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5.1 PPMA: Motivation (Current Issue)
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Question: Have

models outperform SOTA ViTs in computer

vision domain, especially on high-level vision tasks?

Not yet, experimental results
speak louder than words

Table 5: Image classification performance on the ImageNet-1K.

#Param. FLOPs | Top-1
Model Arch. (M) (G) (%)
ConvNeXt-T [32] CNN 29 4.5 82.1
EffNet-B4 [41]] 19 4.2 82.9
VMamba-T [30] 30 49 82.6
GrootVL-T [48]] 30 4.8 83.4
Spatial-Mamba-T [46] | SSM 27 45 83.5
MLLA-T [15]] 25 42 83.5
Swin-T [31]] 29 45 82.1
NAT-T [16] Trans 28 43 83.2
BiFormer-S [56] ) 26 45 | 838
RMT-S [10] 27 45 84.0 |
ConvNeXt-S [32] CNN 50 8.7 83.1
EffNet-B5 [41]] 30 9.9 83.6
VMamba-S [30] 50 8.7 83.6
GrootVL-S [48]] 51 8.5 84.2
MLLA-S [115] SSM 43 7.3 84.4
Spatial-Mamba-S [46] 43 7.1 84.6
Swin-S [31]] 50 8.7 83.0
NAT-S [16] 51 7.8 83.7
BiFormer-B [56]] Trans. 57 9.8 84.3
iFormer-B [37] 48 94 84.6
RMT-B [10] 54 9.7

Table 6: Object detection and instance segmentation performance on COCO.

Table 7: Semantic segmentation performance on ADE20K.

#Param. FLOPs

b m
Backbone Arch. (M) (G) AP® AP

ResNet-50 [19] CNN 44 260 38.2 347
ConvNeXt-T [32] 48 262 442 40.1
MLLA-T [135] 44 255 46.8 42.1
GrootVL-T [48] SSM 49 265 47.0 427
VMamba-T [30] 50 271 47.3  42.7
Spatial-Mamba-T [46] 46 216 47.6 429
Swin-T [31]] 48 267 437 39.8
CSWin-T [8] 42 279 46.7 422

. Trans.
BiFormer-S [56] - - [ 478 432
RMT-S [10] 46 262 48.8 43.6|
ResNet-101 [[19] CNN 63 336 404 364
ConvNeXt-S [32]] 70 348 454 41.8
GrootVL-S [48]] 70 341 48.6 436
VMamba-S [30] SSM 70 349 48.7 43.7
Spatial-Mamba-S [46]] 63 315 49.2 440
MLLA-S [[15] 63 319 49.2 442
Swin-S [31] 69 359 457 41.1
CSWin-S [8]| Trans 54 342 479 432
BiFormer-B [56] ' - - [ 48.6 437
RMT-B [10] 73 373|507 45.1|

Backbone Arch. |#Param. FLOPs | mIoU(%)
M) (G) | SS MS
ResNet-50 [19] CNN 67 953 |42.1 42.8
ConvNeXt-T [32]] 60 939 [46.0 46.7
VMamba-T [30] 62 949 [48.0 48.8
2DMamba-T [52]] SSM 62 950 [48.6 49.3
GrootVL-T [48]] 60 941 |48.5 494
Spatial-Mamba-S [46] 57 936 |48.6 49.4
Swin-T [31]] 60 945 [44.4 458
NAT-T [16] Trans 58 934 |47.1 484
BiFormer-S [56] ’ — - [49.8 50.8
RMT-S [[10] 56 937 | 49.8 49.7|
ResNet-101 [19] CNN 85 1030 [42.9 44.0
ConvNeXt-S [32] 82 1027 |48.7 49.6
VMamba-S [30] 82 1028 [50.6 51.2
Spatial-Mamba-S [46] | SSM 73 992 |50.6 514
GrootVL-S [48] 82 1019 |50.7 51.7
Swin-S [31] 81 1039 [47.6 49.5
NAT-S [16] Trans 82 1010 [48.0 49.5
BiFormer-B [56]] ’ - - |51.0 51.7
RMT-B [10] 83 1051 |52.0 52‘1|




5.1 PPMA: Motivation (Current Issue )
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We adapt MambaZ2'’s 1D structured mask to 2D polyline path mask and integrate it into the
self-attention mechanism of ViTs as an explicit positional encoding.
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We adapt MambaZ2's 1D structured mask to 2D polyline path mask and integrate it into the
self-attention mechanism of ViTs as an explicit positional encoding.

1D Current Scanning 2D Ployline Scanning
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We adapt MambaZ2’s 1D structured mask to 2D polyline path mask and integrate it into the
self-attention mechanism of ViTs as an explicit positional encoding.

