA7Bnl15nlSPCnaxULw9zpYun8dxpNEe2kc5ZKNTVEI3qIwqiKJH9ILe0LvxZLwaH8bnuDRlTCLcRX9gfP8C20WjgQ==</latexit>

c := (xti ,!t, ti)
<latexit sha1_base64="zQ41WExRkR62ruGGdCXjGjWynzo="></latexit>

z = xti +!t ·MLPµ(c;ωµ) +
→
!t ·MLPω(c;ωω)↑ ε, ε ↓ N (0, I)

<latexit sha1_base64="IBZUy7cdpp5ECef7tDYB28H7Umo="></latexit>

xtj = fω(z, c) = fL(·; c,ωL) → fL→1(·; c,ωL→1) → · · · → f1(z; c,ω1)

<latexit sha1_base64="ThtCG+tkclKDwPcysZ6AX1rRqj8="></latexit>

zA, zB = Split(z)
<latexit sha1_base64="N9gfSqoT+v0MX5Q9riwal9NkAR8="></latexit>

Concat
(
zA, zB→exp

(
!tMLP(i)

scale(zA, c;ω
(i)
scale)

)
+!tMLP(i)

shift(zA, c;ω
(i)
shift)

)

✓ Identity when            .
<latexit sha1_base64="EEbCcDfeyAqq15f96GciWcxVqE4=">AAAB83icbZDNSgMxFIUz9a/Wv6pLN8EiuBpm2tLqQqjowmUFWwudoWTSTBuayQzJHaGUvoYbF4q49R18Bne+jZm2C60eCBzOuSE3X5AIrsFxvqzcyura+kZ+s7C1vbO7V9w/aOs4VZS1aCxi1QmIZoJL1gIOgnUSxUgUCHYfjK6y/v6BKc1jeQfjhPkRGUgeckrARJ53zQQQDPgCO71iybEdp3JeLmPHrlYrbqWOsyQTdhemhBZq9oqfXj+macQkUEG07rpOAv6EKOBUsGnBSzVLCB2RAesaK0nEtD+Z7TzFJybp4zBW5kjAs/TnjQmJtB5HgZmMCAz1cpeF/3XdFMIzf8JlkgKTdP5QmAoMMc4A4D5XjIIYG0Oo4mZXTIdEEQoGU8FAcJe//Ne0y7Zbs2u31VLj8mOOI4+O0DE6RS6qowa6QU3UQhQl6BE9oxcrtZ6sV+ttPpqzFggP0S9Z79+pwZFp</latexit>

!t = 0 ✓ Stationary when we drop     from   .<latexit sha1_base64="LBgQTxmwAkgcFxc1Dv4IL48eIpA=">AAAB6nicbVDLTsJAFJ3iC/GFunQzkZi4alogoDuMG5cY5ZFAQ6bDFCZMp83MrQlp+AQ3LjTGrR/iN7jzb5wCC0VPcpOTc+7Nvff4seAaHOfLyq2tb2xu5bcLO7t7+wfFw6O2jhJFWYtGIlJdn2gmuGQt4CBYN1aMhL5gHX9ynfmdB6Y0j+Q9TGPmhWQkecApASPdwYAPiiXHdpzKZbmMHbtarbiVOs6UDNhdkhJaojkofvaHEU1CJoEKonXPdWLwUqKAU8FmhX6iWUzohIxYz1BJQqa9dH7qDJ8ZZYiDSJmSgOfqz4mUhFpPQ990hgTGetXLxP+8XgLBhZdyGSfAJF0sChKBIcLZ33jIFaMgpoYQqri5FdMxUYSCSadgQnBXX/5L2mXbrdm122qpcfWxiCOPTtApOkcuqqMGukFN1EIUjdAjekYvlrCerFfrbdGas5YRHqNfsN6/Ac48jsQ=</latexit>

