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Feedforward neural networks: identifiability

input hidden layer #1 hidden layer #2 
output  d0 d1 d2

d3 

f = fL ◦ σL−1 ◦ fL−1 ◦ σL−2 ◦ · · · ◦ σ1 ◦ f1 : Rd0 → RdL

σℓ — activation functions, fℓ(x) = Wℓx+ bℓ — linear layers

Question: When is the NN representation (weights/biases) of f
unique, except trivial symmetries (e.g., neuron permutations) ?

Identifiability of NN architecture
def
= uniqueness for generic Wℓ,bℓ
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Why is identifiability important?

• learning, generalization

• explainability, interpretability

• optimization landscape, dynamics

• geometry/symmetries of NNs

• merging of pretrained representations:

Figure:

[Ainsworth et al.,

ICLR’23]

NeurIPS’25:

...

...

...
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Identifiability of NNs: what is known

Many powerful results for shallow case (L = 2): [Sussmann, 1992], ...,

[Janzamin et al. 2015], [Fornasier et al. 2021]...

Much fewer for deep networks (L ≥ 3):

• tanh, sigmoidal: [Fefferman, 1994] [Vlačić, Bölcskei, 2022]

• ReLU: [Bona-Pelissier et al. 2022-23] local identifiability for

pyramidal d0 ≥ d1 ≥ · · · dL ≥ 2

• polynomial NNs: equiwidth/very high degree [Finkel et al. 2025],
pyramidal case conjectured [Kubjas et al. 2024]...

This talk: shallow → deep for PNN

Usevich, Borsoi, Dérand, Clausel (CNRS) Identifiability of deep polynomial nets 5 / 18



Polynomial neural nets

[Kileel et al., NeurIPS’19]:

f = fL ◦ ρrL−1
◦ fL−1 ◦ ρrL−2

◦ · · · ◦ ρr1 ◦ f1,

• fℓ(x) = Wℓx+ bℓ, weights Wℓ ∈ Rdℓ×dℓ−1 , biases bℓ ∈ Rdℓ

• layer-wise monomial activation functions: ρr (z) := (z r1 , . . . , z
r
d)

• PNN architecture:
• widths: d = (d0, . . . , dL)
• degrees: r = (r1, . . . , rL−1)

Example.

d = (4, 3, 4, 2),
r = (2, 3)

  

 

(·) (·) 
2 3 

Usevich, Borsoi, Dérand, Clausel (CNRS) Identifiability of deep polynomial nets 6 / 18



Why polynomials

• properties of PNNs ↔ (algebraic) geometry

• shallow PNN ↔ tensor decompositions

• active community of algebraic methods for NNs:

NeurIPS’19

↓

ICML’25
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Trivial ambiguities (symmetries) of PNN
Simpler case. hPNN = polynomial neural network without bias terms

f = WL ◦ ρrL−1
◦WL−1 ◦ ρrL−2

◦ · · · ◦ ρr1 ◦W1︸ ︷︷ ︸, Wℓdℓ

dℓ−1

homogeneous polynomial (all terms of same degree)

Equivalent representations: f is invariant under
(a) neuron permutations; (b) neuron rescaling ((az)r = arz r )

(·)r

d0 d1 d2

Example.
f(x) = W2ρr (W1x),

(a) (b)

W′
2 = W2P W′′

2 = W2D
W′

1 = PTW1 W′′
1 = D−rW1

permutation diagonal

identifiability: are there other (non-equivalent) representations?
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Identifiability and geometry

φ = φd,r : R
∑

dℓdℓ−1 → (Hd0,r1···rL−1
)d2 homogeneous polynomial

function space

θ = (W1, ...,WL) 7→ WL ◦ ρrL−1
◦ · · · ◦ ρr1 ◦W1

Definition. hPNN architecture (d, r) is identifiable

globally : injective φ−1(φ(θ))/∼ = θ
if φ is

finitely : finite-to-one #φ−1(φ(θ))/∼= c < ∞

for generic choice of θ

Proposition (how algebraic geometry helps)

hPNN finitely identifiable
⇕

the neuromanifold (image of φ)
has maximal (expected) dimension

Figure:
V .Shahverdi
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Shallow hPNN and tensors
(·)r

d0 d1 d2 P = + · · · +

[Kileel et al. 2019], 2-layer hPNN partially symmetric
[Comon et al. 2008] : p(x) = W2ρr (W1x), ↔ (r + 1)-order tensor P

with d1 hidden neurons of CPD rank d1

Example: quadratic (r = 2)

p(x) = [xP1x⊤, . . . , xPd2x
⊤] ↔

=P
P1
P2

Pd2

...

d0

d2

d0
order-3
tensor

Identifiability of CPD well studied ( [Kruskal, 1977], [Domanov, De Lathauwer,

2014], [Chiantini et al., 2014], ...) Can we leverage it to the deep case?
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Necessary condition for deep case