Q Effective Computation
Theory



We adapt MambaZ2'’s 1D structured mask to 2D polyline path mask and integrate it into the
self-attention mechanism of ViTs as an explicit positional encoding.
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5.1 PPMA: Insight & Contribution
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= Our insight: Mamba?2 core mechanism is structured mask

» Explicit positional encoding through the recursive propagation mechanism

= Semantic continuity awareness in sequences through the selective mechanism

Mamba2
(Sec. 3 & Appx. A.3)

l Preliminary

Definition
(Sec. 41 &

= An efficient algorithm for the calculation of the polyline path mask AppLAT)

=« Our contribution

= A novel 2D polyline path structured mask

= Polyline Path Masked (Sparse) Attention Property Application
Polyline Path Mask

= SOTA performance on image classification, object detection, and
Polyline Path Masked

Attention (Sec 4.3 & Appx.
A5)

segmentation tasks compared to SSM-based models and ViTs Efficient Computation _Applicatio
Theory (Sec. 4.2 & Appx.A.2)

Further Discussion
(Appx. C)



5.2 PPMA: Method (Definition of Polyline Path Mask)

= 2D polyline path scanning
» Current issue: fail to preserve the distance relationship of 2D tokens

= Our solution: scan the 2D tokens along multiple paths

-

.®
.
.
-
.
e®
o
B
°
*
e
.
-
.
.t
-
2

(a) Cross Scanning

Figure 2: Compared to existing scanning strategies (a) and (b), which flatten 2D tokens into a 1D

;
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(b) Hilbert Curve Scanning
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(c) Ployline Path Scanning
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1
_________________________ 4

sequence, our polyline path scanning (c) better preserves the adjacency of 2D tokens.
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5.2 PPMA: Method (Definition of Polyline Path Mask)

86

= 2D polyline path mask
= Learn the horizontal factor and vertical decay factors

a; ; = exp(—Softplus(MLP,(x; ;))) € R (0~1)

Bi; = exp(—Softplus(MLP,(x; ;))) € R* (0~1)

» Calculate the decay weight of each polyline path, i.e., for

path from x;; to x; ; :

Lk = jiBik,

Ajj+1 X XAy ifj<l Bis11 X =" X By ifi<k
ai']’:l = 1 lf] = l ) ﬁi:k,l = 1 lfl = k
Apppr XXy if j>1 Pr+11 XX By ifi>k

L1,1,4,4 = “1,2“1,3“1,4,32,4,33,4 ,34,4



5.2 PPMA: Method (Definition of Polyline Path Mask)

87
= 2D polyline path mask |

Learn the horizontal factor and vertical decay factors

Calculate the decay weight of each polyline path, i.e., for
path from x;; to x; ; :

Lk = jiBik,

Combine bidirectional vertical-then-horizontal path and
horizontal-then-vertical path:

2D _ T T — =
LP =LA+L Lijr;=akjiBirj =L

e .
< 23)
Unfold 4D tensors £2P € REXW*HXW tg 2D matrix L?P € REW*HW MNP
(=)
2D __ 2D 2D — r2D - & ) :
L=” = unfold(L*"), L(i_1)><w+j,(k—1)><W+l, - Li,j,k,l o < =
L = unfold(L)

& 3

(b) H2V polyline path £, ; 4 4
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L] L] [ ] L] e | 9 1 L ] T [ ] L] T L] L] L] L] L]
- - L] L J‘ . L“ L] : L] S L] L]

(c) An illustration of the V2H polyline path mask on a

3x3 grid (with a total of 9 tokens).
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01318111 01320112 @13:351:1,3
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02108211 2220212 Q22:302:13
a2,3:162:1,1 a2,3:252:1,2 a2,3:3/32:1,3
031:1831,1 3128312 @31:303:13
03210311 03220312 3230513
(033.183.11 3320312 @33:303:13

a1,1:161:2,1
a1.2:101:2,1
01,3:181:2,1
@z,1:102:2,1
Qz2.102:2,1
a2,3:182:2,1
a3.1:183:2,1
03.2:183:2,1
a33.103:2.1

a11:281:2,2
a12:201:2,2
01,3:281:2,2
az1:202:22
02,2:2032:2 2
02 3:232:2.2
03.1:203:2,2
032:2033.2.2
a3 3:203:2.2

01,1:3B1:2,3
01,2:3P1:2,3
01,3:3P1:2,3
02,1:302:2,3
022:302:2.3
02.3:302:2.3
031:3083:2,3
a32:3583:23
033:3033:2,3

ar1:1P13,1
a1 216131
01,3:181:31
az1:102:3,1
02.2:182:31
02,3:182:3,1
031:183:3.1
032:103:31
033:103:31

ar,1:281:3,2
a1.2:201:32
01320132
a21:282:32
002.2:232:3.2
02,3:232:3.2
o31:233:3,2
03.2:233:3,2
a3 3:233:3 2

a1,1:3101:3,3
a1,2:3101:3,3
a1,3:3101:3,3

a2 1:3892:3,3

0 2:382:3.3

02.3:302:3 3
o31:333:3.3
032:303:33

0e33:33:3.3 ]



5.2 PPMA: Method (Efficient Computation Theory)

» Efficient Computation of Polyline Path Mask

= Naive Computation: the polyline mask L € RV*V is large in size and each element £; ; ;. ; = a; j..f:.x,; require

numerous multiplications, resulting in a total complexity of

O(N?)

