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Coordinated sampling from probability distributions

Say Alice wants to sample X from a distribution pX , and Bob

wants to sample Y from qY .

How should they sample so that Pr[X = Y ] is maximized?

• A maximal coupling achieves Pr[X = Y ] = 1− dTV(pX , qY )

[9]. But, this requires pX and qY be shared between the

parties.

• If communication is not allowed, Alice and Bob can apply the

Gumbel-max trick to shared random numbers, achieving

Pr[X = Y ] ≥ (1− dTV(pX , qY ))/(1 + dTV(pX , qY )) [1, 3].
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Coupling with multiple samples

We extend the communication-free problem to a setting where

Alice generates K independent samples from pX .

The new matching probability is Pr[Y ∈ {X (1), . . . ,X (K)}]. What

sampling strategy should Alice and Bob use now?

• To answer this question, we propose Gumbel-max list

sampling (GLS) for generating the coupled samples.

• Our new algorithm can be applied to multi-draft speculative

decoding for accelerated LLM inference [4], and to distrbuted

lossy compression with side information [7].
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The GLS algorithm

With N being the alphabet size:

1. Generate exponential random variables {{S (k)
i }Ni=1}Kk=1

2. Select Y = argmin1≤i≤N min1≤k≤K{S
(k)
i /qi} to sample qY .

3. Select X (k) = argmin1≤i≤N Sk
i /pi to sample pX K times.

In code:

def gls_sample(p, q, K)

S = -np.log(np.random.rand(len(p), K))

S_ = np.min(S, axis=-1)

X = np.argmin(S / p[:, None], axis=0) # X has K elements

Y = np.argmin(S_ / q)

return X, Y
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The list matching lemma

Our main theoretical result, which we call the list matching lemma

(LML) concerns the matching probability of GLS.

Theorem (List matching lemma)

The matching probability of GLS satisfies

Pr[Y ∈ {X (1), . . . ,X (K)}] ≥
N∑
j=1

K∑N
i=1[max{qi/qj , pi/pj}+ (K − 1)qi/qj ]

.

Furthermore, conditioned on Y = j ,

Pr[Y ∈ {X (1), . . . ,X (K)} | Y = j ] ≥
(
1 +

qj
Kpj

)−1

.
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Application to multi-draft speculative decoding

Speculative decoding can accelerate LLM inference by drafting

tokens using a small, efficient model before verifying them in

parallel [5, 2].

In multi-draft variants, the draft model suggests several tokens at

once [8, 6]. GLS functions as a drop-in alternative solution for this

extended speculative decoding problem.

GLS with Shared Randomness

Draft Model 1 Draft Model 2 · · · Draft Model K

Target Model

X1 X2 XK

Y
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Results: Multi-draft speculative decoding

GLS compares favorably to existing multi-draft methods like

SpecTr [8] and SpecInfer [6] on common langauage tasks, using

Qwen2.5 LLMs, especially when the drafts are non-identically

distributed.

We also offer a degree of invariance with respect to the choice of

draft model, which previous algorithms do not provide.

GSM8K HumanEval MBPP

Strategy Tmp. 1/2 BE TR (%) BE TR (%) BE TR (%)

SpecInfer 0.5/1.0 4.26± 0.02 0.06± 1.02 3.57± 0.02 −1.96± 0.67 3.66± 0.01 −1.87± 0.79

1.0/0.5 4.44± 0.03 4.57± 1.80 3.80± 0.03 4.13± 1.60 3.90± 0.02 4.77± 0.55

1.0/1.0 4.51± 0.02 6.02± 1.35 3.87± 0.02 6.32± 0.36 3.95± 0.02 5.17± 1.13

Our 0.5/1.0 4.75± 0.02 11.50± 1.78 4.00± 0.01 9.80± 0.82 3.94± 0.02 5.64± 0.66

scheme 1.0/0.5 4.75± 0.02 11.40± 1.58 3.96± 0.02 8.77± 0.99 3.96± 0.02 5.99± 1.01

1.0/1.0 4.83± 0.02 13.68± 1.67 4.08± 0.02 12.15± 0.83 4.08± 0.01 8.57± 0.60
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Application to distributed lossy compression

Suppose there is one encoder and K decoders, each having access

to independent side information. GLS offers an efficient

communication scheme with bounded error probability

Pr[Y /∈ {X (1), . . . ,X (K)}] ≤ 1− EA,W ,T

(1 + 2i(W ;A|T )

KLmax

)−1


at rate log Lmax, where W follows a fixed target distribution, A is

the source and T is the side information.

pA

Source

pW |A(· | a)

(Y , ℓb)

ℓb pW |T (· | t1)

pW |T (· | tK )

...

X (1)

X (K)

a g

g

Â1

Âk

...

pT |A(· | a)

t1, . . . , tK

Side information

{ℓi}Ni=1

{{S (k)
i }Ni=1}Kk=1

Shared randomness

Reconstruction

Encoder Decoders
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Results: Distributed lossy compression

Compared to a baseline list-decoding scheme, GLS gives better

rate-distortion performance on MNIST and CIFAR-10, where the

side information is a randomly selected segment from the left-hand

side of the image.
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