Trained Mamba Emulates Online Gradient Descent in In-Context Linear Regression
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Introduction Problem Setup m

° ? Theorem 4.1 Under Assumption if the Mamba is trained with gradient descent, and given a
W h at I S I C L H Data M Od e I new prompt (eq, . . ., en, eq), then with probability at least 1 — § for some 6 € (0,1), the trainable

parameters 8'(t) = {Wpg(t), W (t),bp(t), bo(t)} converge as t — oo to parameters that satisfies:

In-context learning (ICL) is a powerful
paradigm that enables models to generalize to
unseen tasks by dynamically leveraging
contextual examples (such as input-output
pairs) without task-specific fine-tuning.

: : a) Projected hidden state: (W )11.q.1()ROY = oW ().e 1R Y + (1 — o)y,
LT, Ty, W N(O’ Id) : (a) Proj (We)a,(t)hy (We () a, 01 ( ) By

g ; : (b) Prediction for target: {, = x, Z,fi_l(l —a)a M By N,
:For each sequence, we have a new function f(z) =w'a,: v
m e 3 - (c) Population loss: L(0(t)) < ST
:Given prompt {z;,y; }Y.,, where y; = f(z;) = w' z;, : N
where o = exp((—1In2)/N), 8 = B ) ;
a(3(1—a)d+4—2a)

Ewe expect the model to learn the latent function f(-),

Eand predict y, = f(x,) = w 'z, for query x,

e.g.

Task: Translate English to French r1 X2 - IN ||Tg
y1 y2 - yn || O

target: predict y, Theorem 4.1 (a)

Input: | love you
Output: Je t'aime

prompt (context)

» prompt (context) Mamba emulates online GD for ICL

Input: Good morning

loutput: Bonjour The model needs to learn
from the context

Input: How are you? and then answer this Ma m ba MOdEI

LI » question

* Mamba Model. We consider a S6 layer of Mamba 0,.;, = Mamba(6@; w,.;,) with selection,E
= discretization, and linear recurrence components, where u;, 0; € R4 . It can be described as follows: B

E hl(i) = Z;h:{:i}l +E;u§i) € Rdnx1 (1a) Zl . E‘.}{p(A,jA) € R9r%dn (2&); Theorem 4. 1 (b)

o) =ch”, CreR™¥  (1b) B; =(A1A)" (exp(AjA) — I)AB; € R™*! (2b)=

Why study ICL on Mamba? s § et @ AsteleBii) B

» ICL is a critical capacity for large foundation The prediction for is a linear
models. Mamba : .o
oy @ o ay @ SN combination of
» Mamba is an efficient Transformer y11 y22 yj\\; Eﬂ ‘ LYM) 53&)
alternative with linear complexity, | :
» but theoretical understanding of Mamba’s input output

ICL remains limited. X (d+1) o
Use 9, = oy, as the prediction for y,

Theorem 4.1 (c)
Hightlight

Assumptions The Loss bound is linearly related
> We reveal that trained Mamba can e e TRl ol orias dems T o . to the context length N
E standard Gaussian dilsrriburion N( U}Q) £ 41 ) The hic.iden state dimension Sqﬁfvﬁesf‘ dy = Q(d?)_ (5) E
emulate Online gradient descent in E?::ef?;‘:;;f*rwatisgaj;es:nz()(d d, ). (6) Bias vectors bg, bc are initialized as zero 0. (7) E
In-Context Linear Regression. : B, Care initialized with Gaussian distribution :
| NN EE NN AN NN AN NN NN NN NN AN NN NN AN NN NN NN NN NN NN NN NN NN NN NN NN NN NN EEEEEEEEEEEEEEE ; compare with Transformer
» We establish a convergence L | b :
guarantee for Mamba from random Trammg A gorithm : | N :
0 ana (I ) . : : : s sl W | :
initialization to ICL solution, and : Mse Loss + Gradient Descent Transformer(es, ..., ey, ;) ~ &, (N Z}yzmz) ~ P W
further derive the loss bound after 1 , P
convergence. The loss matches that of : £(8) =Ko,y 2qw [i(yq ~ Ya) } Transformer simulates a single step of GD
Transformers. O'(t+1)=0(t) —nVe L(O(1))

Experimental Results
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(a) Initialization (b) Trained parameter define h; := (WC )[1:d,:] hl
A Gaussian initialized Mamba can converge The direction of h; converges toward w The loss has a linear upper bound,
to a solution that can perform ICL as mamba processes multlple prompts Wthh 1S Comparable to Tl”anSfOI‘mer

Insights & takeaways & future work

» The idea of “online GD” can provide insights into designing new architectures

» The theoretical analysis can be extended to multi-layer Mamba containing nonlinear layers
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» The theoretical analysis can be extended to more complex and diverse ICL tasks beyond linear regression