Lijxr = ;iPiky, Wherei,k=01,...H-1, k1=01,..,W-1

a1,1:161:1,1
ai,2:181:1,1
041,3:151:1,1
a2,1:109:1,1
042,2:152:1,1
a2,3:109:1,1
a3,1:1583:1,1
043,2:1/33:1,1

_043,3:153:1,1

N

a.1:281:1,2
a1,2:281:1,2
Oé1,3:2ﬁ1:1,2
az,1:209:1,2
a2,2:2132:1,2
a2,3:202:1,2
a31:2033:1,2
Oé3,2:2ﬁ3:1,2
a3,3:203:1,2

a1,1:301:1,3
01,2:381:1,3
041,3:351:1,3
02,1:302:1,3
042,2:352:1,3
a2 3:382:1,3
a3,1:383.1,3
043,2:353:1,3
a33:303.1,3

a1,1:161:2,1
a12:181:2,1
041,3:151:2,1
a2,1:102:2,1
062,2:152:2,1
a2,3:109:2,1
@3,1:103:2,1
Oé3,2:153:2,1
a3,3:103:2,1

aq,1:201:2,2
a1,2:281:2,2
041,3:251:2,2
a2,1:239:2,2
042,2:252:2,2
a2,3:202:2,2
a31:233:2,2
043,2:253:2,2
a3,3:2003:2,2

ai,1:381:2,3
a1,2:381:2,3
041,3:351:2,3
az1:352:2,3
a29:382:2,3
@2,3:302:2,3
@3,1:353:2,3
063,2:353:2,3
@33:303:2,3

a1,1:161:3,1
a1,2:181:3,1
041,3:151:3,1
a2,1:152:3,1
Oé2,2:152:3,1
a2,3:102:3,1
a3,1:153:3,1
Oé3,2:1ﬁ3:3,1

043,3:153:3,1

a1,1:281:3,2
01,2:21:3,2
041,3:231:3,2
a2,1:282:3,2
a2,2:282:32
02,3:232:3,2
a3,1:23:32
063,2:253:3,2
a3,3:23:3,2

a1,1:381:33
ai2:381:33
a1,3:301:3,3
a2,1:382:33
062,2:352:3,3
Q23:302:3,3
a3,1:383:3,3
043,2:353:3,3

033:303:33

RNXN
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5.2 PPMA: Method (Efficient Computation Theory)

90

» Efficient Computation of Polyline Path Mask
= Naive Computation: the polyline mask L € RV*V is large in size and each element £; ; ;. ; = a; j..f:.x,; require
5
numerous multiplications, resulting in a total complexity of O(N2)

= Efficient Computation: L can be decomposed as the multiplication of two sparse matrices: L = LF x LV = L7 O LV

Theorem 1 (Matrix Decomposition). For any matrix M € REW*HW qnd M = fold (M), if
for Vi, g, k,l, 3IA* € RYW and B! ¢ R 5.1, Mkl = [A'i] X [Bl]i " then M can be
decomposed as:

75l
M =M*x M? = M4 o MB, (6)
where M4, MB M2, MB eREWHEW \ohich satisfy

Al k=i B! j=I
MAZU.IlfOId(MA),MB:unfOId(MB),S.f.,Mf:’k,::{o kAi M’J’Bj”’iz{() G (7)
MA:unfold(./\;tA), MB:unfold(MB), s.t., Mi,k’::Ai, ./\;li-’:’g:Bl. (8)

Corollary 1 (Mask Complexity). The complexity of directly computing polyline path mask L is
O(N 2))which can be reduced to|O(N?)|by applying Theorem where N=H xW.

e




Theorem 1 (Matrix Decomposition). For any matrix M € REWEW gnd M = fold (M), if
for Vi, j,k,l, JA* e RVW gnd B! e RF*H g1, M, 1 = [Ai]j'I X [Bl]i ,» then M can be
decomposed as: X X

M=M*xMP=M"eo M5, (6)
where M4, MB, M4, NIB e REWEW \ohich satisfy

M* =unfold(M*), MEB=unfold M?), s.t.,. M2, = AT k=1 MPE. = B j=i (7)
, , 8.1, i,k 0 k#’l’ 50,51 0 j?él’
~ 4 ~A ap ~ B ~ A .~ B z
M* =unfold(M ), M”=unfoldM ), st, M, , =A"" M . =B (8)
The matrix L satisfies the conditions in Theoremwith [A"] j1=0 . and B! i =ik 1-
58 o8 1
i
e e e e e e A
l :..._T .._..];. = ...._."I ...._1 ...._i
 Ey 1l ! ._]: = = ._::r. i - >> — AE x
b ] ] e | el el el
) () ) e ) ) 13
IS8 i || | | | |
Ve ) e ] el e e L LH LF

Polyline Path Scanning

(a) An illustration of the Polyline Path Mask Decomposition



o1,1:181:1,1
041,2:151:1,1
011,3:151:1,1
012,1:152:1,1
042,2:152:1,1
012,3:152:1,1
063,1:153:1,1
013,2:153:1,1
| 033:183:1,1
-011,1:1 a1.1:2
a1.2:1 O1.2:2
a13:1 G132
0 0
0 0
0 0
0 0
0 0
| 0 0
-011,1:1 a1.1:2
a1.2:1 O1.2:2
a1,3:1 &1.3:2
a21:1 G271:2
a22:1 (322:2
a23:1 (232
a3 1.1 (a31:2
a32:1 (32:2
| (¥33:1  (¥3.3:2

aq,1:261:1,2
061,2:2ﬁ1:1,2
041,3:251:1,2
a2,1:2ﬂ2:1,2
062,2:252;1,2
0é2,3:252:1,2
a31:203:1,2
a32:203:1,2
a3 3:203:1,2
a1,1:3
a1,2:3

