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» Differential operators can be interpreted as simple linear combinations in DEC

Walk on the Dual Manifold

Since forms in a PDE can be defined on both M and xM, we also propose a

» We design a differential topology-aware HOGNN(Higher-order Graph Neural

Network), which naturally encodes and decodes PDE operators based on the and FEEC thanks to Stokes theorem, aligning with the higher-order message higher-order MPNN on the dual manifold «M for dual forms by the fact:
principles of DEC (Discrete Exterior Calculus) and FEEC (Finite Element passing framework. Once the PDEs are solved, we then translate the results B(xc) ={*xd:d €C(c)}, C(xc)={*d:d e B(c)},
Exterior Calculus). into the vector field language for downstream analysis. Ni(xc) = {xd : d € Ni(c)}, N (xc)={xd:d e Ny(c)}.
> Various phy5|cs—|nfc.)r.med 058 ter.ms are derived und.er DEC-HOGNN, including ( . ) his is more than a trick to fully leverage the topological structure: it has an
the boundary COTK_?II’CIOH ones, which can enable solving the boundary-value & T Graph J_@ exact physics interpretation in electromagnetism, that is, the Constitution Law:
PDEs more effectively. _| Convolution
Th ] | ] ] ] I ] P ] bl . o £ Primal Edge Coboundary Adjacency B — ILL >k H7 D — 8 >k E.
> e unlvers.a approximation prc.>pert.y In solving Foisson problems a=u=u | D,
(electrostatics and magnetostatics) is presented, and the performance S o I~ Grapn }—m
exce”ence IS demOnStl’atEd Via empII’ICal eXperImentS E Dual Edge Coboundary Adjacency Field Recovery/Decoding
. - | £ [{ T~ Graph J_@ mm » Non-cycle Integrated Dual Form Estimation: It will not be too hard to
Why Higher-order Graph: FdBreondne PN O e enios Festre Forvani L implement learning on the dual manifold.
» Modern physics recognizes that many vector fields are more naturally \ 7 » Proper Encoder-Decoder: Converting fields into forms will not lose much
interpreted as differential forms on manifolds. This is especially the » Example. The integral version of dD = pis [, p= [,,dD= [, D. The information.
case In electromagnetism, whose physics enjoys an elegant geometric structure Ieft—mOSt term iIs about the feature Of some cells while the r|ghtm05t Is about O
dubbed Maxwell's House. The magnetostatics part of his House is shown those of some faces. This is simply a special case of the message aggregation O
below. However, recent studies in PDE neural solvers have not yet in higher-order GNNss, i.e., the message aggregation according to the O
fully realized the tight connection between higher-order graphs and lower-adjacency. O
this structure. 8

Any Higher-order GNN can Get Involved

» Preliminary. It is well known in magnetostatics, these scalar and vector fields
(scalar potential ¢, intensity H, flux B and vector potential A) have such
relations:

» Universal Approximation: It can serve as a qualified neural operator.

» Any network attempting to excavate higher-order element features on the
structure of cell complex can take part. For instance, all higher-order GNNs :

H=VyoB=VxAVxH=0V -B=0. omP g . | 5 Numerical Results
based on generalized message passing fall into this category.

Surprisingly, these quantities can be incorporated into a unified geometric

» On Higher-Order Interactions. Different types of interactions can

framework: the differential forms, or more exactly, the De Rham complex h, = ¢ (hm mlcga mg, mé\@) m/ch) , c&eM, (1) . . Ny
’ ’ ’ ’ 3 contribute variably to the performance of DEC-HOGNN. Empirically, only those
H=dy,dH=0,dA=5,d6=0,B=pxdH. mcc = Aggregate cp) p5(he, hy), (2) aligning with the underlying physics are efficient. P / D in the table below
» By identifying these k-forms as features k-dimensional elements(nodes, edges, m. = Aggregate,c¢(c) pelhe, ha), (3) indicates that interactions on the primal / dual manifold are considered.
Laces and lfe”S), solving PDEs is equivalent to looking for features on a mjch — Aggregatede/\@(c), sec(o)nc(d) SONT(hCa hy, h5), (4) Table: Test loss and performance drop of different variants against the entire models.
ypergrapn. Ny Interactions Lower adjacency PD P D None PD PD PD None
: M = Aggregategen (). ses(e)ns(d) PN (e o, ). (5) Coboundary PD PD PD PD D P None None

Test loss (mean square error) 0.652 0.676 0.678 0.719 0.954 0.959 1.244 2.077

» Example. Higher-order GCN, GAT and Graph Transformer: Performance drop (%) 0.00 3.81 4.12 10.34 46.35 47.23 90.98 218.87
» On Performance Degeneration due to Mesh Quality and Different

Topological Characteristics. The left panel reflects that dropping edges

Table: Possible implementations for co-boundary/lower adjacency layers.

Layer Co-boundary and lower adjacencies : | _ | |
W) = o (I ()| S (L0On0el) 1 (LkDplkglk) ) from a triangularized mesh is followed by mesh degeneration. Also, minor
c v d 0 degeneration would not affect the performance violently and thus these
0 | (d,8)EN () g p y
Convolution LN (] tive effects are tolerable. The right panel shows the perf
Wk = o (c(c)| > Z (IWRke®) ) negative effects are tolerable. The right panel shows the performance
deC(o) excellence over datasets with different topology, named after (Connected
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