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Equivariant functions transform data in a predictable way:
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WHY EQUIVARIANCE?

Equivariant functions transform data in a predictable way:
folpx(g)x) = py(9) fo(x VgeaQG.

Invariance is a special case: set = I, then fo(px(g)x) = x VgeQqG.



WHY EQUIVARIANCE?

It’s useful to explicitly model symmetries:

» Better sample efficiency and lower parameter count
« Hypothesis space is restricted

» Respects physics and improves interpretability

« Makes model robust to transformations




WHY EQUIVARIANCE?

There’s a few catches:

Fig. 1: Loss landscape, no equivariance
« Empirically harder to optimize [1, 2]

» Misalignment risk
« Symmetry-breaking phenomena

« Noise, bias, missing structure in data

¢ Perfo rmance—equiva riance tradeoff [3] Fig. 2: Loss landscape, more equivariance

. c— —@
» Some layers break equivariance

« Some CNNs are not translation equivariant! [4]

[1]: Elhag et al, “Relaxed Equivariance via Multitask Learning”, arXiv ‘24

Fig. 3: Dampened pendulum breaks time

]:
[2]: Pertigkiozoglou et al, “Improving Equivariant Model Training via Constraint Relaxation”, NeurlPS ‘24
[3]: Petrache & Trivedi, “Approximation-Generalization Trade-offs under (Approximate) Group Equivariance”, NeurlPS ‘23 Sym met ry
I:

[4]: Azulay & Weiss, “Why do deep convolutional networks generalize so poorly to small image transformations?”, JMLR ‘19
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Idea:
Start non-equivariant, enforce
symmetries over time




HOMOTOPIC ARCHITECTURE

Equivariant model:

fo(px(9)z) = py(g) fo(x)

Homotopic architecture:

L 1 : '
Joy = Joy 00 fg, With fg

VgeQqG.

— Qeq,z _I_,Y



HOMOTOPIC ARCHITECTURE

Equivariant model:

folpx(9)z) = py(g) fo(x) VgeG.
Homotopic architecture:

. . . | i P
f9,’)’:f9,'yo”'of9,fy with fén,: geqz—l—%- éleqz, 1 =1,...,L

fe,0 1s entirely equivariant, fs,1 1s the “least” equivariant

fa, 1.00 — faeq+ 100 fgeq

How do we control 7Y ?



ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

Our approach: Adaptive Constrained Equivariance (ACE)
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subject to v; =0, forez=1,...,L.
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Our approach: Adaptive Constrained Equivariance (ACE)

« Write equivariance condition as an optimization constraint:

mi%irf)rllize L(z,y)~D [50 (f@,’y(x)ay)]

subject to v; =0, forez=1,...,L.

» We optimize the empirical dual problem:

N L
.5 a1l



ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

Loss Landscape with ACE

Learning algorithm acts as an “annealing mechanism”:

1. Start with a flexible, non-equivariant model
2. Gradient descent seeks to reduce both the loss and solve the constraint
3. Slack magnitude (gradient ascent) depends on the constraint violation

Hence, gamma can either increase to expand flexibility,
or decrease to exploit the symmetries in the data. fo,1.00 = fg'+ 1.00 £



ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

L, Val MSE Mean + Std Dev (3000 samples) Test MSE (Mean £ Std Dev) vs. Samples
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Figure 2: SEGNN trained with ACE equality constraints compared with the normal SEGNN on the
N-Body dataset. Left: Validation MSE over 2000 epochs. Right: Test MSE versus training set size.



ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

What if we want partial equivariance?
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What if we want partial equivariance?
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ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

Resilient Constrained Learning [6]:

mlgl{yrl;l}ze 4:(93,y)~’D [gO(fQ,’Y(a:)?y)] | g|lu|l2

subject to |v;| < wu;, fort=1,...,L.

[6]: Hounie et al, “Resilient Constrained Learning”, NeurlIPS 23



ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

Theorem (Simplified). The equivariance error of our homotopic architecture grows at most linearly
in the largest homotopy parameter 7.

oy (9) for(x) — foqr(px(g9)z)|| < OF), Vged.



Resilience Constraint Validation Equivariance Error
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Figure 4: Validation equivariance error dur-
ing training of a partially equivariant EGNO
model with an ACE resilient inequality con-
straint on the CMU MoCap dataset (Subject
9, Run). The equivariance error decreases
and approaches values near zero.
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Figure 5: Adaptive constraint values « on the first
two and last two layers of an EGNO model trained
with ACE resilient inequality constraints on the CMU
MoCap dataset (Subject #9, Run). Early layers allow
large slacks that decrease over training, while later
layers stay more tightly constrained.




ADAPTIVE CONSTRAINED EQUIVARIANCE (ACE)

Equlvarlant
Table 1: Test MSE (x1072) on the CMU MoCap
dataset for Subject #9 (Run) and Subject #35 (Walk).
Results are shown for the standard equivariant mod-

els, EGNO models trained with an equality constraint
(ACET) and an EGNO model trained with an resilient
inequality constraint (ACE{). The partially equivari-
ant EGNO (f°94 f"°9) outperforms both the standard
and equality-constrained projection f°% models, with
the adaptive-resilience variant achieving the lowest
error on both subjects.

Model MSE| (Run) MSE] (Walk)
MPNN [9] 66.4+2.2 36.1+15
RF [62] 521.3+23 188.0+1.9
Figure 3: Qualitative comparison on the TEN [13] 56.6+17 32.0+138
CMU MoCap dataset (Subject #9, Run). Top ]E?](E}(IEI{;ITZ[;ZJ g(l)'gi” gég +2.1
row: Standard equivariant EGNO. Middle EGNO %re ]ort) 46 33'93)'3 8.13.2
row: Partially equivariant EGNO (f°9+ f7¢9) port. - i I
trained with an ACE equality constraint. Bot- EGNO (reprod.) [46] 35.3+32 8.5+1.0
tom row: Partially equivariant EGNO (f°9 + EGNO‘J?‘%EJr 35.3+1.6 7.9+03
fr€9) trained with an ACE resilient inequality EGNO‘}\SIET re 32.6-L1.6 75103
constraint, yielding significant improvements EGNO?.SEfneq 23.8415 7 4402

over both.
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Conclusions:

1. Constrained Equivariance (ACE) can lead to better strictly equivariant models in a principled way.
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Open Questions:

1. Can we use constrained optimization to obtain (partially) equivariant models from non-equivariant architectures?
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Conclusions:

1. Constrained Equivariance (ACE) can lead to better strictly equivariant models in a principled way.
2. We can detect equivariance misalignment for free.
3. We can relax equivariance by using resilient constrained learning

Open Questions:

1. Can we use constrained optimization to obtain (partially) equivariant models from non-equivariant architectures?
2. Is there a better way to add “lottery tickets”? Is there any other interesting properties we can obtain by using ACE?



Thank you!
Questions?