«1.3:3

S O O O © O

1,13
«1,2:3
a1,3:3
a2,1:3
«2.2:3
23:3
«31:3
a3.2:3

Q33:3

01,1:301:1,3 01110121 01,1:281:2,2
041,2;351:1,3 061,2:1ﬁ1:2,1 041,2:251:2,2
011,3:351;1,3 01,3:151:2,1 011,3:251:2,2
a21:382:13 Q2110221 021:202:22
042,2:352:1,3 062,2:152;2,1 042,2:252:2,2
012,3:352;1,3 Oé2,3:152:2,1 012,3:252:2,2
3138313 3118321 @31:203:22
032:303.13 03210321 03220322
3338313 3310321 3320322
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
Q211 Q212 (213 0 0
Q2.1 Q229 (223 0 0
Q3.1 Q232 0233 0 0
0 0 0 Q311 0312
LH' 0 N% a3 2.1 (32:2
) ( ) 331 (33:2
arrlr o112 O11:3 G111 (11:2
121 Q122 *12:3 G121 (12:2
a13:1 G132 G133 G131 (13:2
Q21:1 Q21:2 G21:3 G211 G21:2
Qa22:1 (g2:2 Q2.3 (221 (222
a23.1 (232 (333 (231 (23:2
a31:1 @312 G31:3 G31:1 (31:2
32:1 (322 323 G321 (32:2
331 (332 G333 G331 (33:2

a1,1:361:2,3
a12:381:2,3
061,3:351:2,3
a2,1:3ﬂ2:2,3
a22:382:2,3
0é2,3:352:2,3
a3,1:303:2,3
a32:303:2,3
03 3:333:2,3
1 [Braa
0
0
Ba:1,1
x| 0
0
as1s| B3
032:3 0

S O O o O O

asas] | 0

[ B11,1
P11,
P11,
a2.1:3 ﬂ2:1,1
a22:3 |Of Ba:1.1
O(N?)
Bs:1,1
B3:1,1
| B3:1,1

x1,1:3
«1,2:3

Qa1 .3:3

«31:3

Qa32:3

Q3 3:3 |

o11:18131  a112B8132 @11:301:33
041,2:151:3,1 061,2:251:3,2 041,2:351:3,3
011,3:151:3,1 061,3:251:3,2 011,3:351:3,3
a2 1:18231 Q21208232 @21:302:33
042,2:152:3,1 062,2:252;3,2 042,2:352:3,3
012,3:152:3,1 0é2,3:252:3,2 012,3:352:3,3
a31:18331 31208332 @31:303:33
3210331 3228332 03230333
03318331 33208332 33:303:33]
0 0 PBi21 0 0
Bri2 0 0 P2z O
0 Bz O 0  Bi2gs
0 0 P21 O 0
,82:1,2 0 0 ﬁz;z,z 0
0 Bz O 0  Boags
0 0 Bz21 O 0
B312 0 3
0 Bous LV: O(N?2)
Br12 PBriz Buai Pr22 B2z
Bri2 Briz B2 P2z P23
Bri2 Br13z Bre1 B2z Pi23
Ba12 B213 P21 Pz Porgs
Ba12 B213 Bao1 Bz Po2s
Bo12 B213 Bo1 Bz Po2s
B312 B313 B21 P22 P23
B312 PBs13 B21 P22 P23
B312 PB313 B2 P22 B323

5
Complexity: O(Nz)

\ 4
Complexity: O(N?)



5.2 PPMA: Method (Efficient Computation Theory)

=« Efficient Computation of Polyline Path Mask Matrix Multiplication

= Naive Computation: for a rank-N matrix L € R¥Y*N and a vector x € RY, Lx requires a complexity of O(N?)
« Efficient Computation: for decomposed polyline path mask, Lx = L¥ x LV x x requires a complexity of O(N)

Theorem 2 (Efficient Matrix Multiplication). For matrices M A MPB defined in Theorem|l| YV €
RHEW  the following equation holds:

y=M*xMPxx < Z,=B'xX.,,Y;.=AXZ,., 9)

where y € REW | X =unvec(xz) € RV Y = unvec(y) e RV, Z e R®PW | and the operator
vec(+) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

Algorithm 1: Efficient Masked Attention Computation.

