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Inverse Problems and Null-Space
𝐲 𝐇 𝐱∗ Consider:

𝐒 𝐇

⊥

Can we recover 𝐒𝐱∗ (blind 
signal components to 𝐇) 

only from 𝐲?

Subset of Null-space

𝐒𝔼[𝐱|𝐲] ||𝐒𝔼 𝐱 𝐲 − 𝐒𝐱∗‖ 𝔼[𝐒𝐱|𝐲] ||𝔼 𝐒𝐱 𝐲 − 𝐒𝐱∗‖

Limited
#Training 
samples

(Practical 
applications)

Unlimited
#Training 
samples

Conclusion

When the #Training samples is limited
it is better to estimate 𝔼[𝐒𝐱|𝐲]. 

We propose to estimate G∗ 𝐲 ≈ 𝐒𝐱∗

Learned Null-Space Regularizer
𝜙 𝐱 = ‖G∗ 𝐲 − 𝐒𝐱‖

It can be used in any solver: PnP, DM, 
DIP…

Accurate estimation with 𝔼 𝐱 𝐲 or  𝔼[𝐒𝐱|𝐲]

Accurate estimation only with 𝔼 𝐒𝐱 𝐲
Main issue: High dimensionality of 𝐱

Estimating directly null-space componentsEstimating directly the image (Traditional approaches)



Inverse Problems and Null-Space

ො𝐱 = argmin
෤𝐱

1

2
𝐲 − 𝐇෤𝐱

𝟐

𝟐

+ 𝜆ℎ ෤𝐱 + 𝛾
1

2
G∗ 𝐲 − 𝐒෤𝐱

2

2

Solution in range-
space

Solution on image prior

Solution in selected
null-space

Observation

GT

We propose to learn a regularization over 
blind image components to the sensing matrix

𝐒𝐱 → Null-Space components span 𝐒𝑻 ⊂ Null(𝐇)

Null-Space

Recovered

𝐲 𝐺 ⋅ 𝐺 𝐲 ≈ 𝐒𝐱∗



Null-Space Regularization

Low-dimensional learning provides
better generalization

The regularization acts in a orthogonal direction
to the data-fidelity



Learning Null-Space Component

MRI Sampling Mask Blur Transfer Function CT Acquisition Angles

𝐇/𝐒𝐇 𝐒𝐇 𝐒

𝐇

𝐒

Bernoulli CS matrices

G∗, S = arg min
G,෩ 𝐒

𝔼𝒙 G 𝐲 − ෨𝐒𝐱 + 𝝀𝟏| 𝐈 − 𝐀𝐓𝐀 | +𝝀𝟏 | 𝐱 − 𝐀𝐓𝐀𝐱 |

Fitting Null-Space component

𝐀 =
𝐇
෨𝐒

Ensuring orthogonality between 𝐇 and 𝐒

Ensuring invertibility in the dataset subspace

Joint learning of 𝐒 and G



Theoretical Advantages (PnP)

ො𝐱 = arg min
෤𝐱

𝐲 − 𝐇෤𝐱
𝟐

𝟐
+ 𝜆ℎ ෤𝐱 + 𝛾 G∗ 𝐲 − 𝐒෤𝐱

2

2
→ xℓ+1 = 𝒟(𝐱ℓ − 𝛼 𝐇𝐓 𝐇𝐱ℓ − 𝐲 + 𝛾𝐒𝐓 𝐒𝐱ℓ − G∗ 𝐲

FISTA-PnP

Convergence improvement zone
Iterations in which the null-space predictor
outperforms projecting the iterate reconstruction
in the null-space

ℒ = ℓ: G∗ 𝐲 − 𝐒𝐱∗ < 𝐒𝐱ℓ − 𝐒𝐱∗

Th. 1: PnP-NPN Convergence: For ℓ ∈ ℒ, the

residual ‖𝐱ℓ+𝟏 − 𝐱∗‖ decay linearly with rate

𝜌 ≜ 1 + 𝛿 𝐼 − 𝛼 𝐇𝑻𝐇 + 𝐒𝑻𝐒 + 1 + Δ𝑀
𝑆 𝐒 ≤

Small as 𝐇 ⊥ 𝐒

Upper bound of G∗ estimation error



Results

NPN-PnP/PnP

GT

G∗(𝐲) 𝐒𝐱∗

𝐲 𝐇

𝐒

39.16

0.905

35.86

0.819



Results
NPN-PnP/PnP

GT

𝐒𝐱∗G∗(𝐲)

𝐲 𝐇

𝐒

32.84

0.947

28.61

0.885



Results
Unrolling Models Diffusion Models Deep Image Prior

Improvements of up to 4 dB 
in Unrolling Models and 
generalization to data 

distributions shift at test-time

Improvements of ~1dB in 
different DM solvers

Convergence improvement in 
DIP and +4 PSNR gain

Compressed Sensing
Computed Tomography Super-Resolution



Thank You
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