Identifiability of 2-layer sub-blocks ⇐ identifiability of deep PNN

unique representation of f = WL◦ρrL−1
◦WL−1◦ρrL−2

◦· · ·◦ρr1 ◦W1

⇒ every sub-block Wℓ+1◦ρrℓ ◦Wℓ, has unique representation

...
...

d0
(input )

dL
(output)

(·)rℓ−1 (·)rℓ (·)rℓ+1

dℓ−1 dℓ dℓ+1

L-layer hPNN identifiable ⇒ hPNN (dℓ-1, dℓ, dℓ+1), (rℓ) identifiable ∀ℓ
The converse is not true!
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Sufficient condition for deep case

Identifiability of 2-layer sub-blocks ⇒ identifiability of deep PNN

Theorem (localization of identifiability)

Denote d̃ℓ := min{d0, . . . , dℓ} for ℓ = 0, . . . , L− 2.
If hPNN architecture ((d̃ℓ−1, dℓ, dℓ+1), rℓ) is finitely identifiable ∀ℓ < L
then deep hPNN (d0, . . . , dL), (r1, . . . , rL−1) is also finitely identifiable.

...
...

...d̃ℓ-1

d0
(input )

smallest

bottleneck

dL
(output)dℓ−1 dℓ dℓ+1
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Consequences for different architectures (i)
Weakest 2-layer identifiability condition (Kruskal theorem for CPD)

Proposition (corollary of [Sidiropoulos, Bro, 2000]). If

r ≥ 2d1 −min(d2, d1)

min(d1, d0)− 1
,

(·)r

d0 d1 d2

then hPNN architecture ((d0, d1, d2), r) is (globally) identifiable.

Corollary ((i) linear activation degree thresholds)

Given any widths (d0, . . . , dL), dℓ ≥ 2, hPNN finitely identifiable if

rℓ ≥ 2dℓ − 1, ∀ℓ < L .

Improves the best algebro-geometric bound O(d2
ℓ ) [Finkel et al, 2025]
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Consequences for different architectures (ii)

Corollary ((ii) pyramidal architecture)

The hPNN with non-increasing widths (except output layer)

d0 ≥ d1 ≥ · · · dL−1 ≥ 2, dL ≥ 2

is finitely identifiable for rℓ ≥ 2.

Settles (and generalizes) conjecture from [Kubjas et al., 2024]
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Consequences for different architectures (iii)

Corollary ((iii) bottleneck architecture)

The “bottleneck” hPNN architecture with

d0 ≥ d1 ≥ · · · ≥ db ≤ db+1 ≤ . . . ≤ dL

and db ≥ 2, r1, . . . , rb ≥ 2, is finitely identifiable
if rℓ ≥ dℓ

db−1 in the decoder part (ℓ > b) .

decoder should be more complex than encoder
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Tackling biases: homogenization

Definition (homogenization — algebraic geometry)

polynomial 7→ homogeneous polynomial
in d variables in d + 1 variables

Example. x21 + x21 + x1 + 3x2 + 2︸ ︷︷ ︸
p(x1,x2)

7→ x21 + x21 + x1x3 + 3x2x3 + x23︸ ︷︷ ︸
p̃(x1,x2,x3)

2-layer PNN: W2ρr (W1x+ b1) + b2 =
[
W2 b2

]
ρr

([
W1 b1
0 1

] [
x
1

])

PNN
(d0, d1, d2)

7→ hPNN
(d0+1, d1+1, d2)

...
...

x1

xd0
1

:
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Identifiability of L-layer PNN with bias

PNN
(d0, . . . , dL)

7→ hPNN
(d0+1, . . . , dL−1+1, dL)

...
...

x1

xd0
1

:

W̃ℓ =

[
Wℓ bℓ
0 1

]
∈ R(dℓ+1)×(dℓ−1+1), W̃L =

[
WL bL

]
∈ RdL×(dL−1+1)

Proposition (Localization of identifiability, bias case)

Let d̃ℓ = min{d0, . . . ., dℓ}.
If 2-layer hPNN ((d̃ℓ−1+1, dℓ+1, dℓ+1), rℓ) is finitely identifiable ∀ℓ,
then the L-layer PNN (d, r) is finitely identifiable as well.

• L-layer PNN identifiable if rℓ ≥
2(dℓ + 1)−min(dℓ + 1, dℓ+1)

min(dℓ, d̃ℓ−1)
• same corollaries for pyramidal, bottleneck, activation thresholds
• identifiability with single hidden neurons

Usevich, Borsoi, Dérand, Clausel (CNRS) Identifiability of deep polynomial nets 17 / 18



Summary

• Finite identifiability: shallow → deep PNNs

• PNN with biases: homogenization

• Identifiability of several architectures (pyramidal, bottleneck)

• Activation degrees linear in layer widths suffice

• preprint: https://arxiv.org/abs/2506.17093

• poster: #4008 (Thu 4 Dec, 11am-2pm)

Thank you!
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