Input: decay factors «, 3 of L, vector z € R*W;

1: Compute X =unvec(z) e R"W;
2: Compute B! cRF*H where for [ =1: W, [Bl}ijkzﬁi;k’;;
3: Compute Z e RW where Z.; = B'x X.;
4: Compute A" eRYW where fori=1:H, [Ai]j,g:ai,j;;;
5: Compute Y e RTW  where Y.,. = A x Z; .,

Output: y=vec(Y);

93



Theorem 2 (Efficient Matrix Multiplication). For matrices M“, M defined in Theorem|l| Va €
RHW " the following equation holds:

y=M*xMPxx < Z,=B'xX., Y,.=A"%Z,, (9)

where y € REW | X =unvee(z) € RV, Y =unvec(y) e RV, Z e RPW | and the operator
vec(-) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

I v R T e
A B 1 T
i s s S T A
=i =)

| ) e e e e ] >
5| ) e e e e

L il e P
L e Ll
(158 7R B/ R 050 L LH v

Polyline Path Scanning
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Theorem 2 (Efficient Matrix Multiplication). For matrices M A MPB defined in Theorem|l| YV €

RHW

y:MAxMBx:L'

, the following equation holds:

& Z,=B'xX.,, Y,.=A%Z.,

9)

where y € REW | X =unvec(x) € RV, Y = unvec(y) e RV, Z e REW | and the operator
vec(-) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

Algorithm 1: Efficient Masked Attention Computation.

Input: decay factors «, B of L, vector @ €
RHXW .

1: Compute X =unvec(x) €

2: Compute B' ¢ R¥*¥  where for [=1:W, [B'],

E]

HW ,
R™™

3: Compute Z € R™W  where

Z:,l — BE ><X:,.f;

=Bkl

Complexity: O(H*W) —> O (HW)

4: Compute A* € R W 'where fori=1:H,[A"]; 1= j.1;

5: Compute Y € R where

Yi. = A"'XZ;;

Complexity: O(HW?) —> O(HW)

Output: y=vec(Y);
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Theorem 2 (Efficient Matrix Multiplication). For matrices M A MPB defined in Theorem|l l Ve
RHW " the following equation holds:

y=M*xMPxx o Z,=B'xX.,,Y,.=A%Z., (9)

where y € REW | X =unvec(x) € RV, Y = unvec(y) e RV, Z e REW | and the operator
vec(-) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

Algorithm 1: Efficient Masked Attention Computation.

HW ,
R™™

Input: decay factors «, B of L, vector @ €
1: Compute X =unvec(z) € R"W;

2: Compute B'cR7T*H \where forl=1: W, [BEL‘ k=LK 15
3: Compute Z e RW  where|Z.; = B' x X.; Complexity: O(H*W) —> O (HW)
4: Compute A eRYW where fori=1:H,[A"] 1= i
5: Compute Y e R™”W wherdY;. = A* x Z; .; Complexity: O(HW?) —> O(HW)
Output: y=vec(Y);
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Theorem 2 (Efficient Matrix Multiplication). For matrices M A MPB defined in Theorem|l| YV €
RHW " the following equation holds:
y=M*'xM®xzx (9)

where y € REW | X =unvec(x) € RV, Y = unvec(y) e RV, Z e REW | and the operator
vec(-) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

& Z,=B'xX.,, Y,.=A%Z.,

Algorithm 1: Efficient Masked Attention Computation.

HW ,
R™™

Input: decay factors «, B of L, vector @ €
1: Compute X =unvec(z) € R"W;
2: Compute B' e RF*H where for [=1:W, [B'];
3: Compute Z e RW  where|Z.; = B' x X.;

Chunkwise

algorithm

=Bkl

Complexity: O(H*W) —> O (HW)

4: Compute A* € R W 'where fori=1:H,[A"]; 1= j.1;
5: Compute Y e R®TW 'wherdY;. = A" X Z; .;

Complexity: O(HW?) —> O(HW)

Output: y=vec(Y);
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Theorem 2 (Efficient Matrix Multiplication). For matrices M A MPB defined in Theorem|l| YV €

RHW

y:MAxMBx:L'

, the following equation holds:

& Z,=B'xX.,, Y,.=A%Z.,

9)

where y € REW | X =unvec(x) € RV, Y = unvec(y) e RV, Z e REW | and the operator

vec(-) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

Algorithm 1: Efficient Masked Attention Computation.

Input: decay factors «, B of L, vector @ €

HW ,
R™™

1: Compute X =unvec(z) € R"W;
2: Compute B' ¢ R¥*¥  where for [=1:W, [B'],

3: Compute Z € R™W  where

Z:,l — BE ><X:,.f;

=Bkl

Chunkwise

algorithm

Complexity: O(H*W) —> O (HW)

4: Compute A* ¢ R"W where fori=1: H, (A" 1= s

5: Compute Y € R where

Yi. = A"'XZ;;

Complexity: O(HW?) —> O(HW)

Output: y=vec(Y);
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Theorem 2 (Efficient Matrix Multiplication). For matrices M A MPB defined in Theorem|l| YV €
RHW " the following equation holds:

y=M*xMPxx o Z,=B'xX.,,Y,.=A%Z., (9)

where y € REW | X =unvec(x) € RV, Y = unvec(y) e RV, Z e REW | and the operator
vec(-) vectorizes a matrix by stacking its columns and unvec(-) is its inverse operator.

Algorithm 1: Efficient Masked Attention Computation.

