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Slow Transition to Low-Dimensional Chaos
in Heavy-Tailed Recurrent Neural Networks

Most theory assumes a brain network of Gaussian weight distribution, 
BUT the actual brain synaptic weights follow a more heavy-tailed distribution!

We show heavy-tailed weights can strongly affect dynamics in finite-size networks,
revealing a biologically aligned tradeoff between robustness ↔ attractor dimension.
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• 𝜆! ≥ 𝜆" ≥ ⋯ ≥ 𝜆# are ordered Lyapunov exponents. 
• Define k as the largest index s.t. ∑$%!& 𝜆$ ≥ 0.
• Higher 𝐷'( means more modes contribute to long-

term variability è greater capacity to support rich, 
temporally extended computations.
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• 𝐿𝑒𝑡	𝑥 ) ∈ RNbe	the	hidden	state	of	the	RNN	at	time	𝑡.
• Empirical covariance matrix 
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• D𝜆	denote the eigenvalues of 𝑆.
• 1 (all variance in one mode) to 𝑁	(uniform variance). 

• Smaller the α, heavier the tail.
• Gaussian is a special case when α = 2.

Schematic of a Recurrent Neural Network (RNN) as a model for 
brain network dynamics, adopted from Rostami et al., 2022.

Model Setup

Characteristic	function	𝜙!! " 𝑘 = exp − 𝜎𝑘 #

More on Theoretical Results
• Any α–stable network of finite size N exhibits a 

predictable transition location when 
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• ✅  Finite-size correction: our theory generalizes 
mean-field result to finite-size networks, with 
𝑔∗decreases with network size 𝑁.

• Decay in heavy-tailed networks follows 
𝑔∗ ∝ 1/ ln𝑁 %/$ .
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Conclusion
🧠 For Neuroscience, we show
• A biologically-aligned tradeoff between robustness  

+ richness of neural dynamics; 
• A tractable framework for finite-size, heavy-tailed 

neural circuits.

🤖 For Machine Learning, we show
• Robustness benefits of brain-like heavy-tailed 

weights; 
• A theoretical perspective on dynamical 

consequences of heavy-tailed structures that can 
naturally arise from brain-like learning. [Cornford et al., 2024]
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However, the robustness from slow transition (improved info-processing in simple tasks) 
comes with low attractor dimensionality, commonly observed in neural data.

• Finite heavy-tailed networks exhibit a predictable, slow 🐢, quiescent-to-chaotic transition, 
in contrary to the mean-field prediction of ubiquitous chaos.

• We theoretically predict the gain (g) at which the transition happens [Eqn. 7 in paper].