ti
<latexit sha1_base64="jMjwZJREVYD9jpTllcqjEHHlVfw=">AAAB9XicbVDLTgIxFL3jE/GFunTTSExcTWaAgO4wblxiIo8ERtLpFGjodCZtR0Mm/IcbFxrj1l/wG9z5N3aAhaInaXpyzr3p6fFjzpR2nC9rZXVtfWMzt5Xf3tnd2y8cHLZUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vMr99T6VikbjVk5h6IR4KNmAEayPd9fyIB2oSmisl036h6NiOU74olZBjVyplt1xDmZIBuQtShAUa/cJnL4hIElKhCcdKdV0n1l6KpWaE02m+lygaYzLGQ9o1VOCQKi+dpZ6iU6MEaBBJc4RGM/XnRopDlUUzkyHWI7XsZeJ/XjfRg3MvZSJONBVk/tAg4UhHKKsABUxSovnEEEwkM1kRGWGJiTZF5U0J7vKX/5JWyXardvWmUqxffszryMExnMAZuFCDOlxDA5pAQMIjPMOL9WA9Wa/W23x0xVpUeAS/YL1/A6cnk+Q=</latexit>c

<latexit sha1_base64="Ag1oM/wTnSpipbsHDzddNJTJams="></latexit>

pω(xtj | xti ; ti,!t)



Regularisation for Flow Consistency
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Regularisation for Flow Consistency

13

Match these distribution 
by upper bound of KL 
divergence



Latent Neural Stochastic Flows
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<latexit sha1_base64="/1LcNc5dkDAE8CKHVIOhVsT/RVI="></latexit>

Ltotal = Lω-NELBO + ωLflow + εskip Lskip,

Variational State Space Model [8, 21, 22, 31] Latent NSF (ours)

<latexit sha1_base64="NH/dnSAUeXAVSrra+dq1rDLVxdA="></latexit>

Lω-NELBO =
T∑

i=0

[
→ E

qω

[
log pω(oti | xti)

]
+ ωKL

(
qε(xti | o→ti) ↑ pϑ(xti | xti→1)

)]
,

<latexit sha1_base64="KRMqYt69UJ1InnK2m50I+toE2qE="></latexit>

Lskip =
T→ω∑

i=0

E
j↑U{i+2, i+ω}

[
KL

(
qω(xtj | o↓tj ) → pε(xtj | xti)

)]
.



Experimental Results
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CMU Motion Capture (Latent NSF)Stochastic Lorenz Attractor

Stochastic Moving MNIST (Latent NSF)

Ground truth Latent SDE [33] SDE matching [3] NSF (ours) <latexit sha1_base64="2V4QZqFrUe5DdwMOIcXdz4K3olk="></latexit>

Methods Setup 1 Setup 2

npODE [17] 22.96† →
Neural ODE [6] 22.49± 0.88† →
ODE2VAE-KL [54] 8.09± 1.95† →
Latent ODE [43] 5.98± 0.28→ 31.62± 0.05§

Latent SDE [33] 12.91± 2.901 9.52± 0.21§

Latent Approx SDE [46] 7.55± 0.05§ 10.50± 0.86
ARCTA [9] 7.62± 0.93‡ 9.92± 1.82
NCDSSM [2] 5.69± 0.01§ 4.74± 0.01§

SDE matching [3] 5.20± 0.432
4.26± 0.35

Latent NSF (ours) 8.62± 0.32 3.41± 0.27

Two orders of 
magnitude faster!

2x faster!
Two orders of magnitude faster!



Summary

• We proposed Neural Stochastic Flows, which enable solver-free 
in both training and inference, with closed-form log-densities. 

• Extended to Latent NSF: a variational state-space model using 
NSF as the latent transition for partially-observed/high-
dimensional data. 

Key Benefits: 
• One-step prediction for arbitrary time gaps.

• Speed: up to two orders of magnitude faster.

• Stable training with tractable densities.

Limitations: 
• Chapman–Kolmogorov relation is enforced approximately. 
• Affine-coupling design constrains expressivity.
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