Input: decay factors «, B of L, vector @ € REW. Chunkwise
1: Compute X =unvec(z) € R"W; algorithm
2: Compute B!'eRT*H where for [=1: W, [B!], =Bkl
3: Compute Z e RW  where|Z.; = B' x X.; Complexity: O(H*W) —> O(HW)
4: Compute A* € R W 'where fori=1:H,[A"]; 1= j.1;
5: Compute Y e R™”W wherdY;. = A* x Z; .; Complexity: O(HW?) —> O(HW)

Output: y=vec(Y);
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5.2 PPMA: Method (Efficient Computation Theory)

» Efficient Computation of Polyline Path Mask Matrix Multiplication

= Naive Computation: for a rank-N matrix L € R¥Y*N and a vector x € RY, Lx requires a complexity of O(N?)

« Efficient Computation: for decomposed polyline path mask, Lx = L¥ x LV x x requires a complexity of O(N)

120 A

100 100% 100% 100% 100% 100%

80
70.2%

60 A

Relative time consuming (%)

40

204

B.2%

b.5%

B.2%

32x32 64x64 96x96 128x128

Feature map resolution (HxW)

Figure 10: The comparison of the relative time consuming and memory usage between the naive

computation and efficient computation (Algorithmm) of Lx.
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Remarks. Intuitively, as illustrated in Fig. [f] Algorithm[I]shows that the 2D polyline path scanning
on 2D tokens (i.e., Lx) can be decomposed as the 1D vertical scanning along each column of X (i.e.,
Z. = B! x X. 1) followed by the 1D horizontal scanning along each row of Z (i.e.,Y; . = Al x Z;.).
This equivalence offers an intuitive understanding of the physical meaning of the decomposed polyline
path mask L = LY LV and enables its natural extension to 3D or higher-dimensional tokens, as

detailed in Appendix [C.2]

Algorithm 1: Efficient Masked Attention Computation.

Input: decay factors a, 5 of L, vector x € R*";
1: Compute X =unvec(x) € R"*W;

k]

Compute B' e R®™*H  where for I=1:W, [B'],

k=Lik.1;

Compute Z € R®FW where|Z., = B' x X ;;

Complexity: O(H*W) —> O(HW)

Compute A* € R"V*W  where fori=1:H,[A"]

i, 1= 515

AR D

: Compute Y e R 'wherdY;. = A'x Z; .;

Complexity: O(HW?) —> O(HW)

Output y=vec(Y);
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Remarks. Intuitively, as illustrated in Fig. [f] Algorithm[I]shows that the 2D polyline path scanning
on 2D tokens (i.e., Lx) can be decomposed as the 1D vertical scanning along each column of X (i.e.,
Z. = B! x X. 1) followed by the 1D horizontal scanning along each row of Z (i.e.,Y; . = At x Z;.).
This equivalence offers an intuitive understanding of the physical meaning of the decomposed polyline

path mask L = LY LV and enables its natural extension to 3D or higher-dimensional tokens, as
detailed in Appendix [C.2]

C.2 3D Extension of Polyline Path Mask

Based on the decomposability, we naturally extend the 2D poly-
line path mask to 3D applications. As illustrated in Fig. |14} the
3D polyline path mask L3 can be decomposed as the multipli-
cation of three 1D structured masks, LY x LY x LP, representing Sy—
the horizontal, vertical, and depth scanning masks, respectively. Jy_
Specifically, for each token pair (€; j k., Zi.m.») in the 3D grid,

the 3D polyline path mask 1s defined as: / {g&

&

<Q
o
where £37 is the tensor form of matrix L3P , a, (3, and ~ are L E‘l"s' . ~\"jr
the decay factors along the horizontal, vertical, and depth axes, Horizontal
respectively. Compared to the cross-scanning strategy [30], the Figure 14: Ilustration of the 3D
3D polyline path scanning strategy better preserves the adjacency
relationships of 3D tokens.

ﬁl,z,l
"

3D
E(z‘,j,k),(l,m,n) = 4,5, k:nBi,j:m,nYi:l,m,n, (40)

Vertical

extension of polyline path mask.



5.2 PPMA: Method (Polyline Path Masked Attention)
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= Polyline path mask can be integrated into various attention in a plug-and-play manner
Basic Paradigm: PPMA(X) = (Attn(Q,K) © L?P)V = (Attn(Q,K) © L)V + (Attn(Q,K) O L)V

1) Masked Vanilla self-attention: PPMVA(X) = (softmax(QK") ® L?P)V Complexity: O(N?)

2) Masked linear attention: PPMLA(X) = (QK™ © L?P)V = Q » (L?P x (K x V)) Complexity: O(N)
3) Masked criss-cross attention: PPMCCA(X) = ((SH xS") O LZD) v Complexity: O(N?)

4) Masked decomposed attention : PPMDA(X) = ((S1 X S3) © L22)V = 8§ + (L?P x (S, * V))

PPMVA Block
X N4_

=

ing
ing

Down
Sampling

5[';;%. PPMCCA Block
NN e

PPMCCA Block
X Nz

PPMCCA Block
X N3

=
3
o
(a]

Sampl
Down
Sampl

EARES



5.2 PPMA: Method (Polyline Path Masked Attention)

104
» Decomposed Criss-Cross Attention!’!
SH = softmax(QuK%) O Ly
SV = softmax(Qy K1) O Ly i L]
Y = 0.5 x (s"(sHV)T)T +0.5x (sH(s"vT)")
(a) Vanilla Attention Block
3) Masked criss-cross attention: PPMCCA(X) = ((S” xS") O LZD) v . s
((s"xs")OL)v=((s"xs")O (1" x1"))V
= ("o oI ol))v m { { .
= ("ol o olY))v
— ((SH @ LH) X (SV @ LV)) V (b) Criss-Cross Attention block
= (SH @ LH) X ((SV @ LV) X V) ‘Few context Rich context

[1] Huang Z, Wang X, Huang L, et al. Ccnet: Criss-cross attention for semantic segmentation[C], 20191CCV & 2020TPAMI. (cited:3646)



5.2 PPMA: Method (Polyline Path Masked Attention)
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5.3 PPMA: Experiments (Image Classification)

Table 1: Image classification performance on the ImageNet-1K validation set.

#Param. FLOPs | Top-1 #Param. FLOPs | Top-1
Model Arch. M) (G) (%) Model Arch. M) G) (%)
RegNetY-1.6G [34 % 11 1.6 78.0 NAT-T [16] . 28 4.3 83.2
EffNet-B3 [41] O 12 1.8 81.6 BiFormer-S [36] § 26 4.5 83.8
Vim-T [57/] S 7 1.5 76.1 RMT-S [10] = 27 4.5 84.0
MSVMamba-M [36. Xz 12 1.5 79.8 PPMA-S 27 4.9 84.2
BiFormer-T [26] B 22 8L ReeNetY-8G[34] | » | 39 80 | 817

NAT-M [16] “ 20 2.7 81.8 :
: = ConvNeXt-S [32] Z 50 8.7 83.1

SMT-T [29 < 12 2.4 82.2 . &)

: = EffNet-B5 [41] 30 9.9 83.6

RMT-T [10] 14 2.5 82.4 :
PPMA.-T 14 27 82.6 VMamba-S [30] 50 8.7 83.6
: - 2DMamba-S [52) = 50 8.8 83.8
RegNetY-4G [34] 7 21 4.0 80.0 GrootVL-S [48] N 51 8.5 84.2
ConvNeXt-T [32) Z. 29 4.5 82.1 MLLA-S [15] z 43 7.3 84.4
EffNet-B4 [41] © 19 4.2 82.9 Spatial-Mamba-S [46 43 7.1 84.6
VMamba-T [30] 30 4.9 82.6 Swin-S [31] 50 8.7 83.0
2DMamba-T [52] s 31 4.9 82.8 NAT-S [16] 51 7.8 83.7
GrootVL-T [48 2 30 4.8 83.4 CSWin-B [8] % 78 150 | 84.2
Spatial-Mamba-T [46] 27 4.5 83.5 MambaVision-B [1/] § 98 150 | 84.2
MLLA-T [15] 25 4.2 83.5 BiFormer-B [56) = 57 9.8 84.3
Swin-T [31] ¥ 29 4.5 82.1 iFormer-B [37] 48 94 84.6
CSWin-T [8] § 23 4.3 82.7 RMT-B [10] 54 9.7 84.9
MambaVision-T2 [17] | F 35 5.1 82.7 PPMA-B 54 10.6 | 85.0

106



5.3 PPMA: Experiments (Object Detection)
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Table 2: Object detection and instance segmentation performance with Mask R-CNN [18] detector
on COCO val2017. FLOPs are calculated with input resolution of 1280 x 800.

Backbone | #Param. (M) FLOPs (G) | AP® AP, AP, | AP™ APE, AP%
Vim-T [57] — — 457 639 496 | 39.2 609 41.7
MSVMamba-M [36] 32 201 438 658 477 | 399 629 429
MPVIT-XS [25] 30 231 447  66.7 484 | 404 634 434
RMT-T [10] 33 218 46.7 68.6 51.6 | 42.1 653 452
PPMA-T 33 218 471 68.7 51.7 | 424 659 45.7
ResNet-50 [19] 44 260 382 588 414 | 347 557 372
ConvNeXt-T [32] 48 262 442 66.6 483 | 40.1 63.3 428
MLLA-T [[15] 44 255 46.8 695 515 [ 421 664 450
GrootVL-T [4§]] 49 265 47.0 694 515 | 427 664  46.0
VMamba-T [30] 50 271 473 693 520 | 4277 664 459
Spatial-Mamba-T [46] 46 216 47.6 69.6 523 | 429 66.5 46.2
Swin-T [|31]] 43 267 4377 66.6 477 398 633 4277
CSWin-T [g]] 42 279 46.7 68.6 513 | 422 656 454
BiFormer-S [56] - - 47.8 69.8 523 | 43.2 66.8 46.5
RMT-S [10] 46 262 48.8 708 534 | 436 674 473
PPMA-S 46 263 49.2 70.7 54.0 | 43.8 674 47.1
ResNet-101 [19] 63 336 40.4 61.1 442 | 364 577  38.8
ConvNeXt-S [32] 70 348 454 679 50.0 | 41.8 652 45.1
GrootVL-S [48]] 70 341 486 703 535 | 436 675 471
VMamba-S [30] 70 349 487 70.0 534 | 437 673 470
Spatial-Mamba-S [46] 63 315 492 70.8 542 | 440 679 475
MLLA-S [15] 63 319 492 715 539 | 442 685 472
Swin-S [31] 69 339 157 679 504 [ 4I.1 649 447
CSWin-S [8]] 54 342 47.9 70.1 52.6 | 432 67.1 462
BiFormer-B [56] - - 48.6  70.5 538 | 437 676 47.1
RMT-B [10] 73 373 50.7 720 557 | 45.1 692 490

PPMA-B 73 374 511 725 559 | 455 69.7 49.1




5.3 PPMA: Experiments (Semantic Segmentation)
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Table 3: Semantic segmentation performance with UPerNet [47/]] segmentor on ADE20K val set. ‘SS’
and ‘MS’ represent single-scale and multi-scale testing, respectively.

#Param. FLOPs | mloU(%) #Param. FLOPs | mloU(%)

Backbone M) (G) S MS Backbone (M) (G) S MS

LocalVim-T [21] 36 181 |43.4 444 BiFormer-S [56] - — 49.8 50.8

MSVMamba-M [36] 42 875 [45.1 454 RMT-S [10] 56 037 149.8 49.7

NAT-M [16] 50 900 [45.1 464 PPMA-S 56 084 |51.1 52.0

N oA B oms lasn 4oy  ResNetlOI[[@ | 85 1030 429 440

: ’ ConvNeXt-S [32] 82 1027 |48.7 49.6

ResNet-50 [[19] 67 053 |42.1 42.8 VMamba-S [30] 82 1028 [50.6 51.2

ConvNeXt-T [32) 60 039 |46.0 46.7  Spatial-Mamba-S [46) 73 992 150.6 514

VMamba-T [30] 62 949 |[48.0 48.8 GrootVL-S [48] 82 1019 [50.7 51.7

2DMamba-T [52] 62 950 |48.6 49.3 Swin-S [31] 81 1039 [47.6 49.5

GrootVL-T [48] 60 041 |48.5 494 NAT-S [[16] 82 1010 [48.0 49.5
Spatial-Mamba-S [46] 57 036 |48.6 494 MambaVision-S [17] 84 1135 (482 -

Swin-T [31] 60 945 |[44.4 45.8 CSWin-S [8] 65 1027 [50.4 51.5

MambaVision-T [17] 55 945 |46.6 - BiFormer-B [56] — — 51.0 51.7

NAT-T [16] 58 034 |47.1 48.4 RMT-B [10] 83 1051 [52.0 52.1

CSWin-S [8] 60 959 [49.3 50.7 PPMA-B 83 1137 [52.3 53.0




5.3 PPMA: Experiments (Ablation Study)
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= Ablation study on the polyline path mask design

1.0
0.8

L 7 . 0.6

04

-0.2

-0.0

(a) Input Image (b) W/o Mask (c) RMT Decay Mask (d) Cross Scan Mask (e) Hilbert Scan Mask (f) Polyline Path Mask
Figure 6: Illustration of various structured masks.

Table 9: Ablation study of structured mask designs in PPMA-T on ImageNet-1K and ADE20K.

Structured Mask #Param. (M) FLOPs (G) Top-1(%) mloU SS (%)
Baseline (w/o mask) 14.33 2.65 82.28 47.78
+ RMT Decay Mask 14.33 2.65 82.35 48.01
+ Cross Scan Mask 14.34 2.71 82.44 48.14
+ V2H Polyline Path Mask 14.34 2.71 82.44 48.57
+ 2D Polyline Path Mask 14.34 2.71 82.60 48.73
Shared Decay factors («; j =i ;) 14.33 2.71 82.37 48.27
Different Decay factors (a; ; # é@ 7) 14.34 2.71 82.60 48.73




5.3 PPMA: Experiments (Visualization)
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2D Structured Mask iginal Attention Map Masked Attention Ma

Figure 8: Visualizations of the Polyline Path Masked Attention

() https://github.com/zhongchenzhao/PPMA
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What is next for Mamba?
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= Stable and scalable linear-time foundational model remains a worthwhile subject

= Hybrid architecture maybe the future

9.2.3 Hybrid Models: Combining SSD Layer with MLP and Attention

Recent and concurrent work (Dao, D. Y. Fu, et al. 2023; De et al. 2024; Glorioso et al. 2024; Lieber et al. 2024) suggests that a
hybrid architecture with both SSM layers and attention layers could improve the model quality over that of a Transformer,
or a pure SSM (e.g., Mamba) model, especially for in-context learning. We explore the different ways that SSD layers can
be combined with attention and MLP to understand the benefits of each. Empirically we find that having around 10% of
the total number of layers being attention performs best. Combining SSD layers, attention layers, and MLP also works
better than either pure Transformer++ or Mamba-2.

State Space Model S4 Vision Mamba PPMA
Stems from Modern Control Theory First structured state space model First work to introduce Mamba to
computer vision
1986 2023.12 2024.5 Future
O =
1960 2021 2024.2 2025
Mambal
RNN First linear-time sequence Mamba2

Early prototype of state space model competitive with Substantial speedup
model in deep learning Transformers on NLP State space duality theory






